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Preface 


Recursive or Computable Mathematics is the study of the effective or com- 
putable content of the techniques and theorems of Mathematics. Recursive 
Mathematics has been an active area of research for the last 25 years. Its 
tools are the techniques of modern Computability Theory. These tools have 
been applied to analyze the effective content of results in a wide variety of 
mathematical fields including Algebra, Analysis, Topology, Combinatorics, 
Logic, Model Theory, Algebraic Topology, and Mathematical Physics. 

This volume consists of surveys and new results from many of the leading 
researchers in the field. Almost all of the major subfields of Recursive Mathe- 
matics are represented in the volume. There are contributions which analyze 
the effective content of results from Algebra, Analysis, Combinatorics, Or- 
derings, Logic, Non-monotonic Logics, Topology and Model Theory. 


In this introduction, we will describe the historical roots of Recursive 
Mathematics as well as summarize some of the major themes that have arisen 
in the study of Recursive Mathematics and that are covered by the articles 
in this volume. We also provide a brief description of the articles of this 
volume. Finally we will end with what the editors believe are promising 
areas for further research. 
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Historical roots of recursive and 
constructive mathematics 


Mathematics consists of constructions of new mathematical objects from old 
and of proofs that these objects have certain properties and lack other prop- 
erties. Cantor’s work on set theory in the late nineteenth century presented 
to the mathematical world what Hilbert called the paradise of set theory. 
Although Cantor’s work was controversial at that time, the set theoretic 
point of view is at present widely accepted. Thus in the twentieth century, 
most working mathematicians have accepted Zermelo-Fraenkel set theory as 
the foundation of mathematics within which their work takes place. That is, 
almost all working mathematicians generally accept that Zermelo-Fraenkel 
set theory provides a foundation for mathematics with the caveat that occa- 
sionally one might have to extend ZF or ZFC by new axioms to accommodate 
certain proofs and constructions. 


Within Zermelo-Fraenkel set theory, sets are built up by operations which 
construct sets from sets such as union, intersection, and power set. In addi- 
tion, one employs comprehension-like schemes which assert that a set exists 
consisting of all elements having a property expressed in the language of set 
theory. The expression of the property in the language of set theory may it- 
self involve sets as is the case with the axiom of replacement. Moreover, one 
assumes that the basic objects, sets, are extensional. That is, if two different 
properties are satisfied by the same elements, and one property defines a set, 
then the other property defines the same set. 

However there are much narrower conceptions of mathematical objects, 
constructions, and proofs proposed by finitists and constructivists. In one 
way or another, they can be more or less adequately described within the 
classical Zermelo-Fraenkel set theory, but some of them are better viewed as 
alternate foundations of mathematics. 


The earliest instance of such constructivist tendencies is the classical 
Greek fascination with what can be constructed by limited means. For in- 
stance consider the concept of a ruler and compass construction. Here one 
is naturally led to ask questions like: “What are the ruler and compass con- 
structible regular polygons?” or “Is a segment the length of a circumference 
of circle ruler and compass constructible from a segment the length of a 
diameter?”. 
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Algebra as developed by the Greek Diophantus and by the Persian al- 
Khwarismi and his successors was wholeheartedly constructive. They wanted 
to find formulas for the solution of algebraic equations. In fact, it is thought 
by some that the word “algorithm” comes from the name al-Khwarismi. 
Descartes’ seventeenth century coordinatization of Geometry was intended 
as a reduction of geometric construction problems to the problem of solving 
algebraic equations. This endeavor was highly constructive. In fact, the 
explicit formula-based approach to Algebra continued into the nineteenth 
century to the time of Galois and Abel. By then negative results could be 
obtained since, through Lagrange, the notion of a solution by radicals of the 
fifth degree equation became precise and Galois’ theory showed there were 
no such solutions for the general fifth degree equation. 

Of the two strongest algebraists of the middle of the nineteenth century, 
Kronecker and Dedekind, Kronecker was the one to develop explicit formula 
and algorithms for all of his complex and Diophantine Algebraic Geometry. 
Kronecker’s philosophy was that the true subject matter of mathematics 
is concretely representable structures whose operations are combinatorial. 
Dedekind preferred a set theoretic approach, which was not algorithmic. One 
need merely contrast Dedekind’s set-theoretic definition of prime ideals and 
primary ideal factorizations with Kronecker’s wholly constructive description 
via polynomials found by factoring algorithms. Dedekind explicitly said that 
he wanted set-theoretic definitions which are independent of the algorithm 
used. Thus Dedekind distinguishes himself from Kronecker and started to 
lead us away from algorithmic mathematics and toward Cantor’s absolutist 
set theory. 

In Analysis, Newton and Leibniz put great emphasis on solving geometric 
and physical problems by translating them to purely symbolic forms. Newton 
especially emphasized power series. For physicists ever since, publishing 
proofs without algorithms is just not satisfactory. Almost all of Analysis 
was highly constructive till the Weierstrassian revolution in the 1850’s when 
exact definitions and proofs were developed for real n-dimensional Analysis 
and pure existence proofs using compactness arguments started to become 
popular. After the time of Dedekind in Algebra and Weierstrass in Analysis, 
general non-algorithmic set-theoretic methods took hold. 

However, very early on, mathematicians, including Cantor himself, 
realized that there were paradoxes within naive set theory. The response 
to these paradoxes led to an extensive interest in the foundation of mathe- 
matics by many of the leading mathematicians including the likes of Hilbert 
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and Poincaré. Of course, one reaction to the paradoxes was to develop a set 
of axioms for set theory which was free of the paradoxes and yet was strong 
enough to capture almost all mathematical constructions. This work led to 
the axiomatization of set theory by Zermelo and Fraenkel, and by Godel 
and Bernays. Quite another reaction was to abandon naive set theory and 
return a completely constructive foundation for mathematics as reflected in 
the work of Brouwer and Heyting. In 1918, Brouwer [11, 12] announced his 
constructivism, and played a role in Analysis similar to that of Kronecker in 
Algebra. He developed n-dimensional calculus with proofs and constructions 
that can actually be carried out by (mental) algorithms. Since he denounced 
classical logic and the resulting classical mathematics as being wrong-headed, 
rather than simply saying that it was a less constructive species of thought, 
he encountered a great deal of hostility. One of the reasons for this hostility 
is that he used all of the words of the conventional mathematician, both 
for mathematics and for proofs, but with a different meaning, and asked 
everyone else to accept his meanings. He was understandably hostile to for- 
malizing constructive logic, because as a humble human being, he thought 
that the human mind might extend his or anyone else’s notion of construction 
by finding new ones at any time. 


Hilbert’s Program and the development of 
computable functions 


The conflict between the philosophy of constructive mathematics which was 
being pursued by Brouwer [11, 12] and by his student Heyting [65, 66] and 
the overwhelming success of abstract methods, in part developed by Hilbert 
himself, lead, in the 1920’s, to Hilbert’s program to provide a finitistic proof 
of the consistency of mathematics. 

Of course, Hilbert’s program of proving mathematics consistent by fini- 
tary means was generally accepted as coming to an end with Godel’s famous 
incompleteness results [51]. Indeed, Gddel observed that his theorems applied 
to any “sufficiently rich” theory and that the notion of “sufficiently rich” 
could be rephrased as systems which could compute a wide class of functions 
by employing the proof procedures of the system. Within a few years, the 
idea of a computable function on the integers had emerged through the ef- 
forts of Church [19], Kleene [79], and Turing [154]. Later significant versions 
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of the definition of computability were published by Post [120], Markov [97] 
and Mal’tsev [92]. By the end of the 1940’s, all the proposed definitions 
up to that time had been proven equivalent and the formal definition of 
computable function was widely accepted as a plausible formalization of the 
intuitive notion of a function of integers whose values can be computed by a 
fixed program or algorithm. Moreover great effort was spent to show that ev- 
ery definition of program that one could think of yielded a function which was 
computable in the formal sense. Indeed, it remains the case today that no 
one has produced a function on the natural numbers which can be computed 
by an algorithm or program that is not included within the formal definition 
of computable function. However, just as Brouwer was humble enough to 
understand that there may be people with new constructions which we will 
all accept, so too we have to admit that it is possible that some computa- 
tion scheme, not hitherto thought of, might extend the class of computable 
functions. But till then, we accept Church’s thesis that the formal definition 
of recursive function captures the intuitive notion of computable function. 

Accepting Church’s Thesis has profound implications as well as limita- 
tions. To understand these implications and limitations, consider Hilbert’s 
10-th problem which was to find a procedure which, in a finite number of 
steps, determines whether or not a Diophantine equation has an integral so- 
lution. We regard Matijasevié [100] as having solved this problem because 
we have accepted that such a procedure must be represented by a program 
computing a computable function with the currently accepted definition. If 
someone in the future extends the notion of computable function beyond 
our current formal definition of computable or recursive function, we would 
have to revisit Hilbert’s 10-th problem. The proof of the unsolvability of the 
word problem for groups, Church’s theorem on the undecidability of formal- 
ized arithmetic itself, etc., all have this limitation, as does most of the work 
presented in this volume. 

We should note that Hilbert never gave up on his program. Godel said 
that perhaps the only way to close the issue is to find universally acceptable 
axioms for finitary methods and then to show that consistency cannot be 
proved by any method obeying the axioms. This has not been done yet. 
Heyting’s formalization of constructive proofs by intuitionistic predicate cal- 
culus was not accepted as the last word by Brouwer for the same reasons 
as expressed above. That is, one cannot rule out the possibility that new 
constructive rules of reasoning might be discovered tomorrow and accepted 
universally. Nevertheless, Heyting’s formalization remains important since it 
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has been seen to have very deep connections with Church’s lambda calculi, 
and the Church-Curry theories, in their typed reincarnations, have had wide 
impact in Computer Science. In the end, the significance of both the formal 
definitions of computable functions and of intuitionistic logic will have to 
rest on the insights they give us about the nature of constructions and their 
usefulness in mathematics, computer science, linguistics, and other areas of 
science, and not on their problematical philosophical significance as final 
descriptions of intuitive computability and intuitive constructive reasoning. 

While the historical roots and motivation of Recursive Mathematics can 
be found in constructivist philosophies of mathematics, Recursive Mathemat- 
ics does not lie within Constructive Mathematics. Researchers in Recursive 
Mathematics use classical reasoning unacceptable to constructivists to prove 
theorems about the non-existence of computable procedures. They accept 
Church’s Thesis that the modern definition of a recursive function captures 
all functions which are intuitively computable. Constructivists simply do 
not accept the classical logic behind Recursive Mathematics. Bishop was 
the first to capture the constructive content of modern Functional Analy- 
sis, (Brouwer’s work was finite dimensional). Bishop did not view Recursive 
Mathematics as within the constructive philosophy of mathematics espoused 
in his book on Constructive Analysis [6]. He was, however, interested in 
Recursive Analysis and was helpful to researchers in Recursive Mathemat- 
ics, including Metakides, Nerode, and Remmel. Despite the fact that Re- 
cursive Mathematics is not part of Constructive Mathematics, the work on 
Recursive Mathematics does have interesting implications for Constructive 
Mathematics. For example, many of the counterexamples in the literature 
of Recursive Mathematics can easily be translated into counterexamples ac- 
cepted by a constructivist as espoused say in the work of Troelstra and van 
Dalen (152, 153]. The converse is also true that constructivist counterexam- 
ples can be used as the basis for counterexamples in Recursive Mathematics. 


Development of recursive mathematics 


With the development of a coherent notion of computable function, it was 
quite natural that researchers would begin to apply it to other areas of math- 
ematics. 

In the 1930’s, Church and Kleene raised the question of effective content 
of the theory of ordinals, namely, which ordinals and operations on ordinals 
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are constructive from the point of view of recursive functions? This they 
called the theory of constructive ordinals. The Church-Kleene constructive 
ordinals were later shown by Markwald [99] to be the ordinals represented by 
recursive well-orderings. What is noteworthy is the non-extensional character 
of the Church-Kleene theory. Their theory is a theory of recursive operations 
on notations (indices) for ordinals. The questions of whether a number is a 
notation for an ordinal, or whether two notations for ordinals are notations for 
the same ordinal, are highly non-constructive. This means that all algorithms 
should act on notations (indices) for ordinals, not on the ordinals themselves. 
Thus Church-Kleene theory of recursive ordinals contains a basic insight 
which is shared with constructivists, namely, constructive operations should 
cannot be restrained to be extensional. 

Brouwer-Heyting intuitionistic mathematics continued on in the 1930's. 
Brouwer influenced the algebraist van der Waerden. In his 1937 book, 
Modern Algebra [157], supposedly based on lectures of the highly abstract 
algebraist Emil Artin, he said in a most un-Artinian manner “a field A ts 
given explicitly if its elements are uniquely represented by distinguishable 
symbols with which addition, subtraction, multiplication, and divisions can 
be performed by a finite number of operations”, and proved that if a field A 
is given explicitly, then every simple algebraic extension A(t) and every sim- 
ple algebraic extension A(v) defined by an irreducible polynomial y is given 
explicitly. On the other hand, van der Waerden states that the construction 
of a splitting field requires that the field have a factorization algorithm for 
polynomials. He states explicitly that there is no known universal method 
for factorization and “there are reasons for the assumption that such a gen- 
eral method is impossible” and refers to his 1930 paper [155] as justification. 
With the development of recursion theory it was natural to apply its def- 
initions and methods, and analogous results were proven in the recursive 
mathematics context by Frolich and Shepherdson [48] in the 1950’s. 

As for determining the effective content of Analysis, in the 1940’s Good- 
stein [58] asked what it means to be a primitive recursively computable func- 
tion of reals. Pre-World War II work of Banach-Mazur [101] was published 
in the same area in 1963. 

The development of Recursion Theory in the 1940’s and early 50’s by 
Kleene [80, 82], Post [121], Peter [119], Myhill [109], Rice [132], and many 
others, provided the basic tools for the first results in Recursive Mathemat- 
ics which appeared in the 1950’s and early 60’s. In particular, Frolich and 
Shepherdson [48] and Rabin [124, 125] provided explicit counterexamples of 
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recursive fields which failed to have factorization algorithms, which justified 
van der Waerden’s claim. Spector analyzed the effective content of recursive 
well orderings [144]. Kreisel analyzed the Cantor-Bendixson theorem [85]. 
Dekker and Myhill began to develop Isol Theory which can be viewed as an 
effective version of the theory of cardinals [33]. Lacombe [88], Goodstein [58] 
and Markov [98] started their work on Recursive Analysis. Similarly Julia 
Robinson [133] and Davis, Putnam and Robinson [29] started their work on 
Hilbert’s 10-th problem which was finally culminated in Matijasevié’s result 
(100, 28] that there is no recursive algorithm to decide whether an arbitrary 
Diophantine equation has an integer solution. 


Modern history of Recursive Mathematics 


While there was not a formally recognized subject of Recursive Mathematics, 
a number of results in Recursive Mathematics appeared in 1960’s and early 
70’s. For example, in Isol Theory, the work of Ellentuck [34] and Nerode [110] 
answered many of the fundamental questions about the theory of effective 
cardinality on the natural numbers so that researchers begin to apply effec- 
tive cardinality theory to algebraic structures. In particular, Crossley [23], 
and independently Manaster, developed a theory of constructive order types. 
Ellentuck [36], Applebaum [2] and Hasset [62] developed a theory of isolic 
groups, Dekker [30, 31] developed isolic vector spaces. Finally Crossley and 
Nerode gave a general theory for isolic structure in their book Combinatorial 
Functors [25]. Remmel [126] extended Hay’s theory of co-r.e. isols to the gen- 
eral setting of Crossley and Nerode. Similarly there was considerable work on 
the effective content of theorems of combinatorics. Jockusch [72] studied the 
effective content of Ramsey’s theorem. Jockusch and Soare produced their 
fundamental papers on II?-classes [74, 73] which can be viewed as the study 
of the effective content of Kénig’s lemma on trees. Manaster and Rosenstein 
studied the effective content [95, 96] of Hall’s matching theorem and graph 
colorings. The study of the effective content of Analysis continued to flour- 
ish throughout this period. In particular, there was the work of Sanin [137] 
and others in his Leningrad school, including Orevkov [118] and Ceitin [14]. 
Other contributions include the work of Kusner [87] and others in Moscow 
who were influenced by Markov. In the West, key contributions were made 
by Aberth [1], Hauck [63], and, much later in the 1980’s, by Pour-El and 
Richards [122]. 
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The foundations for much of the work represented in this volume can be 
traced to fundamental work by Ershov and Nerode in the early 1970’s. First 
in Russia, Ershov building on Mal’tsev’s work on constructive algebra [92] 
published his theory of enumerations [38, 39] in which he defined a construc- 
tivization of a model A with universe A to be a surjective functiona:w—> A 
such that for any atomic formulae y in the underlying language CL, the 
relations {@ : A — y(a(@))} are recursive uniformly in y. In fact, Ershov’s 
theory of constructive models was first written in 1967 at Novosibirsk but was 
not published until after 1973. Ershov’s work led to a vast amount of research 
on constructive Model Theory and Algebra in the former Soviet Union. This 
effort was lead by Ershov, Goncharov and their students Peretyat’kin, Nur- 
tazin, Dobritsa, Khisamiev, Kudaibergenov, Ventsov, Fedoryaev, Morozov, 
and many others. 


Independently, at Cornell University in the United States in 1972, Nerode 
began his program to determine the effective content of mathematical con- 
structions and started to develop a systematic theory of recursive structures. 
Let Ye, denote the partial recursive function of n variables computed by the 
e-th Turing machine. Here we say that a structure 


A= (A, Viag aee tie eas {a} .2n )s 


(where the universe A of A is a subset of the natural numbers w), is recur- 
sive if A is a recursive subset of w, S, T, and U are initial segments of w, 
the set of relations {RA} ies is uniformly recursive in the sense that there 
is a recursive function G such that for all i € S, G(i) = [n;,e;] where RA 
is an n,~ary relation and Ye,n, computes the characteristic function of RA, 
the set of functions {fAhier is uniformly recursive in the sense that there 
is a recursive function F such that for all 7 € T, F(z) = [n;,e,] where fA 
is an nj;~ary function and ¥,n, restricted to A" computes fA, and there 
is a recursive function interpreting the constant symbols in the sense that 
there is a recursive function H such that for all 7 € U, H(i) = c#. Note 
that if A is a recursive structure, then the atomic diagram of A is recur- 
sive. Thus a recursive structure which is isomorphic to a structure B can 
be viewed a constructivization of B. It follows that recursive structures and 
constructivizations are essentially interchangeable. 


In particular, in a series of papers with his student Metakides [102, 103, 
104, 105], Nerode introduced the systematic use of the finite injury priority 
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argument applied to algebraic requirements to construct recursive models 
which could be used to give effective counterexamples to classical mathe- 
matical theorems. This allowed the whole technology of modern Recursion 
Theory as developed by Friedberg, Rogers, Sacks, Lachlan, Soare, Jockusch, 
Lerman, and others, to be applied to these problems. Many applications of 
the priority argument to Recursive Mathematics were produced by Nerode’s 
students at that time: Remmel, Metakides, Millar, Kalantari, Retzlaff, Lin, 
and subsequently by many others in North America, and also by Crossley, 
Ash, Downey, Moses, Hird and others in Australia. Another theme that 
emerged from this work was a systematic theory of the lattice of recursively 
enumerable substructures of a recursive structure (see the 1982 survey paper 
by Nerode and Remmel [112]). 


During the late 1970’s and 80’s, Cold War politics allowed almost no 
communications between the schools in Novosibirsk of Ershov and the school 
of Nerode in the West, so that often results in Recursive Model Theory 
and Algebra were duplicated. Nevertheless, 25 years of work by researchers 
associated in one way or another with these two schools have generated a 
large body of results which is the main subject of most of the papers in this 
volume. Unfortunately, it is impossible within a single volume to cover all 
the areas of Recursive Mathematics and its connections with other subjects 
such as Reverse Mathematics, Constructive Set Theory, and Decidability 
Theory. However, we feel that the articles in this volume will provide the 
reader with a good overview of a significant portion of the work that has been 
produced and continues to be produced in Recursive Mathematics. In addi- 
tion, the bibliographies on Recursive Algebra and Model Theory compiled by 
Kalantari and on Recursive Analysis compiled by Brattka and Kalantari are 
valuable resources for current and future researchers in Recursive Mathe- 
matics. Recursive Mathematics continues to be a vital field and our hope is 
that this volume will inspire others to deepen our understanding and broaden 
the fields of application of Recursive Mathematics. 


Some general themes of Recursive Mathematics 


A number of important common mathematical themes emerged from the 
past work on Recursive Mathematics which the reader will find reflected in 
this volume. These include the following. 
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1. Fix a given recursive structure, ideally one which is universal for a 
large class of recursive structures, and study the complexity of various 
model-theoretical and algebraic constructions on that structure. 


2. Find necessary and sufficient conditions for the existence of recursive 
or constructive models of a theory with given properties. 


3. Classify the class of recursive models within a classical isomorphism 
type that are unique up to recursive isomorphisms. More generally, 
find necessary and sufficient conditions for existence of recursive or 
constructive representations of a given structure with nonequivalent 
algorithmic properties. 


4. Study the lattice of recursively enumerable substructures of a given 
recursive structure. In particular, investigate the similarities and dif- 
ferences with the lattice of r.e. substructures of an algebraic structure 
and the so-called Post’s zoo of maximal, simple, h-simple, hh~simple 
sets in the lattice of r.e. sets. 


5. Determine whether the class of all recursive models of a given structure 
is computable. 


6. Study the complexity of the set of solutions of a recursive instance of 
a classical combinatorial, algebraic or analytic problem. 


7. Study the possible degrees of models of a given theory or the set of 
degrees of all structures which are isomorphic to a given structure. 


8. Study the differences between r.e. presented structures and recursive 
structures. Here, an r.e. presented structure consists of a recursive 
structure modulo an r.e. congruence relation. For example, an r.e. 
Boolean algebra can be represented as a recursive Boolean algebra 
modulo an r.e. ideal. More generally, study the differences between 
recursive structures and structures recursive in some oracle set A. 


In the first area, many algebraic structures have been studied. In the 
West, the computability of ordered sets was studied by Ash, Case, Chen, 
Crossley, Downey, Feiner, Feldman, Fellner, Hay, Hingston, Hird, Jockusch, 
Kierstead, Knight, Lerman, Manaster, Metakides, McNulty, Moses, Remmel, 
Richter, Rosenstein, Roy, Schmerl, Schwarz, Soare, Tennenbaum, Trotter 
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and Watnick; the computability of vector spaces by Ash, Dekker, Downey, 
Guhl, Guichard, Hamilton, Kalantari, Remmel, Retzlaff, Shore, Smith and 
Welch; the computability of rings and fields by Ash, Hodges, Jockusch, Mac- 
Intyre, Madison, Marker, Metakides, Nerode, Mines, Remmel, Rosenthal, 
Seidenberg, Shlapentokh, Smith, Staples, Tucker and van den Dries; the com- 
putability of the structures with a dependence relation by Baldwin, Downey, 
Metakides, Nerode, and Remmel. Other mathematical structures that were 
also extensively studied include groups by Ash, Barker, Ge, Kent, Knight, 
Lin, Oates, Richards, Richman and Smith; graphs by Aharoni, Bean, Beigel, 
Burr, Carstens, Gasarch, Golze, Kierstead, Lockwood, Manaster, Magidor, 
Pappinghaus, Remmel, Rosenstein, Schmerl and Shore; Boolean algebras by 
Carroll, Downey, Feiner, La Roche, Remmel, Soare and Thurber; topological 
spaces by Kalantari, Leggett, Remmel, Retzlaff and Weitkamp. Computable 
Ramsey’s theory has been studied by Clote, Hummel, Jockusch, Seetapun, 
Simpson, Solovay and Specker. In the East, Goncharov and his students ex- 
tensively studied recursive Boolean algebras and orderings, Morozov studied 
groups of recursive automorphisms, Khisamiev studied Abelian p-groups es- 
tablishing connections between constructivizability and Ulm’s quotients, and 
Odintsov studied semi-lattices of recursively enumerable subalgebras. 

For the second type of problem, the following principal results were 
obtained: the Ershov theorems about kernels and the theorem about the 
existence of constructive models for a theory with finite obstacles, Baur’s 
theorem about the existence of constructive model for Vi-theories, the Gon- 
charov and Harrington theorem about the decidability of prime models, 
the Morley theorem about the decidability of homogeneous models, the 
Goncharov-Peretyat’kin criterion for decidability of homogeneous models, 
the Khisamiev-Millar theorems about omitting recursive types, and theo- 
rems due to Lachlan, Peretyat’kin, Millar, and Ash-Read about decidability 
of Ehrenfeucht theories. 

For the third problem various equivalence types on constructivizations 
of models were studied. In particular: recursive equivalence, autoequiva- 
lence, algebraic equivalence, program equivalence, uniform equivalence were 
investigated by Goncharov, Peretyat’kin, Nurtazin, Ash, Nerode, Ventsov, 
Uspenskii, Remmel, Kudinov and others. In this direction, powerful criteria 
for the existence of nonautoequivalent recursive representations of models 
and criteria for autostability were found by Goncharov, Nurtazin, and Kudi- 
nov. Goncharov constructed a series of examples of nonautostable models 
of finite algebraic dimension. Goncharov, Cholak, Shore, Khoussainov found 
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examples of nonautostable models with autostable enrichment of constants. 
Ash and Nerode established close connections between autostability and de- 
finability of hereditarily enumerable relations. Ash developed the method 
of labeling system that provided an essential advantage in the description of 
hereditarily arithmetic relations. This in turn, led to series of applications by 
Ash and Knight. Harizanov began important investigation of Turing spectra 
of relations. 

Extensive studies of the lattice of r.e. substructures for a variety of re- 
cursive structures have been carried out. For example, there is a large body 
of work on the lattice of r.e. subspaces £(V..) of an infinite dimensional 
recursive vector space by Ash, Bauerle, Downey, Hird, Kalantari, Kurtz, 
Metakides, Nerode, Remmel, Retzlaff, Smith, Shore, Welch, and others. The 
lattices of r.e. subalgebras and r.e. ideals of a recursive Boolean algebra have 
been studied by Downey, Carroll, Goncharov, Morozov, Remmel, Yang and 
others. The lattice of r.e. open sets of a recursive topological space by Kalan- 
tari, Leggett, Retzlaff, Remmel, and others. Lattices of r.e. suborderings have 
been studied by Metakides, Remmel, Roy, and others. The lattices of r.e. 
affine spaces of a recursive vector space over an ordered field have been stud- 
ied by Downey, Kalantari, Remmel and others. In addition, there has been 
significant work on providing a unified setting for the study of that lattice of 
r.e, substructures. For example, the study of the lattice of r.e. substructures 
of effective Steinitz systems, which cover both L(V,,) and the lattice of re. 
algebraically closed subfields of an algebraically closed recursive field with 
an infinite transcendence basis, has been carried out by Baldwin, Downey, 
Metakides, Nerode, Remmel, and others. Remmel provided an even more 
general setting which covers all the lattices described above, see the article 
by Downey and Remmel in this volume. For a survey of results up to 1982, 
see the survey article by Nerode and Remmel [i12]. 

For the fifth problem, Nurtazin proved the computability of the class of 
all constructive models of a fixed signature without function symbols and 
demonstrated that such a class is not computable if the signature contains 
functional symbols. Furthermore, Goncharov proved that the class of con- 
structivizations for a decidable nonautostable model is not computable. A 
number of results concerning the complexity of index sets and the infinity of 
the Rogers semi-lattices of computable enumerations of classes of construc- 
tive models were obtained by Dobritsa. On the basis of the Ash method, the 
complexity of index sets in the arithmetic hierarchy was studied by Ash and 
Knight. 
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For the sixth type of problem see the survey articles by Gasarch for com- 
binatorics, Downey for linear orderings, and especially the survey article by 
Cenzer and Remmel on [I]? classes and Recursive Mathematics in this volume. 

For results on the seventh type of problem. we refer the reader to the 
survey article on degrees of models by Knight in this volume. 

Finally, prototypical results for the eighth type of problem include Feiner’s 
result [43] that there is an r.e. Boolean algebra which is not isomorphic to 
any recursive Boolean algebra, and a recent result of Thurber [150] that every 
low, Boolean algebra is isomorphic to a recursive Boolean algebra. Also see 
the survey article by Downey on linear orderings in this volume for various 
results of this type for linear orders. There has been a significant number 
of papers on r.e. presented structures. For example, Ash, Downey, Gon- 
charov, Jockusch, Knight, Metakides, Nerode, Remmel, Stob, Thurber, and 
others, have studied r.e. presented Boolean algebras; Ash, Downey, Gon- 
charov, Jockusch, Knight, Metakides, Moses, Nerode, Remmel, Roy, Rosen- 
stein, Soare, and others, have studied r.e. presented linear orderings; and 
Downey, Metakides, Nerode, and Remmel have studied r.e. presented vector 
spaces. 

The list above is by no means complete nor is the list of contributors 
listed in each area complete. Nevertheless the reader will find that keeping 
these themes in mind will explain the motivation for many of the articles in 
this volume. 

The questions above arose mainly in the study of Recursive Model 
Theory and Algebra. There is a large body of work in Recursive Analysis 
and Topology, as can be seen from the bibliography on Recursive Analysis 
and Topology at the end of this volume. The emphasis in the research on 
Recursive Analysis and Topology continues to be on analyzing the effective 
content of constructions and theorems of Analysis and Topology based on the 
definitions of computable real numbers, computable functions of the real 
numbers, and effectively closed sets. 

Just as the formalization of computable functions in the 1930’s naturally 
lead to Recursive Mathematics, the development of Complexity Theory by 
Blum, Cobham, Cook, Hartmanis, Karp, Ladner, Lewis, Sterns, and oth- 
ers in the 1960’s and 1970’s in Computer Science has led to development 
of a polynomial-time, and more generally, a feasible version of Recursive 
Mathematics which is called Polynomial-time or Feasible Mathematics. Of 
course, the definition of the polynomial-time hierarchy, the polynomial-space 
hierarchy, etc., were defined by analogy with the arithmetic hierarchy from 
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Computability Theory. The work of Karp on NP-complete problems has 
lead the ever expanding list of NP-complete problems, see Garey and John- 
son [49], and to the increasing importance of the fundamental question of 
whether P equals NP. The paper by Baker, Gill, and Solovay [4] introduced 
oracle arguments into Complexity Theory. All these ideas, plus ideas from 
Recursive Mathematics, have played an important part in the development 
of Feasible Mathematics. 

The work on Feasible Mathematics started with the work of Friedman 
and Ko [84, 46], where they developed a coherent notion of a polynomial- 
time computable function of the reals, and related a number of classical 
complexity-theoretic questions to questions about complexity of operations 
on polynomial computable functions. This subject has continued to develop 
(see the survey article by Ko in this volume). Remmel and Nerode devel- 
oped a theory of the lattice of NP-substructures of a polynomial-time pre- 
sented structure, and showed that priority arguments on oracles could play 
a fundamental role in the analysis of such lattices. The driving analogy in 
the Nerode-Remmel work is that recursive is to recursively enumerable as 
polynomial-time is to nondeterministic polynomial-time. Thus, for example, 
the polynomial-time analogue of Dekker’s [30] result, that every r.e. subspace 
of a recursively presented infinite dimensional vector space over a recursive 
field has a recursive basis, is that every NP-subspace of a polynomial-time 
presented infinite dimensional vector space over a polynomial-time field has 
a basis in P. This analogy is true over certain infinite polynomial-time fields, 
but is oracle dependent over finite fields (see [115] and the article by Cenzer 
and Remmel on Complexity Theoretic Model Theory and Algebra in this 
volume). 

Cenzer and Remmel have developed a rich theory of Polynomial-time and 
Feasible Model Theory which is also outlined in their paper in this volume. 
A number of interesting refinements of questions in Recursive Model Theory 
have arisen in Feasible Model Theory. For example, the questions of when a 
recursive model is isomorphic or recursively isomorphic to a polynomial-time 
model, or when a recursive model is isomorphic or recursively isomorphic 
to a polynomial-time model with a standard universe, such as the binary 
representation of the natural numbers or the unary representation of the 
natural numbers, leads to a surprisingly rich theory. Other developments 
in Feasible Mathematics include the work of Crossley, Nerode and Remmel 
[27, 116] on a polynomial-time analogue of Isol Theory which is far from a 
mere imitation of standard Isol Theory. Also other models of computation 
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have been studied. For example, Blum, Smale and Shub [8] developed a 
theory of complexity for computing with real numbers and Khoussainov and 
Nerode [77] have developed a theory of automata representable structures. 


Overview of the Handbook 


The Handbook of Recursive Mathematics contains over 1350 pages and hence 
we were forced to split the Handbook into two volumes. The editors decided 
that it was best to split the papers between the two volumes according to sub- 
ject matter. The first volume covers Recursive Model Theory and the second 
volume covers Recursive Algebra, Analysis, Combinatorics and a variety of 
other topics. Since we did not originally plan for two volumes, the partition 
of the papers between the two volumes could not be accomplished without 
some overlap. That is, there are a number of papers in the second volume 
which are relevant to Recursive Model Theory and use recursive model theo- 
retic techniques, and there are a number of papers in the first volume which 
are relevant to Recursive Algebra and use recursive algebraic techniques. We 
shall provide brief summaries of the papers in the two volumes below. 


Volume 1: Recursive Model Theory 


The first two papers of volume 1 were chosen because they provide good gen- 
eral introductions to Recursive or Computable Model Theory as developed 
in both the West, mainly the United States and Australia, and the East, 
mainly in the former Soviet Union. The rest of volume 1 is devoted to more 
specialized topics in Recursive Model Theory. The last paper of the volume 
is a survey paper by Cenzer and Remmel on Polynomial Time Model Theory 
and Algebra. The Cenzer and Remmel paper shows how seriously taking 
into account the resource bounds of computations greatly affects the types 
of questions and results that one obtains when considering effective content 
of model theoretic questions. It also surveys results on resource bounded 
versions of algebraic constructions, and thus provides a nice segue into the 
second volume. 


In the first paper of volume 1, Harizanov provides a very valuable survey 
of results in Recursive or Computable Model Theory mainly from the Western 
perspective in her article “Pure Computable Model Theory”. In particular, 
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she supplies the model theoretic background as well as the proofs of a large 
number of basic results in computable model theory, including the basic 
effective completeness theorem and effective omitting types theorem, various 
results on conditions which ensure the existence of various types of decidable 
models including prime, homogeneous, and saturated models or models with 
effective sets of indiscernibles, results on decidable theories with only finitely 
many models or finitely many recursive models (the so-called Ehrenfeucht 
theories, or effective Ehrenfeucht theories), a theory of the degrees of models, 
and classification results on the number of computable models. Thus her 
article is an excellent place for a student who is interested in Recursive Model 
Theory as well as a valuable reference for established researchers in the field. 


The article by Ershov and Goncharov, “Elementary Theories and Their 
Constructive Models”, is a good introductory article for those who are un- 
familiar with the approach of the Ershov school to Recursive Model Theory. 
They provide a survey of some of the basic existence theorems for construc- 
tive and strongly constructive models. In particular they provide a proof of 
the Goncharov-Peretyat’kin criterion for the existence of a decidable homo- 
geneous model. They also apply their theory to Boolean algebras, which is a 
rich source of examples and for which a well developed theory of constructive 
models exists. 


The paper, “Isomorphic Recursive Structures” by Ash, surveys several 
results on when a recursive structure is unique up to recursive isomorphisms, 
A$ isomorphisms, etc.. In a similar spirit, Ash looks at conditions which 
ensure that. a given relation is always recursive, r.e., ©, etc., in any recur- 
sive structure which is isomorphic to the original recursive structure. Such 
relations are called intrinsically recursive, r.e., etc.. A number of character- 
izations of intrinsically recursive and r.e. relations can be found in the Ash 
article. 


The article “Computable Classes and Constructive Models” by Dobritsa 
presents a large body of results on when the set of recursive models, which are 
isomorphic to a given recursive model or are extensions of a given recursive 
model, are computable; in the sense that one can effectively list all such 
models. In addition, he surveys a number of results on conditions which 
ensure that the class of such recursive models lies in the arithmetic hierarchy. 
A theory of effective reductions of one class of models to another class of 
models is also presented. 
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In the paper “S—Definability of Algebraic Systems”, Ershov proves a num- 
ber of interesting results on the extension of his theory of numerations and 
constructivizations where recursive and computable functions are replaced 
by definability notions from the theory of admissible sets. He thus defines 
the notion of a U-definable algebraic structure of an admissible set, and 
proves a number of analogues of results on constructivizations of algebraic 
structures in this setting. This work opens up another extension of Recursive 
Mathematics using notions from a-recursion theory and admissible sets. 


In the article “Autostable Models and Algorithmic Dimensions”, Gon- 
charov defines several reducibilities which can be defined on the class of 
constructivizations, Con (MN), of a given model Mt. That is, given two con- 
structivizations v, 2: w — MN, we say that 


l.v <x w, if there exists a recursive function f such that v = pf 
(Kolmogorov reducibility), 


2.v < mw, if there is an automorphism y of St such that yy <K yw 
(autoreducibility), 


3. v <u p, if there exists a computable operator F such that F(x,.-1(s)) = 
Xv-1(s) for all relations S which are stable in the sense that S is invariant 
under automorphisms of IM (uniform reducibility), 


4, v <p p, if there is a partial recursive function f such that if y, is the 
characteristic function of z~'(S) for some stable relation S, then y s(n) 
is the characteristic function of y~'(.S) (program reducibility), and 


5. V <alg HM, if every stable relation of IR which is decidable under the 
constructivization p is also decidable under the constructivization v 
(algebraic reducibility). 


Goncharov then discusses the relations between these reducibilities, and 
surveys a number of results on conditions which ensure that the set of 
reducibility classes of a model has cardinality 1, w, or is finite. 


In her article “Degrees of Models”, Knight presents another significant 
theme in recursive model theory, namely, she surveys a number of results on 
the sets of degrees of structures which are isomorphic to a given structure or 
the set of degrees of models of a particular theory. For example, let D/(A) = 
{deg(B) : B is isomorphic to A}. Generally DI(A) is closed upwards so that 
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it is natural to ask whether there is a least element in: DI(A), te., when 
is there a degree c such that DI(A) = {d: d >r c}? Knight surveys a 
number of results on structures for which such a degree c exists, and on 
structures for which no such degree c exists. More generally, one can define 
a structure to have a-th jump degree d for a given recursive ordinal a if 
{b() : b € DI(A)} = {ce : ¢ Sr d}, where b'*) denotes the a-th jump of 
b. Knight also surveys a number of interesting results on structures which 
have an a-th jump degree. Finally Knight presents results on the possible 
degrees of non-standard models of arithmetic and on results which guarantee 
the existence of recursive models of nonrecursive theories. 


In his article “Groups of Computable Automorphisms”, Morozov pro- 
vides a survey of results on the groups of all automorphisms, of all recursive 
automorphisms, of all arithmetic automorphisms, etc., of a recursive or con- 
structible model over an effective language. He starts his survey with a 
number of general results on the set of recursive automorphisms of a recur- 
sive model. For example, there exist many examples of recursive models 
which have 2®* automorphisms but only a single recursive automorphism. In 
fact, one can construct a homogeneous strongly constructive model which 
has 2° automorphisms, but every constructivization of that model has only 
one recursive automorphism. Similarly, one can construct a hyperarithmetic 
model with 2®° automorphisms, but which has a unique hyperarithmetical 
automorphism. He also surveys results about when a recursive model I 
can have a computable set of recursive automorphisms Aut,(90). He ends 
his survey with a number of interesting results on the set of recursive auto- 
morphisms of recursive Boolean algebras and vector spaces. For example, it 
is known that if B is a decidable atomic Boolean algebra and B’ is any recur- 
sive Boolean algebra, then the fact that Aut,(B) is isomorphic to Aut,(B’) 
implies that B is isomorphic to B’. On the other hand, a result of Remmel 
shows that for any recursive Boolean algebra with infinitely many atoms, 
there exists a recursive Boolean algebra C' isomorphic to B such that every 
recursive automorphism of C’ moves only finitely many atoms. Morozov’s 
article shows that there is a surprisingly rich theory of the various auto- 
morphism groups of recursive models. 


In his article “Constructive Models and Finitely Axiomatizable Theories” , 
Peretyat’kin surveys a number of results on finitely axiomatizable theories. 
Finitely axiomatizable theories have been extensively studied in model the- 
ory, and Peretyat’kin provides a nice summary of such results in his article. 
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He then surveys results on the complexity of the the prime, countably homo- 
geneous, and countable saturated models of such theories as well as a large 
number of index set results for finitely axiomatizable theories. He also sur- 
veys a number of interesting results on the complexity of the Lindenbaum 
algebra of finitely axiomatizable theories. Finally he presents a long list of 
open problems in the area. 


As mentioned above, the last article of volume 1 looks at how resource 
bounds affect questions in Recursive Model Theory. That is, one restricts 
one’s attention to models where the underlying universe, functions, and rela- 
tions are limited to be in some natural complexity class such as polynomial- 
time or polynomial-space, and studies how such restrictions affect the types 
of results developed in Recursive Model Theory. As the reader can see from 
the article by Cenzer and Remmel in this volume, and the article by Ko on 
Polynomial Time Analysis in the second volume, restricting one’s attention 
to feasible functions does not produce a theory which is a mere imitation 
of results in Recursive Mathematics. Cenzer and Remmel provide an in- 
troduction to the types of questions which arise in Feasible Mathematics in 
their article “Complexity Theoretic Model Theory and Algebra”. Cenzer and 
Remmel give a survey of their theory of polynomial-time and feasible models 
in this paper. They also survey the theory of Polynomial-time Algebra and 
the theory of the lattices of NP-substructures of a polynomial-time structure 
that has been developed by Nerode and Remmel. This paper provides a good 
introduction to an area that is really in its infancy. Nevertheless, the results 
achieved so far show that this is an interesting area of research in which a 
number of new phenomena arise which do not appear in Recursive Algebra. 
Thus Polynomial-time Model Theory and Algebra offer a rich opportunity 
for further research. 


Finally, volume 1 ends with two extremely valuable bibliographies. The 
first is a bibliography on Recursive Algebra which was compiled by Kalantari. 
The second is a bibliography on Recursive Analysis and Topology that was 
compiled by Kalantari and Brattka. Both of these bibliographies were put 
together in response to a rather late request by the editors. Because of the 
lack of time, the bibliographies could not be as exhaustive as desired and we 
apologize to those whose work has been inadvertently omitted. Nevertheless, 
these bibliographies are valuable additions to this volume and provide those 
researchers and students who want a deeper treatment than is presented in 
this volume a valuable guide to the literature. 
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Volume 2: Recursive Algebra, Analysis, and Combinatorics 


In the first paper of the second volume, “II? Classes in Mathematics”, Cenzer 
and Remmel provide a fairly comprehensive survey of the uses of II° classes 
in Recursive Mathematics. It is well known to recursion theorists that II° 
classes are ubiquitous in many areas of mathematics. The reason why II? 
classes arise so naturally in Recursive Mathematics is because it is often the 
case that the set of solutions to a recursive problem can be viewed as the set 
of paths through a recursive tree. For example, the set of proper k—colorings 
of a recursive graph G can be viewed as the set of paths through a recursive 
tree Tg, and hence is a II? class. The question then becomes whether for every 
recursive tree 7’, the set of paths through T is in one-to-one degree preserving 
correspondence with the set of k—colorings of some recursive graph. Ifso, then 
one can transfer a vast number of results on the possible degrees of elements 
of IT° classes and index set results for IH? classes to results about the set of 
k-colorings of a recursive graph. Cenzer and Remmel give a large number of 
problems for which this type of correspondence, and weaker correspondences, 
exist. They also give an overview of basic results on II? classes, and explain 
how such results can be used to give a complexity analysis of a large number 
of problems considered in Recursive Mathematics. 


Downey, in his paper “Recursion Theory and Linear Orderings”, provides 
an extensive survey of results on recursive orderings. A number of very in- 
teresting questions have arisen in the theory of recursive orderings, including 
the question of classifying when certain recursive orderings are unique up 
to recursive isomorphisms, the question of finding the effective dimension of 
a recursive partial ordering, the question of when an r.e. presented linear 
ordering or low linear ordering is isomorphic to a recursive linear ordering, 
the question of when a linear ordering has an effective w or w™ sequence, 
and many others. Downey’s paper is an excellent starting point for those 
who are not conversant with Recursive Mathematics, as his paper starts out 
with a good introduction to many basic theorems and techniques of modern 
computability theory. 


In the paper, “Effective Algebras and Closure Systems: Coding Proper- 
ties”, Downey and Remmel show that a large number of results on the lat- 
tice of r.e. substructures of various recursive structures can be given uniform 
proofs which often involve simple coding arguments based on results from 
the lattice of r.e. sets. They work in a general setting due to Remmel [129] 
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called effective closure systems, which cover a large number of lattices, in- 
cluding the lattice of r.e. sets, the lattice of r.e. subspaces of an infinite 
dimensional recursive vector space over a recursive field, the lattice of r-e. 
algebraically closed subfields of a recursive algebraically closed field with an 
infinite transcendence basis, and the lattice of r.e. ideals and the lattice of r.e. 
subalgebras of a recursive Boolean algebra. They also give some examples of 
lattices which cannot be covered by their general setting. 


Gasarch provides an extensive survey of results on the effective content of 
theorems in combinatorics in his article “Recursive Combinatorics”. Many 
results in infinite combinatorics are not effective, and there is a large body of 
work on classifying which of the various theorems from graph theory, order- 
ings, Ramsey theory, matching theory, etc., are or are not effective. More- 
over, there are many beautiful recursive variations of combinatorial problems 
that provide many avenues of interesting research. For example, Dilworth’s 
theorem that every partial ordering of width n can be covered by n chains 
is not effective. Indeed, it is relatively easy to construct recursive partial 
orders of width 2 which cannot be covered by 2 recursive chains. However 
Kierstead [78] showed that every recursive partial order of width n could 
be covered by }(5" — 1) recursive chains. The exact bound on how many 
recursive chains are required to cover a recursive partial order of width n 
is not known. Gasarch’s article has extensive connections with the articles 
of Downey on recursive orderings, of Cenzer and Remmel on II? classes and 
Recursive Mathematics, and of Kierstead on recursive and on-line colorings. 


In his article “Constructive Abelian Groups”, Khisamiev looks at the ef- 
fective content of the theory of Abelian groups. First he surveys a large 
number of results on various classes of groups which have a constructiviza- 
tion, i.e., groups which have a recursive presentation, and groups which have 
a strong constructivization, i.e., groups which have a decidable presentation. 
This provides a number of nice examples of the differences between construc- 
tivizations and strong constructivizations. He then goes on to classify which 
groups have a unique recursive presentation up to recursive isomorphisms. 
He also presents a number of results which show that Ulm’s theorem for p- 
groups is not effective. Finally he surveys results on the constructibility of 
torsion-free abelian groups and results on the constructibility of subgroups 
and factor groups in constructible groups. The Khisamiev article thus pro- 
vides a fascinating chapter of the interactions of Recursive Mathematics with 
a classical Algebra. 
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The article by Kierstead, “Recursive and On-Line Graph Coloring”, stud- 
ies another very interesting connection of recursive mathematics with com- 
puter science, namely the theory of on-line algorithms. In the on-line coloring 
problem for a graph G, the set of vertices of the graph are presented one at 
a time and the on-line algorithm is required to decide the color of that ver- 
tex based only on the knowledge of the colors assigned to, and the edges 
between, the points which have previously appeared plus the current vertex. 
The connection with finding recursive colorings is due to the fact that to give 
a procedure to recursively color a graph, one can only use local information, 
and hence an on-line coloring algorithm can be translated into results about 
recursive colorings. It turns out that many of the techniques developed in 
the study of recursive colorings of recursive graphs have applications to the 
on-line coloring of graphs. In particular, certain recursive counterexamples 
can be translated to give counterexamples for on-line colorings. It should 
be noted that the theory of on-line colorings contains many subtle questions 
which have no analogues in recursive graph theory, and Kierstead’s article 
presents a number of such questions and surveys a number of interesting 
results in this area. 


Ko presents a survey of results in Feasible Analysis in his article “Poly- 
nomial Time Analysis”. After a brief survey of results on recursive analysis 
and the basic definitions of the complexity theoretic hierarchies, Ko presents 
the Friedman-Ko model of complexity of computable functions f : [0,1] > R. 
He then studies the complexity of various operations on computable real 
functions including maximization, root-finding, integration, solving ordinary 
differential equations, and solving integral equations. In each of these cases, 
there are very strong connections with standard Complexity Theory. For 
example, one of the first results in this area is due to Friedman, and states 
that the following are equivalent: 

1. P= NP. 

2. For each polynomial-time computable function f : [0,1]? 4 R, the 
function g(z) = max{f(z,y) : 0 < y < 1} is polynomial-time com- 
putable. 

3. For each polynomial-time computable function f : [0,1] > R, the func- 
tion g(x) = max{f(y) :0 < y < x} is polynomial-time computable. 

4. For each polynomial-time computable function f : [0,1] — R that is 
infinitely differentiable, the function g(x) = max{f(x,y):0 <y < 1} 
is polynomial-time computable. 
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For each of the operations listed above, Ko surveys results on conditions 
which guarantee polynomial-time or polynomial-space solutions, as well as re- 
sults connecting the problems of finding polynomial-time or polynomial-space 
solutions in general with well known separation problems from Complexity 
Theory. Thus, Ko presents another interesting area of Feasible Mathematics 
which is a fruitful area for further research. 


The theory of recursive or constructive Boolean algebras provides an im- 
mensely rich area for Recursive Mathematics, see for example Remmel’s 
survey article [130] and Goncharov’s book [57]. In his article, “Generally 
Constructive Boolean Algebras”, Odintsov surveys a number of results on ex- 
tensions of constructible Boolean algebras. A strongly constructive Boolean 
algebra is a Boolean algebra B such that there exists a map v : w > B such 
that the set of all (n, bo,..., 6n-1), where n is an index of a first order 
formula y, such that BE yn(v(bo),..., v(bn-1)), is recursive. One can 
generalize this notion in several ways. For example, one could restrict the 
set of formulas y, to consists only of ©, formulas or H, formulas. Simi- 
larly, one could insist that the set of all (n, bo,..., bn-1), where n is an 
index of a first order formula y, such that BE yr(v(bo), ... , u(bn-1)), be 
arithmetic rather than recursive. One could also consider formulas in some 
fragment of second order logic like L(Q), where Q is the Mostowski quanti- 
fier, “there exist infinitely many”. Finally one can add extra predicates such 
as predicates for various types of filters. Odintsov surveys results on all of 
these possible extensions and shows that there are many natural extensions 
of the basic notions of constructivizability and strong constructivizability 
which yield fruitful areas of study. 


The article “Reverse Algebra”, by Simpson and Rao, provides an intro- 
duction and survey of results on Reverse Mathematics and Algebra. The goal 
of Reverse Mathematics is to answer the question about which set existence 
axioms are needed to prove theorems in ordinary mathematics. To this end, 
five subsystems of second order arithmetic have been introduced: RCA which 
consists of the usual axioms for the ordered semi-ring (w, +,-,0, 1, <) plus 
A°-comprehension and ¥)-induction, WKLo which is RCAg plus the state- 
ment of weak Konig’s Lemma (every infinite n—ary branching tree has an 
infinite path), ACAg which is RCAo plus comprehension axioms for all arith- 
metical formulas, ATRo which includes ACAg plus the axiom that arithmetical 
comprehension can iterated along any countable well ordering, and IIj-ca 
which consists of RCAg plus comprehension axioms for all II} formulas. At 
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this point, there are a large number of theorems of classical mathematics that 
have been classified according to these five subtheories. For example, consider 
the theorem that every commutative ring has a maximal ideal. Friedman, 
Simpson, and Smith [47] have shown that this theorem can be proved in 
ACAg, and moreover that any theorem which can be proved in ACAp can be 
proved in the theory RCAg plus the axiom that every commutative ring has 
a maximal ideal. Thus one could say that this theorem has the same power 
as arithmetic comprehension. Simpson and Rao survey a number of theo- 
rems in Algebra that have been classified with this framework and provide 
an interesting section on the connections between Reverse Mathematics and 
Recursive Mathematics. 


Relations with other subjects and 
future developments 


We have attempted to show in this introduction that there is a natural re- 
lation between Recursive Mathematics and other areas of Mathematics. For 
example, there is a natural relation between Recursive Mathematics and Con- 
structive Mathematics. There is also an intimate relation between Recursive 
Mathematics and Reverse Mathematics which was started by Friedman to 
classify theorems of mathematics by their proof theoretic strength over weak 
theories of arithmetics (see Simpson’s article in this volume). Similarly, some 
of the work on Recursive Combinatorics is naturally connected with the the- 
ory of on-line algorithms (see Kierstead’s article in this volume). 


There are many important unsolved problems in Recursive Mathematics 
and many areas which require further development. For example, the effec- 
tiveness of model-theoretic constructions continues to supply a rich source 
of problems. Pour-El and Richards {122] looked at the effective content of 
results from mathematical physics, but their work has just scratched the sur- 
face of a large area of interesting problems concerning the effective content of 
other applied areas, such as physics, control theory (see the article by Ge and 
Nerode [50]), and statistics. The work on Feasible Model Theory still lacks 
the sort of general sufficient conditions for the construction of polynomial- 
time models that abound in Recursive Model Theory. Similarly a theory 
of Polynomial-space Model Theory and Algebra is yet to be developed. In 
general, the work on Feasible Algebra has not yet yielded the equivalences 
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with classical complexity theoretic questions that can be found in the theory 
of Polynomial-time Analysis. In contrast, the use of the priority method 
which has many applications in Recursive Model Theory and Algebra has 
not found any uses in Recursive Analysis. This raises the question of whether 
there is an essential difference between Recursive Model Theory and Algebra 
versus Recursive Analysis, or whether we have just not studied sufficiently 
deep questions in Recursive Analysis to require the priority method at this 
time. Many open questions remain on the effective content of fields and 
topological vector spaces. 

The exact relation between Recursive Mathematics and other areas is not 
well understood. For example, are there relations between Recursive Math- 
ematics and typed lambda calculus interpretations of higher order intuition- 
istic logic, as in the work of Girard, or between Recursive Mathematics and 
untyped lambda calculus models of intuitionistic Zermelo-Fraenkel set the- 
ory, as in the work of McCarty [91]? In the same vein, the relation between 
Friedman-Simpson’s weak systems which have only limited comprehension, 
the systems of Reverse Mathematics, and Recursive Mathematics is still not 
completely understood. For example, does the finer analysis of the effective 
content of Kénig’s lemma, i.e., the full theory of II? classes, give a finer anal- 
ysis of proof theoretic strengths? For example, can Reverse Mathematics 
distinguish between problems which can represent an arbitrary recursively 
bounded II? class as opposed to the class of separating sets of a pair of r.e. 
sets (see the article by Cenzer and Remmel on II? classes in this volume)? 
We hope that the methods surveyed in this book will help to clarify these 
matters. 
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Introduction 


Recursive mathematics started in the 1950’s with the work of Specker [145] 
and Lacombe [94] on recursive analysis and the work of Frélich and Shepherd- 
son [55] and Rabin [124] on effective field theory. In the 1970’s, Metakides 
and Nerode [110] introduced the priority method into the study of recursive 
algebra and it has been an active area of research ever since. A central goal 


*The work of the second author was partly supported by Dept. of Commerce Agreement 
70-NANB5H1164 and NSF grant DMS-9306427. 


HANDBOOK OF RECURSIVE MATHEMATICS 623 
Edited by Yu. L. Ershov, $. S. Goncharov, 

A. Nerode, and J. B. Remmel 

© 1998 Elsevier Science B.V. All rights reserved. 


624 D. Cenzer and J. B. Remmel 


of recursive mathematics to study the effective content of constructions and 
proofs in various branches of mathematics including combinatorics, analysis, 
topology, algebra and model theory. In general, one examines a classical 
result which provides a solution for a problem associated with some math- 
ematical structure and studies whether an effective (or recursive) solution 
can be obtained if the structure itself is effective. For example, one might 
consider the classical result that every independent subset of a vector space 
V can be extended to a basis for V. The natural analogue of this result that 
one would study in recursive algebra is whether every recursive independent 
set of a recursive vector space V can be extended to a recursive basis for V. 
Since all the proofs of the fact that every independent subset of vector space 
V can be extended to a basis of V use some form of the axiom of choice, 
e.g., Zorn’s lemma, when V is infinite dimensional, and it is well known that 
the axiom of choice is nonconstructive, one might naturally expect that it 
is not the case that every recursive independent subset of an infinite dimen- 
sional recursive vector space V can be extended to a recursive basis for V. 
Indeed, this was demonstrated by Metakides and Nerode [111]. Recursive 
algebra has been studied by a large number of authors; see the survey article 
by Nerode and Remmel [116]. For another example, consider the classical 
four color theorem of Appel and Haken [2, 3, 4] which shows that any planar 
graph can be colored with four colors. From the recursion theoretic point of 
view, we would like to know whether a recursive planar graph has a recursive 
4-coloring and whether there is a general algorithm for obtaining this color- 
ing. More generally one might ask whether every k-colorable recursive graph 
G has a recursive k-coloring and, if it is not the case that G has a recur- 
sive k~-coloring, what can we say about the Turing degrees of the k—colorings 
of G. Recursive combinatorics, including the analysis of the complexity of 
algorithms for solving such problems as the coloring problem and the mar- 
riage problem, was developed by Kierstead (77, 78, 80], Bean {7, 8], Remmel 
[128, 129], Schmerl [134, 135] and others. See the survey article by Gasarch 
[57] in this volume. 

Given the influence of complexity theory from Computer Science, it is 
natural to study various classes of feasible structures such as polynomial time 
structures, i.e., structures whose universe, relations, and operations are all 
polynomial time computable. Recently, a version of feasible mathematics has 
begun to be developed along the lines of recursive mathematics. The primary 
notion of feasibility has been that of polynomial-time computability. For 
example, there has been a considerable development of complexity theoretic 
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analysis starting with the work of Friedman and Ko [53], see Ko’s book [88]. 
Similarly Cenzer and Remmel [21, 23, 24, 22] have developed a notion of 
complexity theoretic model theory and Nerode and Remmel [117, 118, 119, 
120] have developed complexity theoretic algebra; see the survey article by 
Cenzer and Remmel [25]. Here one looks for similarities and differences 
between recursive and feasible structures and problems. For instance, the 
following questions have been studied by Cenzer and Remmel. 


(A) Is every recursive structure isomorphic to a polynomial structure? 


(B) Is every recursive structure isomorphic to a polynomial time structure 
over a standard universe such as tally representation of the natural 
numbers Tal(w) or the binary representation of the natural numbers 


Bin (w). 


(C) Is every recursive structure recursively isomorphic to a polynomial 
structure? 


(D) Is every recursive structure recursively isomorphic to a polynomial time 
structure over a standard universe such as tally representation of the 
natural numbers Tal (w) or the binary representation of the natural 
numbers Bin (w). 


Cenzer and Remmel showed that every recursive relational structure is recur- 
sively isomorphic to a polynomial time relational structure and constructed 
recursive structures with function symbols which are not isomorphic to any 
polynomial time structure. Grigorieff [61] showed that every recursive linear 
ordering is isomorphic to a polynomial time structure with universe Bin (w) 
while Cenzer and Remmel showed that there is a recursive linear ordering of 
order type w+w™* which is not recursively isomorphic to any polynomial time 
linear ordering whose universe is Bin (w). Other areas of interest in feasible 
mathematics include the question of whether a feasible problem will have a 
feasible solution and the classification of feasibly categorical structures. 

The study of II? classes arises naturally in the study of recursive mathe- 
matics. An example of the role played by I classes in the study of recursive 
mathematics is the following. In many combinatorial and algebraic problems, 
the family of solutions to the given problem (such as the family of 4—colorings 
of a given planar graph) can be viewed as a closed set under some natural 
topology. Now a II? class is simply an effectively closed set. Thus for many 
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recursive combinatorial and algebraic problems, the set of solutions can be 
viewed as a II° class. Moreover, if the classical set of solutions is compact, 
then the effective version will often be a bounded or recursively bounded II° 
class. Thus one is naturally led to the study of three types of II° classes, 
namely arbitrary II classes, bounded II? classes, and recursively bounded 
I? classes, and their members. 

Let w = {0,1,2,...} denote the set of natural numbers. A II? class 
P is simply an effectively closed subset of the Baire space w” of infinite 
sequences of natural numbers. For our purposes, we will define a II? class 
to be the set [T] of all infinite paths through a recursive tree T. Here a 
recursive tree is a recursive subset T of w<”, the set of all finite sequences 
from the natural numbers w, which contains the empty string and is closed 
under initial segments. If T is finitely branching, the the corresponding I? 
class is said to be bounded. A recursive tree T is said to be highly recursive 
and the corresponding II? class [J] is said to be recursively bounded (r.b.) 
if T is finite branching and there is a partial recursive function f : T > w 
such that, for each node o of T, f(a) is the number of successors of a. A 
tree T is said to be highly recursive in 0’ if T is recursive in 0’, T is finite 
branching and there is a O’-recursive function f : T + w such that, for each 
node o of T, f(a) is the number of successors of o. In this paper, we will 
consider primarily bounded and recursively bounded II? classes. We will also 
discuss the connections between arbitrary I? classes, bounded II? classes, and 
recursively bounded II? classes. For example, clearly every finitely branching 
recursive tree is highly recursive in 0’. Moreover a result of Jockusch, Lewis, 
and Remmel shows that for every highly recursive in 0’ tree 7’, there is a 
finitely branching recursive tree S such that there is an effective one-to-one 
correspondence between the elements of [T'] and the elements of [S]. Thus 
many results about the degrees of elements of bounded II? classes can be 
derived from results about the degrees of recursively bounded II} classes by 
relativizing those results to a 0’ oracle. 

II? classes occur in many areas of recursive mathematics. We have not 
attempted to provide an exhaustive survey of all applications of II® classes 
to mathematics. We will, however, present applications in a wide variety of 
fields including logic, nonmonotonic logic, algebra, combinatorics, orderings 
and game theory. In each case, we will show that the set ofsolutions to a 
given recursive instance of the problem may be represented as an arbitrary 
(bounded, or recursively bounded) II? class. For example, Bean [7] observed 
that the set of k-colorings of a recursive graph G is a recursively bounded 
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TI? class. Here G = (V,F) is a recursive graph if the set V of vertices is a 
recursive subset of w and the set E of edges is a recursive subset of [V]?, the 
set of unordered pairs of vertices. Generally one would like a converse of this 
type of result. That is, given an arbitrary (bounded, or recursively bounded) 
IT? class, one would like to show that there is a recursive instance of the 
problem such that there is a one-to-one degree preserving correspondence 
between the solutions to the problem and the elements of the I? class. For 
example, Remmel [129] showed that any r.b. II? class may be represented, 
up to a permutation of the colors, by the set of k-colorings of a recursive 
graph for k > 3. This implies that in some sense, the problem of finding 
a k-coloring of a recursive k-colorable graph and the problem of finding an 
element of an r.b. II? class are equivalent. We will define precisely the ways 
in which a IT? class may be “represented” by the set of solutions to a given 
recursive problem below. Much of the paper will be devoted to cataloging 
and proving such representation results. However in some applications, these 
questions are as yet unanswered. In each case, the analysis of I? classes 
provides information about the complexity of the solutions of the various 
recursive mathematical problems. 

This paper is intended mainly to be a survey of recent research in the 
study of II? classes and their application to recursive mathematics. However 
new results will be given on the representation of II? classes as the solution 
sets to various mathematical problems. There will also be some new results 
on feasible problems and solutions. 

The primary question that we will examine for any given II? class P is the 
determination of the possible degrees of the elements of P. This problem has 
been studied by many recursion theorists, going back to the Kleene basis the- 
orem, which showed that every II’ class contains a member which is recursive 
in some Yj set, and the Kreisel-Shoenfield basis theorem [136], which showed 
that every r.b. II? class contains a member of degree < 0’. Two important 
early papers in this area are (75, 74] by Jockusch and Soare. They show, 
among other things, that there is a IT? class with no recursive members and 
such that any two members have mutually incomparable Turing degrees. An 
application of this result to recursive combinatorics naturally occurs when 
this result is combined with Remmel’s results, that every recursively bounded 
II? class can be represented as the 3-colorings of a recursive graph, to show 
that there is a recursive 3-colorable graph with no recursive 3-colorings and 
such that any two 3-colorings which do not differ merely by a permutation 
of the colors have incomparable Turing degrees. 
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As part of our goal to study the relation between II® classes and their 
members, we will study the relationship between elements of a IT? class and 
the Cantor-Bendixson rank of its elements. Kreisel first noticed in [92] that 
the degree of a member z of a II? class is related to the Cantor-Bendixson 
rank of z in P, when he showed that every member of a countable II? class 
is hyperarithmetic. This relationship has been developed in detail in recent 
work on countable II? classes and Cantor-Bendixson rank by Cenzer, Clote, 
Smith, Soare and Wainer [16, 28] and more recently by Cholak and Downey 
[30] as well as work by Cenzer, Downey, Jockusch and Shore on countable 
thin IT? classes [17]. 

A II® class P is said to be thin if every II? subclass Q of P is the intersec- 
tion of P with some clopen set U. P is said to be minimal if every II? subclass 
of P is either finite or cofinite in P. One of the elementary properties of II? 
classes is that any isolated member of a II? class must be recursive. This 
implies that all of the elements of a finite II? class are recursive. Now a thin 
TI? class has the converse property that any recursive member is isolated. 
Countably infinite thin II? classes were constructed in [17]. This construc- 
tion can be applied to the coloring problem to demonstrate the existence of a 
recursive 3-colorable graph which has infinitely many recursive 3-colorings, 
each of which is uniquely determined by its restriction to a finite subgraph. 

Once we have set up the framework of IT? classes, we will develop the con- 
nection between II® classes and recursive mathematical problems as outlined 
above. This connection leads to a series of natural questions about whether 
the set of solutions to a given problem can be represented as a II? class and 
conversely, whether a given problem can represent an arbitrary recursively 
bounded IT? class. This is the main concern in the second part of the paper. 

One primary emphasis will be on problems in recursive combinatorics. 
The reason that r.b. II? classes arise so naturally in the study of recursive 
combinatorics is due to the fact that many combinatorial theorems about 
finite graphs and partially ordered sets (posets) can be extended to countably 
infinite graphs and posets by applying Konig’s lemma, i.e., the fact that every 
infinite finitely branching tree has an infinite path through it. The basic idea 
of such extensions, which will be made explicit in Section 6, is that for each 
instance of a combinatorial problem P, we can construct a finitely branching 
tree T so that any solution to the combinatorial problem corresponds to an 
infinite path through T. Then we use the fact that the theorem holds for all 
finite instances to prove that the tree T is infinite. For example, we may use 
such an idea to prove that any countably infinite graph G is k-colorable if 
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and only if every finite subgraph of G is k-colorable and hence deduce that 
every countable planar graph is 4-colorable from the fact that every finite 
planar graph is 4-colorable. Here the combinatorial problem is to find the 
4—-colorings of the graph. In such a case one starts with a graph G and builds 
T so that the infinite paths through T correspond to the k-colorings of G. 
In many cases, if the combinatorial problem P is effectively or recursively 
presented, then the corresponding tree T is highly recursive and hence the 
set of solutions to the combinatorial problem will be an r.b. II° class. For 
example, Bean [7] observed this to be the case for the problem of k—coloring 
a recursive graph G. We will also consider the Hamiltonian circuit problem, 
the vertex partition problem of Ulam, the marriage problem of Philip and 
Marshall Hall [63] and other matching problems associated with recursive 
graphs. Three problems associated with posets to be considered are the dual 
problems of covering a poset with chains (Dilworth [34]) or with antichains 
and the dimension problem (Dushnik and Miller ([46]) of expressing a poset 
as the intersection of linear orderings. 

As mentioned above, Jockusch and Soare [75, 74] gave a detailed analysis 
of the possible Turing degrees of elements of r.b. II? classes. The above dis- 
cussion shows that their work can be used to provide an analysis of the com- 
plexity of the solutions to certain infinite recursive combinatorial problems. 
The key fact that one must establish, to be able to transfer known results on 
the degrees of elements of II? classes to results about the degrees of solutions 
to a given type of recursive combinatorial problem, is that every r.b. II? class 
can be represented as the set of solutions to a specific instance of the com- 
binatorial problem. More specifically, we need to show that for each highly 
recursive finitely branching tree T,, there is an effective one-to-one correspon- 
dence between infinite paths through 7 and solutions to some recursively 
presented instance P of the combinatorial problem. Of course, in general, 
this is too much to ask, since for example, if we are considering k-colorings 
of a graph or the coverings of poset by & chains, we always have multiple 
solutions due to the fact that permuting the colors or names of the chains 
leads from one solution to other solutions. Thus, a more reasonable problem 
is to ask whether, for each highly recursive finitely branching tree T, there is, 
say, a recursive graph G or a recursive poset P, such that, up to a permuta- 
tion of the labels of the colors or chains, there is a recursive one-to-one cor- 
respondence between the k—colorings of G or the coverings of P by k chains, 
and the infinite paths through T. Without being completely formal at this 
point, we will refer to the ability of specific recursively presented instances 
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of a combinatorial problem P to represent an arbitrary r.b. II? class in the 
sense above as P strongly representing every r.b. II? class. 

Now if a combinatorial problem P fails to strongly represent every r.b. II? 
class, it still may be the case that, for each highly recursive finitely branching 
tree T, there is a specific recursively presented instance of P such that the 
set of Turing degrees of solutions to the recursively presented instance of P 
equals the set of Turing degrees of infinite paths through T. Under these 
latter circumstances, we shall say that P degree represents every r.b. II® 
class. Finally we shall say say that P weakly represents every r.b. II? class 
if for any recursive tree S, there is a recursive instance Ps of P such that 
there are recursive functionals y and w such that for every solution s to Ps, 
y(s) € [S] and y(s) =r s and for every x € [S], W(x) is a solution to Ps 
and x =r %(z). It is rather trivial to find examples of r.b. II? classes which 
can weakly but not strongly represented by a combinatorial problem. For 
example, every recursive connected 2-colorable graph has a unique 2-coloring 
up to a permutation of the colors and hence can weakly but not strongly 
represent a highly recursive tree T which has only a countably infinite set 
of infinite paths through it, all of which are recursive. Furthermore, the 
problem of 2-coloring recursive connected graphs cannot degree represent or 
even weakly represent an r.b. II? class with only nonrecursive elements for, 
as Bean observed in [7], a recursive connected graph is 2-colorable if and 
only if it is recursively 2-colorable. A similar situation occurs for a certain 
natural matching problem discussed in Section 6. Jockusch was the first to 
raise such representation questions in [69] by conjecturing, in our language, 
that the marriage problem corresponding to the Philip Hall Theorem can 
strongly represent every r.b. I? class. This question still remains open. We 
note the notions of a combinatorial problem strongly representing, degree 
representing, or weakly representing any bounded II? class or any arbitrary 
II? class are defined similarly. 


Of course recursion theory itself is a part of mathematics and II® classes 
occur in several places in recursion theory. The study of r.e. sets and degrees 
has been one of the primary topics in recursion theory in recent years. (See 
for example, Soare’s book [143].) Now for any r.e. set A, the family S(A) 
of supersets of A forms a II? class. Thus the incredibly rich structure of r.e. 
sets can be embedded in the structure of II? classes. For a co-r.e. set C, the 
family of subsets of C’ will also be a II° class. These examples of II° classes 
are studied by Cenzer, Downey et. al. in [17], where the notion of a minimal 
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II? class is proposed and studied, in part as an analogy to the notion of a 
maximal r.e. set. A related problem in recursion theory which leads to a II? 
class is the problem of separating a given pair of disjoint r.e. sets. Shoenfield 
observed in [136] that for any pair (A, B) of disjoint r.e. sets, the family of 
sets C which contain A and are disjoint from B, i.e., the family of separating 
sets for the pair (A, B)) is always a II° class. Not every r.b. II® class can 
be represented as a class of separating sets. However, some of the existence 
results for II? classes with specified properties have been modified to produce 
classes of separating sets. For example, Jockusch and Soare show in [75] that 
there are disjoint coinfinite r.e. sets A, B such that any two separating sets 
are Turing incomparable unless they differ by a finite set. Thus a problem 
which can represent every class of separating sets must have an instance 
for which the solutions (modulo finite difference) all have different Turing 
degree. We will show that several of the combinatorial problems listed above 
can strongly represent the II? class of separating sets for any pair of r.e. sets. 

Another area of particular interest is the connection between logical theo- 
ries, recursively enumerable Boolean algebras, commutative rings with unity 
and II? classes. The problem associated with a logical theory is to find a 
complete consistent extension of that theory. This has been the problem of 
the most interest in connection with II° classes. For example, the classi- 
cal undecidability theorem of Turing and Church can be viewed as showing 
that the II? class of complete consistent extensions of Peano Arithmetic has 
no recursive member. Shoenfield [137] showed in 1960 that the set of com- 
plete consistent extensions of a decidable first-order theory is always a II? 
class. Ehrenfeucht [47] showed in 1961 that, conversely, every II? class is 
represented by the set of complete consistent extensions of some decidable 
first-order theory. 

In nonmonotonic logic, Marek, Nerode, and Remmel [104] showed that 
the set of stable models of a recursive general logic program or the set of 
extensions of a recursive default theory can each represent an arbitrary II? 
class. Moreover there are natural subclasses of recursive logic programs or re- 
cursive default theories which can represent bounded or recursively bounded 
IT? classes. Thus nonmonotonic logic provides a particular rich application 
of the theory of II? classes. 

Now the set of sentences in any first-order language may be viewed as 
a recursive Boolean algebra modulo truth-table equivalence. That is, the 
Lindenbaum algebra of a first-order theory T is defined to be the set of 
sentences of the language modulo provable equivalence in T’.. If the theory T 
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is axiomatizable, so that the set of consequences is recursively enumerable, 
then this Boolean algebra will be an r.e. Boolean algebra. (Here we say that 
a Boolean algebra is recursively enumerable (r.e.) if it is the quotient of a 
recursive Boolean algebra modulo an r.e. filter.) In this Boolean algebra, a 
proper filter is a consistent theory, a recursive filter is a decidable theory, a 
recursively enumerable filter is an axiomatizable theory, and an ultrafilter is a 
complete, consistent theory. Hence the problem which we will consider for a 
Boolean algebra B is to find an ultrafilter for B. Note that the Undecidability 
Theorem proves the existence of an r.e. Boolean algebra with no recursive 
ultrafilters, or, equivalently, an r.e. filter with no extension to a recursive 
ultrafilter. The result of Ehrenfeucht shows that any r.b. II° class can be 
represented as the set of ultrafilters of an r.e. Boolean algebra. We will give 
a simpler, direct proof of this result. The standard results of Jockusch and 
Soare can then be applied to obtain, for example, an r.e. Boolean algebra B 
such that any two distinct ultrafilters of B are Turing incomparable. If the 
II? class is thin, then the Boolean algebra will have the property that any 
r.e. filter is principal. On the other hand, it is easy to see that the class of 
ultrafilters of any r.e. Boolean algebra B can always be represented by a II® 
class-the Stone space of B. It now follows, for example, that any r.e. Boolean 
algebra B has an ultrafilter which is recursive in 0’ and that if B has only 
countably many ultrafilters, then B has a recursive ultrafilter. In addition, 
there is a version of the correspondence between r.b. II? classes and r.e. 
Boolean algebras which associates II? classes P = [T], where T is a recursive 
tree with no dead ends, with recursive Boolean algebras. That is, for any 
recursive Boolean algebra, the family of ultrafilters of B can be represented 
by the If class [J] of infinite paths through some highly recursive tree T with 
no dead ends and, conversely, for any highly recursive tree T’ with no dead 
ends, there is a recursive Boolean algebra B such that the family of ultrafilters 
of B is represented by [T']. A simple consequence of this correspondence is 
the fact that every recursive Boolean algebra has a recursive ultrafilter. 

Now any Boolean algebra also corresponds to a Boolean ring, and the 
results above can be phrased in terms of ideals and in particular, prime and 
maximal ideals. We consider the problem of finding ideals for commutative 
rings, studied by Friedman, Simpson and Smith [54], along with the similar 
problem of finding subgroups of Abelian groups. 

The set of possible orderings of recursive ordered algebraic structures also 
form a II? class. For example, Metakides and Nerode [112] proved that an 
arbitrary r.b. II? class can be represented by the orderings of a formally 


Chapter 13 TI) Classes in Mathematics 633 


real recursive field R. We consider also the related problem of orderings of 
Abelian groups, studied by Downey and Kurtz [42]. 

There are several other problems associated with linear orderings which 
lead to non-recursively-bounded II? classes. These include the problem of 
finding suborderings of order type w, the problem of finding w-successivities 
and the problem of finding self-embeddings. 

Another interesting problem is that of finding a winning strategy for a 
closed game. The classical theorem of Gale and Stewart [56] states that any 
open/closed two-player game of perfect information is determined. Cenzer 
and Remmel [24] gave a representation for the family of winning strategies 
by a II? class and showed that any r.b. II? class can be strongly represented 
by such a family of winning strategies. 

There are many important problems in recursive analysis associated with 
a continuous real function F which naturally lead to I? classes. For example, 
we will consider the problems of finding a zero of F’, finding a maximum value 
for F' and finding a fixed point of F. Recursive analysis has been studied 
ever since Lacombe [94], who showed that there are recursive real functions 
which have zeroes but have no recursive zeroes. We will improve this result 
by showing that any r.b. II? class may be represented as the set of zeroes 
of some recursive real function. We will also consider the problems from 
dynamical systems of finding attracting points and their basins of attraction. 
For example, we will show that the well-known Mandelbrot set of complex 
numbers z such that the iterated image {z, f(z), f(f(z)),...} of z, under the 
recursive complex function f(z) = z? +c, is bounded, can be represented by 
an r.b. II? class. 

The final topic of the paper is feasible problems and feasible II? classes. In 
particular, we examine similarities and the differences between the solution 
sets of feasible problems and the solution sets of non-feasible problems. 

This paper is organized as follows. Section one contains preliminaries and 
notation. Section two contains the survey of results on IT? classes and their 
members. Sections three through ten contain results on various recursive 
problems in mathematics where, for the most part, the solution sets are 
shown to be represented by r.b. II? classes and, in some cases, to represent 
all possible r.b. II? classes. (Certain problems are represented by bounded 
or unbounded II? classes.) The results of Section two are then applied to 
derive corollaries such as the existence of recursive instances of each such 
problem with no recursive solutions. Section eleven contains the results from 
feasible model theory which will be needed to analyze feasible versions of the 
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mathematical problems and Section twelve has results on feasible versions of 
the many of the mathematical problems considered in the previous sections. 
For most such problems, we will show that for any given recursive instance 
R of the problem, there is a polynomial-time instance P of the problem and 
a one-to-one degree preserving correspondence between the solutions of P 
and the solutions of R. We then apply the results of Section eleven to derive 
corollaries such as the existence of a feasible instance of such problems with 
no recursive solutions. 


1 Preliminaries 


In this section, we shall establish our notation and the basic definitions from 
recursion theory and complexity theory that will be needed for the subsequent 
sections. 

Let w = {0,1,...}. Let © be a (usually finite) alphabet. Then »* 
denotes the set of finite strings of letters from ©, and £” denotes the set of 
infinite sequences. In particular, each natural number n may be represented 
in unary form by the string tal(n) = 1" ifn > 0 and tal(n) = 0 ifn = 0, 
and in (reverse) binary form by the string bin(n) = t0---t,%, where n = 
on ee od a 

We let Tal (w) = {tal (n):n €w} and Bin(w) = {bin(n):n €w}. Both 
sets are included in {0,1}*. The tally and binary representation of the natural 
numbers will be essential for our study of feasible structures, problems and 
solutions. The main reason is due to the fact the feasibility of an algorithm is 
usually measured in terms of the computation time as a function of the length 
of the input to the algorithm. Note that since the tally representation of a 
number is of exponential length in comparison to the binary representation, 
it follows that a function which is polynomial time computable in the tally 
representation of the natural numbers is not necessarily polynomial time 
computable in the binary representation of the natural numbers. Indeed, we 
can only conclude that such a function is exponential time computable in 
the binary representation. Thus it is essential that a definite representation 
be given for a feasible structure. A related reason is that two feasible sets 
need not be feasibly isomorphic. In particular, Tal (w) and Bin (w) are not 
p-time isomorphic. Thus we may have a p-time structure, say a graph, with 
universe Tal (w), which is not isomorphic to a p-time structure with universe 


Bin (w). 
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For a string o = (o(0), o(1), ... , o(n—1)), |o| denotes the length n of c. 
The empty string has length 0 and will be denoted by @. A constant string 
o of length n consisting entirely of k’s will be denoted by k”. For m < |al, 
a[m is the string (o(0),...,a¢(m—1)). We say o is an initial segment of 
7 (written o < 7) if o = t[m for some m. The concatenation o~ Tr (or 
sometimes just o7) is defined by: 


ar =(o0(0), o(1),..., o(m— 1), 7(0), TC), ..., r(n —1)), 


where |o| = m and |r| = n. We write o~a for o~(a) and a~o for (a)~o. 
For any x € &“ and any finite n, the initial segment x[n of z is: 


(z(0),..., e(n—1)). 


We write o < x if o z[n for some n. For any o € E” and any z € UY, we 
have ox = (o(0),..., 0(n — 1), x(0), z(1), ...). Given strings o and + 
of length n, we let 


a @7 =(0(0), 7(0),..., o(n—1), T(n—1)); 


if |o| = n+1 and |r| = n, then o @r = (o[n@r)~ a(n). Given two elements 
ry of &”, x @y = z where z(2m) = x(m) and z(2m +4 1) = y(m). 

Strings may be coded by natural numbers in the usual fashion. Let [r, y] 
denote the standard pairing function (a? +2Qryty? +3z+y), and in general 


[tinction tal [ose kys tenn eal 


Then a string o of length n may be coded by 


(a) = [n, [o(0), o(1),..., a(n —1)]] 
and also (@) = 1. 


Our basic computation model is the standard multitape Turing machine 
of Hopcroft and Ullman [68]. Note that there are different heads on each 
tape and that the heads are allowed to move independently. This implies 
that a string o can be copied in linear time. 


Let t(n) be a function on natural numbers such that t(n) > n. A (de- 
terministic) Turing machine M is said to be t(n)-time bounded if each com- 
putation of M on inputs of size n where n > 2 is completed in at most t(n) 
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steps. If t can be chosen to be a polynomial then M is said to be polynomial- 
time bounded. A function f(x) on strings is said to be in DTIME(t) if there 
is a t(n)-time bounded Turing machine M which computes f(z). A set of 
strings or a relation on strings is in DTIME(t) if its characteristic function is 
in DTIME(¢). We let 


P = U{DTIME(n’) : i > 0}, 
DEXT = | {DTIME(2°")}, 
e20 


DEXPTIME = |) {pTIME(2")}, and 
e20 


DDOUBEXT = [J {DTIME(2”°")}. 
e20 


We say that a function f(x) is polynomial time if f(x) € P, is exponential 
time if f(x) € DEXT, and is double exponential time if f(x) € DDOUBEXT. 

A function f is said to be non-deterministic polynomial time (NP) if there 
is a finite alphabet ©, a polynomial p, a p-time relation R and a p-time 
function g such that, for any o and 7, 


flo) =7 => (Ap € 2%) [R(p,0) & g(p,0) = 7). 


A tree T over S* is a set of finite strings from }* which contains the 
empty string @ and which is closed under initial segments. We say that 
7 € T is an immediate successor of a string o € T if tr = o~a for some 
a € &. Since our alphabet will always be countable and effective, we may 
assume that T C w<”. Such a tree is said to be w—branching since each 
node has potentially a countably infinite number of immediate successors. If 
each node of T has finitely many immediate successors, then T is said to be 
finitely branching. A recursive tree T is said to be highly recursive if there is 
a partial recursive function f such that, for any o € T, o has at most f(c) 
immediate successors in J. For any tree T, an infinite path through T is a 
sequence (x(0),z(1),...) such that ¢[n € T for all n. Let [T] be the set of 
infinite paths through T. 

A subset X of w” is a II? class if X = [T] for some recursive tree T. If the 
tree T is finitely branching, we will say that P = [T] is a bounded II} class, 
and if T is highly recursive, then X = [T] is said to be a recursively bounded 
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(r.b.) II? class. In Section eleven, we will define the notions of p-time and 
highly p-time trees and of p-time presented and p-time bounded I]? classes. 

The terminology “II?” indicates that a I? class may be represented in 
arithmetic by a formula having one universal number quantifier. This alter- 
nate and perhaps more natural definition of a II) class is discussed in Sec- 
tion 2.1. 

Note that a IT? class P C w” is always a closed set and that, just as for 
the real line, P is compact if and only if P is closed and bounded. Thus a 
bounded IT® class is compact. Hence a recursively bounded II? class may be 
thought of as being recursively compact. 

Given two trees S and T contained in w<”, we let 


S@T={o@®r:c0€S$ & TET & |r| < lol < |r| +1}. 


For two II? classes P = [S] and Q = [T], define the amalgamation of P 
and Q, P@Q, by P@Q={ra@y:rceP&y€Q}. Then it is clear that 
P@Q=[S @T]. More generally, define the infinite amalgamation @,5; to 
be those strings o such that for each 7, (o([{z,0]),o({7, 1]),... ,o([2, 7])) € Si, 
where j is the maximum such that [7,7] < |o|. Then [@;.5;] is isomorphic to 
the direct product II,[j]. 

We also wish to consider the following notion of disjoint union. Given 
two trees S and T contained in w<”, 


S@T = {a} U{0 o:cE SUL 7:7 ET}. 


For two II? classes P = [S],Q = [T], POQ = {0° rz: rE PhU{l-y: ye Q}. 
It is easy to see that [S @ T] = [S] @[T]. Clearly S @ T is bounded if and 
only if both S and T are bounded, and similarly for the other notions of 
boundedness. More generally, the infinite disjoint union @,;7; of trees is 
defined to be {@} U {(2) #0: o € T;} and the infinite disjoint union @;Q; of 
classes is defined to be {(7)* y: y € Qi}. 

A node a of a tree T is said to be extendible if there is some x € [T] such 
that o < x. The set of extendible nodes is denoted by Fxt (T) and a node 
o €T is said to be a dead end if o ¢ Ext (T). 

It is important that any II? class can be represented as the set [T] of 
infinite paths through a primitive recursive (in fact, polynomial-time) tree. 
Thus the TI? classes can be effectively enumerated. This result will be proved 
in Section 2.2. The representation of a tree required to define the notion of 
a feasible tree will be given in Section 11. 
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We will be primarily interested in the two spaces {0,1}” (the Cantor 
space) and w” = w* (the Baire space). The topology on w” is determined by 
a basis of intervals [(o) = {x : o ~ x}. Notice that each interval is also a 
closed set and is therefore said to be clopen and that the clopen subsets of 
the Cantor space are just the finite unions of intervals. 

The Cantor-Bendixson derivative D(P) of a compact subset P of w” is 
the set of nonisolated points of P. Thus a point x € P is not in D(P) if and 
only if there is some open set U containing z which contains no other point 
of P. Equivalently, 2 ¢ D(P) if and only if there is some clopen set U such 
that UN P = {x}. Another useful observation is that, for any compact set 
P, D(P) is empty if and only if P is finite. 

The iterated Cantor-Bendixson derivative D*(P) of a closed set P is 
defined for all ordinals @ by the following transfinite induction. 


D°(P) =P; 
D°t!(P) = D(D°(P)) for any a; 
D*(P) = () D?(P) for any limit ordinal 4. 


adr 
The Cantor-Bendizson rank of a countable closed subset P of {0,1} is the 
least ordinal a such that D°+!(P) = g. The (effective) Cantor-Bendixson 
rank of a point x € {0,1} is the least ordinal a such that, for some I? 
class P, D°(P) = {zx}. 

We refer the reader to Rogers [131], Hinman [66], Soare {143], or Odifreddi 
[121] for the basic definitions of recursion theory. In particular we let y; be 
the partial recursive functional computed by the i-th Turing machine M;. 
Given a string o € {0,1}*, we write yis(o) | if M; gives an output in s 
or fewer steps when started on input string o. Thus the function y;,5 is 
uniformly polynomial time. We write y.(c) | if (4s)(ve,s(7) |) and ye(o) t 
if not y-(a) |. Given two sets A and B, we write A <r B if A is Turing 
reducible to B and we write A =; B if both A <7 Band B <y A. We let 
0 denote the degree of the recursive sets and we let 0’ denote the degree of 
the jump of the recursive sets. 

Let T be some complexity class of sets (and functions), such as partial 
recursive, primitive recursive, exponential time, polynomial time (or p-time). 
We say that a set or function is [-computable if it is in T. 

We shall consider structures over an effective language: 


L= {RM ies, (PO her, {e}iew), 


Chapter 13 TI? Classes in Mathematics 639 


where S, T and U are initial segments of w, for all 7 € U, ¢; is a constant 
symbol and there are partial recursive functions s and ¢ such that, for all 
27 € S, R; is an s(z)-ary relation symbol and, for all i € T, f; is a t(7)-ary 
function symbol. 

The language also includes variables and both existential and universal 
quantifiers using these variables. The set of terms of £ and the set Sent (L) 
of sentences of £ are defined as usual by recursion. A propositional language 
is given by a set of 0-ary relation symbols, or propositional variables. The 
reader is referred to Shoenfield {138] for details. 


A model or structure, 
A=(A, {Rf }ies, {fA }ier {c}iew), 


for the language £ is given by a set A together with interpretations of the 
relation, function and constant symbols. 


Definition 1.1 A structure (where the universe A of A is a subset of ©*) is 
a [-structure if 


(i) A is a P-computable subset of * 
(ii) for each i € S, RA is a [computable relation on A™. 
) 


(iii) for each 7 € T, fA is a [computable function from A”) into A. 


(iv) If S = w, then there is a [-computable relation R such that, for all 
a E S and all (x0, per Penk); 


RA(zo, acer Da (iy) —_— Ri, (xo, rae Drath) 


(v) If 7 = w, then there is a [-computable function f such that, for all 
7 &T and all (zo, ~.. 5 2n¢j)); 


fA(zo, sey En(j)) = f(t, (to, a) Tn()))- 


For any complexity class [, we say that two structures A and B are [- 
isomorphic if there is an isomorphism f from A onto B and [computable 
functions F’ and G such that f = FIA (the restriction of F to A) and 
ff S:GlB; 
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2 II? classes and their members 


In this section we will present results on II? classes and their members which 
can be applied to the mathematical problems which will consider in the later 
sections. For the most part, we will have parallel results for arbitrary II? 
classes, for bounded II? classes, for recursively bounded II? classes, and for 
II? classes P = [T] where T is a recursive tree with no dead ends. We also 
generalize some of these results to II° classes by means of reducibility. 

The section will be divided into several sub-sections. In Section 2.1, 
we discuss the alternate definition of a I? class in terms of the arithmetic 
hierarchy and give a few fundamental lemmas such as Kleene’s Normal Form 
Theorem for recursive functionals. 

Section 2.2 contains the standard basis and anti-basis results on members 
of II? classes. For example, we show that every r.b. II? class contains an 
element of r.e. degree, while there exists an r.b. II? class with no recursive 
member. 

Section 2.3 will cover countable II? classes, the idea of Cantor-Bendixson 
derivative and rank. For example, we show that any hyperarithmetic real is 
Turing equivalent to a member of a countable I? class. 

Section 2.4 will deal with the recent notions of thin and minimal IT? 
classes. Thus we construct a countable II? class P such that for any II? 


subclass Q of P, 
(i) Q is either finite or is cofinite in P, and 
(ii) Q is the intersection of P with a clopen set. 


In Section 2.5 we consider reducibility of II? classes and of II? classes. For 
example, we prove the Jockusch-Lewis-Remmel Theorem that any strong II$ 
class may be put in a one-to-one degree-preserving correspondence with a 
bounded IT? class. 

The connection between reverse mathematics and the II? class of sepa- 
rating sets for r.e. sets A, B will be considered in Section 2.6. The key result 
here is that if every class of r.e. separating sets can be represented by a prob- 
lem, then the existence of a solution to this problem is equivalent to Weak 
Konig’s Lemma in the subsystem RCAo of Peano Arithmetic. 

We will consider in Section 2.7 an enumeration P. of the II? classes 
and various index sets associated with this enumeration, such as the set 
{e: P, is nonempty}, which is shown to be a complete Yj set. 
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2.1 II classes and the Arithmetic Hierarchy 


A recursive functional y takes as inputs both numbers a € w and functions 
e:w—w. The function inputs are treated as “oracles” to be called on when 
needed. Thus a particular computation 


Plan e85 Gay hy soe La) 


only uses a finite amount of information z;{c about each function z;. This 
situation is covered by Kleene’s Normal Form Theorem (see [121], p. 180). 


Lemma 2.1 For each m,n, there exist a primitive recursive function U and 
a primitive recursive relation Tin. of numerical variables such that 


(a) ve(X1,---,@%m,41,---, an) J 

Sa > ( Se) Tey Gas ais ing Bless el Oe): 
(b) we(t1,---,%m,41,---,4n) ~ U(c) if 

LEnanles Q1,... Gers Bi Cs sys gt hea ey 


We have taken as our basic definition that a IT? class is the set of infinite 
paths through a recursive tree. Now the alternate definition from the view- 
point of the arithmetic hierarchy says that P C w” is a II? class if there is a 
recursive relation R such that c € P = > (Vn)R(n,z). 


Our next lemma demonstrates the equivalence of the quantifier definition 
of II? classes with the tree definition as well as with a slightly more general 
notion as the set of infinite paths through a II? tree. We give the relativized 
version. 


Lemma 2.2 For any class P © w’ and any z € w”, the following are 
equivalent: 


(a) P =[T], for some tree T C w<” recursive in z. 
(b) P =[T], for some tree T primitive recursive in z. 
(c) P={zx:(Vn)R(n,x)}, for some relation R recursive in z. 


(d) P =[T], for some tree T C w<” which is II® in z. 
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Proof. For simplicity of presentation we omit the parameter z. 


[(a) — (b)]: Suppose that P = [T], where T is a recursive tree and let y, 
be a total {0,1}-valued recursive function such that o € T if and only if 
ye(o) = 1. Define the primitive recursive tree S by 


TES <> (Vn < |r|) 7 Gej7(7[n) = 0. 


Clearly T C S, so that [T] C [S]. Suppose now that x ¢ [T']. Then for some 
n, e[n ¢ T. Thus we have some m such that Yyem(r[n) = 0. Then for any 
k > max{m,n}, we clearly have z[k ¢ S. It follows that x ¢ [S]. 


[(b) + (c)]: Suppose that P = [T] where T is a primitive recursive tree. 
Define the relation R by 


R(n,rz) => a[neT. 
Then we have 
xré[T] = > (Vn)z[n eT <> (Vn) R(n,2). 
[(c) — (d)]: Suppose that e € P < > (Vn)R(n,x) where R is a recursive 


relation, that is, there is a recursive functional y = y. such that R(n, rx) <> 
y(n,«) = land “R(n,z) = > y(n,xr) =0. Define the tree T by 


o€T <=> (Vk,c< lol) [Tiale,n,ofe,c) 3 U(e) = 1. 
It is clear that P = [T]. 


[(d) —+ (a)]: Suppose that the tree T is a II? subset of w<” so that there is a 
recursive relation R such that 


o€T <=> (Vn)R(n,0). 
Define the recursive tree S > T by 
acES <=> (Vm,n < |o|)R(m,o[n). 
It is easily verified that [T] = [5]. 0 
We will also consider the families of II? classes. Recall that a subset A 


of w is said to be II® if there exists a recursive relation R and an alternating 
sequence of number quantifiers beginning with (Va,) such that 


ac A => (Vay)(da2)---(Qnan) R(a,a1,... an). 
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Similarly, a subclass P of w” is said to be a IT® class if there exists a recursive 
relation R and an alternating sequence of number quantifiers beginning with 
(Va,) such that 


P(x) <=  (Way)(Sa2)-+-(Qnan) R(x, a1,.-. , Gn). 


As usual, a ©° class is simply the complement of a II? class and a A? 
class is both II®° and H8. It is well known that a class is A?,, if and only if 
it is recursive in the ©°2-complete set 0!), the n-th jump of the empty set. 

In particular, P is said to be a strong II® class if there is a II® tree T 
such that P = [T]. It follows from the usual contraction of quantifiers that 
a strong IT° class is in fact a II® class. For strong II? classes there is one 
addition to Lemma 2.2. 


Lemma 2.3 For any class P C w” and any natural number n, the following 
are equivalent: 
(a) P is a strong 119,, class; 


(b) P =[T], for some tree T C w<” recursive in 0; 


(c) P =(T], for some tree T C w<” which is X?. 


Proof. The equivalence of (a) and (b) follows from Lemma 2.2 with z = 0. 
Clearly (c) implies (a). It remains to be shown that (a) implies (c). Let T 
be a II°,, tree such that P = [T]. Then there is a ©} relation R such that 


ce€T <> (V1)R(i,¢c), 
so that 
reEP <=> (Vm)(V1)R(i,c[m). 
Now define the 2° tree S by 


ceES <> (Vm < lol) (Wi < lol) R(t, o[m). 


Since T is a tree, it is clear that for a € T and m < |o|, we have o[m € T, 
so that o € S. Thus T C S, so that [T] C [SI]. 

Next suppose that x € [S] and let o = x[m for some m. For any 2, let 
k = max{m,i}. Then z[k € S which implies that R(z,o). Thus c[m € T 
for each m and hence x € [T]. Thus [S] € [7]. Oo 
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For more details on the arithmetic hierarchy, see Chapter 4 of Soare [143]. 

Recall that a set A enumerated in increasing order as ag, @,, ... is said 
to be hyperimmune if for any recursive function f, there is an n such that 
a, > f(n) and A is said to be retraceable if there is a partial recursive function 
y such that y(an41) = an for all n. It is a theorem of Dekker and Myhill [33] 
that any retraceable, non-recursive II? set is hyperimmune. 

Here are three natural examples of II? classes associated with sets of 
natural numbers. For any function f : w — w, the set 


A(f) = {x : (Wn)(x(n) < f(n))} 


defines a compact subset of w”. For any infinite set A, the principal function 
pa enumerates the elements of A in increasing order. If A is an infinite II° 
set, then K(p,) is a II? class since x € K (pa) if and only if, for each n, there 
exist no more than n members of A which are < z(n). 

For any II? set C, P(C) = {x : (Vn)(z(n) = 1 > n € C)} is a II? class. 
If C is finite, then P(C) is also finite. However if C is infinite, then P(C) is 
uncountable and perfect. For an infinite set C = {co < c < ...}, consider 
also the family /(C’) of initial subsets of C where the initial subsets are those 
subsets F for which c,4, € F implies c, € F for all n. It is shown in [17] that 
I(C) is a TI’ class if and only if the set C is co-r.e. and is retraceable. It is 
clear that /(C’) is always countable and contains at most one non-recursive 


member (C). 


2.2 Members of II? classes 


For a given domain X, such as X = wor X = w”, we say that a class 1 C X 
of is a basis for a family O of classes if every nonempty class from © has a 
member from [’. For example, the class of recursive functions is a basis for 
the family of open subclasses of w’. This is an example of a “basis theorem”. 
An antibasis theorem has the opposite form, that is, that there exists some 
class in 0 which has no member from I’. For example, the class of recursive 
functions is not a basis for the family of closed subclasses of w” since every 
singleton is a closed class. 

In this section, we consider several basis and antibasis theorems. 

The classical result here is Konig’s Infinity Lemma (Konig [90]) which 
states that any infinite, finitely branching tree has an infinite branch. Recall 
that any tree T has a subtree Ext (T) of infinitely extendible nodes. The most 
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fundamental basis theorem is the following result of Kleene. The effective 
version of Konig’s Lemma depends upon the complexity of the tree Fat (T). 


Lemma 2.4 For any tree T such that the II class P = [T] is nonempty, P 
contains a member which is recursive in Ext (T). 


Proof. The infinite path z through T can be defined recursively by letting 
x(0) be the least n such that (nm) € Frt(T) and, for each k > 0, letting 
x(k +1) be the least n such that (x(0),..., 2(k), n) € Ext (T). QO 


Lemma 2.5 For any recursive tree T Cw”: 
(a) Ext (T) is a Sj set; 
(b) if T is finitely branching, then Ext (T) is a H9 set; 
(c) if T is highly recursive, then Ext (T) is a II? set. 


Proof. 
(a) In general, 


o € Ext(T) <=> (Ar) (Vn > lol) [e@[neT & o X x[n)]. 
(b) If T is finitely branching, then Konig’s Lemma implies that 
o€ Ext (T) <=> (VWn> lol) (Sr) [It7] =n & ox 7 & TET). 


(c) Finally, suppose that T is highly recursive and let f be a recursive 
function such that o(z) < f(z) for all o € T and alli < |o|. Then the 
quantifier “47” in (b) is bounded, since r(z) < f(z) for all i <n. oO 


Combining Lemmas 2.4 and 2.5, we get the following. 


Theorem 2.6 For any nonempty II? class P Cw, 
a) P has a member recursive in some Uj set; 
b) if P is bounded, then P has a member recursive in 0”; 


(a) 
(b) 
(c) if P is recursively bounded, then P has a member recursive in 0'; 
(d) 


d) if P =([T], where T has no dead ends, then P has a recursive member. 
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Part (a) of this theorem is the Kleene basis theorem [84] and part (c) is 
the Kreisel basis theorem [91]. 

Jockusch and Soare [75] obtained several important refinements of Theo- 
rem 2.6(c), some of which we collect together in the following theorem. They 
also showed in [74] that any r.b. II? class contains a hyperimmune member 
a such that a” = 0”. Note also that Shoenfield [137] showed first that any 
nonempty r.b. II? class P contains a member a which has degree a <r 0’. 


Theorem 2.7 Let P be a nonempty bounded II? class. Then, 


a) P contains a member of X° degree and, if P is r.b., then P contains 
2 g 
a member of r.e. degree. 


(b) P contains a member a such that a’ <7 0” and, if P is r.b., then P 
contains a member a such that a’ = 0’. 


(c) P contains members a and 6 such that any function recursive in both 
a and b is recursive in O’ and, if P is r.b., then P contains members 
a and b such that any function recursive in both a and 6 ts recursive. 


Proof. It will be shown in Theorem 2.23 below that if P is bounded, then 
it is bounded by some function f recursive in 0’. We omit the proof of (c) 
here. 


(a) It will be shown in Section 9 below that the minimal element zx of 
a bounded IT? class P has ©} degree and that if P is r.b., then x has r.e. 
degree. 


(b) We give the proof for the r.b. case indicated in the exercise from 
Soare [143, p. 109]. We may assume from Theorem 2.21 below that P is in 
fact a binary class. Recall that x2’ = {e : yi(e) |}. Let P = [T], where T 
is primitive recursive, let To = T and define, recursively in 0’, a sequence 
T,(e) of primitive recursive subtrees of T as follows. For each e, define the 
primitive recursive tree 


Ue = {0 € {0,1} : pj i(e) t }- 


Let Tx(e+1) = Tx(e) if Ex(e) MU. is finite and let Tx(e+1) = Tey U. 
otherwise. Then [7;,(e)] is nonempty for each e and [Ty(e41)] © [Tn(e)] so that 
1) .[Tx(e)] # by compactness. Now let z € f) ,[Tx(.]- Then « € P and we 
claim that 2’ = 0’. 
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We observe that the function 7 is recursive in 0’, since T. 1 U; is finite if 
and only if it has no members of length n for some n, that is, if and only if 


(Sn) (Vo € {0, 1}") [yr(e)(7) =1- Pelol(€) tr 


Observe that for each e, the tree T,(.41) has the property that either 
p(e) | for all u € [T.41] or vt(e) t for all u € T.4,. Thus e € x’ if and only 
if T, NU, is finite, which can be checked recursively in 0’, as seen above. It 
follows that 2’ is recursive in 0’, so that x’ = 0’. 

If the tree P = [T] is bounded by a function recursive in 0’, then we may 
assume from Theorem 2.24 that T is in fact a binary tree which is recursive 
in 0’. The argument given above relativizes to give x’ recursive in 0”. O 


The second part of (b) is known as the Low Basis Theorem, since a is 
said to be low if a’ = 0’. 

We observe that the family of ©} classes has the same basis as the family 
of II? classes. Clearly a basis for Sj is always a basis for I?. For the other 
direction, let S be a nonempty subset of w” and suppose that re S <=> 
(dy) P(x, y), where P is II?. Then by Theorem 2.7, P has a member (2, y) 
recursive in some Yj set and hence it follows that S has a member (x) which 
is likewise recursive in a U} set. 


We now turn to some anti-basis results, showing that Theorem 2.7 is, in 
a reasonable sense, best possible. Part (a) is due to Kleene [86], part (b) is 
due to Jockusch-Lewis-Remmel [70], and part (c) is due to Kreisel [91]. 


Theorem 2.8 
(a) There is a nonempty I} class with no Al member. 
(b) There is a nonempty bounded II} class with no element recursive in 0’. 


(c) There is a nonempty recursively bounded TI? class with no recursive 
member. 


Proof. 
(a) It follows from the theory of hyperarithmetic sets that 


{z:2 is not Aj} 


is a Uj class (see Hinman [66, p. 106]). The result is immediate. 
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(b) In Jockusch-Lewis-Remmel [70], it is shown that, for any strong IIS 
class Q, there is a bounded II? class P and a one-to-one degree-preserving 
correspondence between P and Q. This is Theorem 2.24 (b) below. Now 
the relativized version of (c) gives us a strong II? class Q with no member 
recursive in 0’ and the corresponding bounded II? class P likewise has no 
member recursive in 0’. 

(c) The proof is a simple diagonal argument. As usual, let y,,, be the 
computation of y, after s steps. Define the recursive tree T C {0,1}<” by 


o =(2(0), r(1),..., e(n—1)) ET 


if and only if, for each e < n, it is not the case that yen(e) = r(e). Now 
P =|T] is nonempty, since z € P, where 


. — pele), if pele) t, 
0, if ye(e) ft. 


For any z € P and any e such that ¢, is total, it is clear that x # Y-, since 
if Yes(e) |, then x[s € T implies that r(e) # y-(e). Oo 


We next consider II? classes with no recursive members. Such classes 
were called special by Jockusch and Soare in [75, 74]. It was shown in [75] 
that for any special (possibly unbounded) II? class P, there is a non-zero r.e. 
degree a such that P has no members of degree < a. Thus if P has members 
of every r.e. degree, then P must have a recursive member. 


Jockusch and Soare give several constructions of special r.b. II) classes in 
(75, 74]. We summarize these in the following. Part (e) is due to Kucera [93]. 


Theorem 2.9 


(a) There is an r.b. II? class P such that for any degree a of a member of 
P and any r.e. degree b >p a, b= 0". 


(b) For any r.e. degree c, there is an r.b. TI? class P such that the r.e. 
degrees of members of P are exactly those >rc. 


(c) For any degree a, there is a nonempty r.b. TI class P with no recursive 
members and with no member of degree a. 
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(d) There is a nonempty r.b. II? class P such that any two members of P 
are Turing incomparable. 


(e) There is a nonempty r.b. II? class P such that, for any degree a <7 O' 
of a member of P, there is a non-recursive r.e. degree b with b <r a. 


Recently, Groszek and Slaman [62] constructed an r.b. perfect IT? class P 
such that every member of P either has r.e. degree or has minimal degree. 

It follows from Theorem 2.12 below that any special r.b. IT° class must be 
perfect. This was improved in [75] by Jockusch and Soare to the following. 


Theorem 2.10 For any r.b. II° class P with no recursive members and any 
countable set {aj : 1 < w} of nonrecursive degrees, P has a continuum of 
pairwise Turing incomparable members x such that the degree of x is Turing 
incomparable with each a,;. Moreover, P has members a,b such that aAb = 0. 


Jockusch and Soare also constructed in [75] an r.b. II° class P (which 
happens to be the class of subsets of a II? set) such that 


D(P) = {x : (dy € P) (« =r y)} 


has Lebesgue measure 1. On the other hand, they showed that even for an 
arbitrary (possibly unbounded) II? class P, the set D(P) is meager. 

By the results of Jockusch-Lewis-Remmel in Theorem 2.24, the results of 
Theorem 2.9 may be relativized with a 0’ oracle to obtain the following. 


Theorem 2.11 


(a) There is a strong I$ class P of sets such that for any degree a of a 
member of P and any X§ degree b >r a, b =r O". 


(b) For any U9 degree c, there is a strong II class P of sets such that the 
L} degrees of members of P are exactly those >7 c. 


(c) For any degree a >r 0’, there is a strong I$ class P of sets with no 
members recursive in 0’ and with no member of degree a. 


(d) There is a nonempty strong I} class P of sets such that for any two 
degree a,b of members of P, a <r bv 0’. 


(e) There is a nonempty strong TIS class of sets P such that, for any degree 
a <0” of a member of P, there is a D$ degree b with O' <p b <ra. 
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2.3 Countable II? classes 


We begin with the basis theorem of Kreisel [92]. 


Theorem 2.12 Let P be a II? class. 


(a) Any isolated member of P is hyperarithmetic; if P is finite, then every 
member of P is hyperarithmetic. 


(b) Suppose that P is bounded. Then any isolated member of P is recursive 
in 0’. If P is finite, then every member of P is recursive in 0’. 


(c) Suppose P is recursively bounded. Then any isolated member of P is 
recursive. If P is finite, then every member of P is recursive. 


Proof. Let zx be an isolated element of P = [T]. Then we can find an n 
such that PM I(x[n) = {x}. Now define the recursive subtree S of T to 
be {o : z[n is compatible with o}. Then z is the only element of [S]. Thus 
without loss of generality we may assume that 2 is the unique element of 
P =([T]. Then Ext (T) = {x[n:n < w} so that x is clearly recursive in 
Ext (T). We use the fact that Ezrt (T’) contains exactly one sequence (zx[7n) 
of length n, for each n. Thus, for each n, every other sequence of length n is 
a dead end. We now consider the three cases above. 

(a) For an (unbounded) tree T, Ext (T) is %} by Lemma 2.5 and we have 


o € Ext (T) <> (Vr eul!)(r 40 47 ¢ Ext (T)), 


so that Ezt(T) is also Il}. It follows that Ert(T) and hence z are hyper- 
arithmetic. 

(b) For a finitely branching tree T', Ext (T') is IIS. Now it follows from 
Konig’s Lemma that for each n, there is some k > n such that every sequence 
in T of length & is an extension of z[n. Thus we have 


o € Ext(T) <=> (ak > |o|) (Vr Ew") (7 € T 4 <7), 
so that Ext (T) is also ¥9. It follows that Ext (T) and hence z are recursive 
in 0’. 
(c) For a highly recursive tree T with recursive bounding function f, 
Ext (T) is TI? and we have o € Ext (T) if and only if 


(Vr € {0,1,... ,max(f(0),... , f(lol))}") (r¥ #0 + 7 € Ext (T)), 
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so that Ext (7') is also ©?. It follows that Ezt(T) and hence z are recursive. 
Suppose now that P is finite. The conclusion in each case follows from 
the fact that every member of P will be isolated. oO 


Theorem 2.13 Any countable It class has an isolated point. 


Proof. We prove the contrapositive. Suppose that P has no isolated points. 
Then D(P) = P, that is, P is dense in itself. Now P is also closed and 
therefore perfect. But it is a classical result (see Moschovakis [114, p. 16]) 
that any perfect set must contain a copy of the Cantor space {0,1}” and is 
therefore uncountable. QO 


Corollary 2.14 Let P be a countable 1° class. 
(a) P has a hyperarithmetic member. 
(b) Suppose that P is bounded. Then P has a member recursive in 0’. 


(c) Suppose P is recursively bounded. Then P has a recursive member. 


The more general study of countable II? classes is accomplished through 
a generalization of the notion of an isolated point. The classical Cantor- 
Bendixson theorem states that any closed subset P of the Cantor set {0, 1}” 
is the union of a perfect set A(P), called the perfect kernel of P, with a 
countable set S. Define the Cantor-Bendizson rank rkp(x) in P of an el- 
ement x in P to be the least ordinal a such that x € D°(P)~ D®°t!(P). 
The Cantor-Bendixson rank a(P) of a closed set is the least ordinal a such 
that D*(P) = D°+1(P) and the (perfect) kernel A(P) = D*?)(P). K(P) 
is perfect since D( K(P)) = A(P). Finally, set S = P~ A(P). 


We see that a(P) and S are countable as follows. Recall that any infinite 
compact subset Q of {0,1}* has a limit point zx such that every neighborhood 
of x contains infinitely many elements of Q. Moreover if Q is uncountable, 
then it has a strong limit point such that every neighborhood of x contains 
uncountably many elements of Q. It follows that D* . D°*! is countable 
for every a so that S is uncountable if and only if a(P) is uncountable. 
Now suppose that a(P) were uncountable. Then P \. D”(P) would be 
uncountable and therefore have a strong limit point x. It follows that, for 
each countable a, every neighborhood of x would contain an element of D®, 
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which implies that ¢ € D°*'(P). Thus x € D”'(P), which contradicts the 
choice of z and shows that a(P) is countable. It follows as above that A(P) 
consists of exactly the strong limit points of P. 

For a II? class P, we can say more. We first show that if x € P\ A(P), 
then we can find a countable II? class Q € P such that z € Q. To define Q, 
just take an interval J such that z is isolated in 7 D°(P) and let Q = INP. 
Then it is easy to see that D°(Q) = {x}, so that A(Q) = @ and Q must be 
countable. 

Kreisel [92] used the Boundedness Principle of Spector to show that for 
a II? class P, a(P) < wf*, where wf* is the least non-recursive ordinal 
(named after Church and Kleene), and that A(P) is a 4} set. He also 
showed that every element of a countable recursively bounded II? class is 
hyperarithmetic and that the degrees of members of such classes are cofinal 
in the hyperarithmetic degrees. These results were obtained through an 
analysis of a II° class by means of the Cantor-Bendixson derivative and were 
refined by Cenzer, Clote, Smith, Soare and Wainer in [16, 28]. Recall that 
the Cantor Bendizson rank rk(x) is min{rkp(x) : P is a II? class}. The 
following result is from {16]. 


Theorem 2.15 Let x € {0,1}%, let T be a highly recursive tree, P = {T| an 
r.b. II® class, n a natural number and 2 a recursive limit ordinal. Then, 


(a) If rkp(x) =n, then zx is recursive in T@"); furthermore, if T has no 
dead ends, then for n > 0, x is recursive in TC??-)), 


(b) If rkp(z) =A +n, then x is recursive in TO+?”), 
(c) rkp(z) is a recursive ordinal for any xz € P. 


Proof. Recall the II€ definition of Ext (T), the set of nodes of T which have 
an infinite extension in [T]. The proof is based on the fact that D(P) = 
[d(T)], where the tree d(T’) is recursive in T@) and is defined by 


sEd(T) <> (at)[s<t&t-0€ Ext (T) & 71 € Ext (T)I. 


Now we can iterate the operator d to inductively define a monotone decreas- 
ing sequence of trees T, for every recursive ordinal a and a tree T* = NT, 
such that D*(P) = [T,] and A(P) = [T]. The Boundedness Principle im- 


plies that this sequence cannot continue past the recursive ordinals. (See 
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Hinman [66] or Cenzer and Mauldin [20] for a detailed discussion of induc- 
tive definability and the Boundedness Principle.) Now it is easy to see from 
the definition of the operator d that the tree T, is recursive in T?*). If T has 
no dead ends, then T = Ext(T’) so that d(T) is recursive in T’. For details, 
see (Hinman [66, p. 148}). Oo 


It is immediate from Theorem 2.15 that every element of a countable 
recursively bounded IT® class is hyperarithmetic. The problem of determining 
which hyperarithmetic sets can have rank a in a countable II? class was 
studied in [16, 28, 17]. We summarize the results below in Theorems 2.16 
and 2.17. 

Recall the class /(C’) of initial subsets of a retraceable II° set C. It is 
easy to see that the Cantor-Bendixson derivative D(I(C)) = {C}, so that 
C has rank one in /(C). It follows that any retraceable II? set has effective 
Cantor-Bendixson rank one. 


Theorem 2.16 
(a) For any r.e. set A, there is a retraceable II) set B =r A with rank 1. 
(b) For any AS set A, there is a hyperimmune set B =r A with rk(B) = 1. 


(c) For any finite n and any set A such that 02°-) <p A <p 08") or 
02-2) <p A <p OF"), there is a set B=z A with rk(B) =n. 


(d) For any finite n, any limit ordinal X and any set A such that A is 
r.e. in OAt2"+1) and OO+2"+) <> A, there is a set B =r A such that 
rk(B) =Atn+1. 


Proof. 


(a) This is Theorem 2.8 of [28]. We will sketch the proof here because 
it is a nice illustration of the idea of rank. First observe that any r.e. set A 
is Turing equivalent to a retraceable II? set B, obtained from A as follows. 
Let A be recursively enumerated without repetition as ao,a,,.... Then we 
define a sequence 69, 0;,... by induction as follows. First let b) = m where 
Gm is the least element of A. Then let 6, be the least b > b,_; (for n > 0) 
such that for alla << n,ae€ A => (i < b)(a = a;). It is easy to see that 
B is retraceable, II? and Turing equivalent to A. Then B has rank one in 
the II? class [(B) as observed above. 


654 D. Cenzer and J. B. Remmel 


(b) This is Corollary 2.2 of [28, p. 981] and the proof is a modification of 
the proof of (a). 


(c) This is Corollary 3.2 of [16, p. 163}. 
(d) This is Corollary 2.7 of [16, p. 160]. Oo 


Cenzer and Remmel [26] recently improved part (d) by replacing the 
condition “A is r.e. in 04+2"41” to “A <7 04+2"+1”_ The existence of sets 
which do not have rank, or which have high rank and low degree, was explored 
by Cenzer and Smith in [28]. An important fact here is that two sets may 
have the same Turing degree but different rank. We summarize the results 
of [28] in the following theorem together with the result of Jockusch and 
Shore [72] which constructs a totally unranked degree. 


Theorem 2.17 
(a) For any recursive ordinal a, 0\) is not ranked. 
(b) For each recursive ordinal a, there is a A$ set with rank a. 


(c) For any nonrecursive r.e. degree a, there is an r.e. set B of degree a 
which is not ranked. 


(d) For any degree a >r 0’, there is a set B of degree a which ts not 
ranked. 


(e) There is a U3 degree a such that no set of degree a is ranked. 


Downey [37] improved (e) by finding a completely unranked hyperimmune- 
free degree and also found a degree a <7 O” such that every degree < a 
contains a ranked set. Cholak and Downey [30] improved (b) by finding r.e. 
sets of arbitrary recursive rank. 


2.4 Thin and minimal classes 


Recent work on the lattice of II? subclasses of {0, 1}” has involved the notions 
of thin and minimal TI} classes. An infinite II? class P is said to be thin if, 
for every II? subclass Q of P, there is a clopen set U such that Q=UN P. 
The first construction of such a class was due to Martin and Pour-El [109], 
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who constructed an axiomatizable, essentially undecidable theory T such 
that each extension of T was principal. This theory 7T' can be viewed as a 
(perfect) thin II? class. The notion of thinness was first made explicit by 
Downey [35]. Perfect thin classes were also constructed by Simpson and are 
related to superminimal profinite groups by the work of R. Smith [140]. An 
infinite IT? class C is said to be minimal if every II? subclass Q of C is either 
finite or cofinite in C. Thus the notion of a minimal IT? class is the analog of 
the notion of a co-maximal II? subset of w. In particular, if C is a co-maximal 
set, then the class of subsets of C containing either one or no elements is an 
example of a minimal II? class which is not thin. There are several other 
interesting connections between maximal r.e. sets and II? classes in [17]. It is 
shown that a maximal r.e. set may not have rank one in a IT? class, but may 
have rank 2 and that there is a maximal r.e. set which is not a member of 
any thin II? class. Downey and Yang [45] constructed a cohesive set of rank 
one. 

There are several results in [17] relating the degree of a member z of a 
thin class to the Cantor-Bendixson rank of z. The most basic result is that a 
member z of a thin II? class P is isolated in P if and only if x is recursive. To 
see this, note that if x is a recursive element of P, then {z} is a II? subclass 
of P and therefore {x} = PU for some clopen set U, which immediately 
implies that 2 is isolated in P. The connection between minimal and thin 
classes is that if P is thin and D(P) is a singleton, then P is minimal, whereas 
if P is minimal and has a non-recursive member, then P is thin (and D(P) 
is a singleton). Countable thin II? classes are constructed in [17] of every 
recursive Cantor-Bendixson rank. 

We state here the results which we will apply in later sections. First there 
are the results which apply to any thin II? class. 

The following Lemma is Theorem 2.13 of [17, p. 102]. The full hypothesis 
of this theorem was not stated in [17], so we take the opportunity here to 
correct that omission. 


Lemma 2.18 Let T be a recursive tree and P a If class such that P = [T). 
Then for any set A€ P, 


(a) if PC P(A), then A <r Ext (T), and 
(b) if A is a II? set and P is thin, then A <r Ext (T). 


Proof. The proof of (a) is given in [17]. 
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Now for (b), note that P(A) is a II? class, so that Q = PN P(A) is a II? 
subclass of P and is nonempty since A € Q. Since P is thin, we must have 
Q = P/U for some clopen U = I(a9) U---U I(o%). Then set 


Tg = {0 €T : a is compatible with o;, for some i < k}. 
It is clear that Q = [Tg] and that 
Ext (Tg) = {o € Ext (T): o is compatible with o;, for some i < k}. 
Thus Ext (Tg) is recursive in Ext (T). Now Q C P(A), so that by (a) we 
have A <7 Ext (Tg) <r Ext (T). Oo 


Cholak, Coles and Downey [29] recently obtained a precise characteriza- 
tion of the degrees of Fxt (T’) when {T] is thin and perfect, namely the ANR 
degrees of Downey, Jockusch and Stob [41], extending the previous result of 
Downey [36] that all ANR degrees contain such classes. 


The next result consists of Theorem 2.10 and Corollary 2.14 of [17]. 


Theorem 2.19 Let T be a recursive tree such that P = [T] is a thin II? 
class and let A € P. Then, 


(a) A' <7 A@® 0" (so that it is not possible that A >7 0"). 


(b) If T has no dead ends, then A’ <p A@®O! (so that it is not possible 
that A2>r 0’). 


(c) If T has no dead ends and A is either r.e. or co-r.e., then A is recur- 
sive. 


It follows from (b) and Theorem 2.16 (a) above that if A has rank one in 
a thin II} class P = [T], where T has no dead ends, then A has low degree 
a, that is, a’ = 0’. 


In contrast to Theorem 2.19 (a), it is shown in Theorem 2.18 of [17] that 
there is a minimal thin II? class P and a set A such that D(P) = {A} and 
AQ®O =r, 0”. 


The next result consists of Theorems 2.2, 2.9 and 2.16 of [17]. 
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Theorem 2.20 


(a) For any recursive ordinal a, there is a thin TI? class P, of Cantor- 
Bendizson rank a such that P, is the set of paths through a tree with 
no dead ends. 


(b) There is an r.e. A set of degree 0’ and a minimal, thin I? class P with 
D(P) = {A}. 


(c) Between any two distinct r.e. degrees, there is a degree a, a set A of 
degree a and a minimal, thin TI? class P with D(P) = {A}. 


On the other hand, there is an r.e. degree a and a minimal degree b such 
that no set of degree a or b belongs to any thin II? class. Thus we have 
degrees of which some of the members belong to thin II? classes and degrees 
of which none of the members belong to thin II) classes. Finally, there is a 
degree a < 0” such that every set of degree < a belongs to a thin II? class. 


2.5 Reducibility of classes 


In this section we study various notions of reducibility between bounded and 
unbounded If classes, between strong IT$ classes and II? classes, and between 
TI° classes and II? classes. 

The connection between unbounded II? classes and r.b. II? classes was 
studied by Jockusch and Soare in [74] and by Cenzer and Smith in [28]. The 
connection between IT? classes and II? classes was studied by Jockusch and 
McLaughlin [71] and by Jockusch, Lewis and Remmel in [70]. 


One basic goal is to reduce arbitrary II} classes to classes of sets, that is, 
classes contained in {0,1}. Some definitions are needed. There is a recursive 
map k from w” to {0,1} such that &(z) has the same Turing degree as z 
for all x € w”, defined by 


k(x) = (0° 107 1... ). 


Note that {k(z) : « € P} need not be a closed set, since P may not be 
compact. 


For ¢ € w<” with |t] =n, let 


k(t) = (0 1 0%) 1... of) 1). 
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For a tree T C w<”, the tree &(T') C {0,1} is defined by 
k(T) = {k(t)0':t ET & i € wt}. 
Then for a II° class P = [T] C w’, define 
k(P) = [k(T)] = {k(x) se € [T]} U{a(t)0* : t € Th. 


This observation proves part (a) of the next theorem. Note that k(P) always 
has recursive members. If P is recursively bounded, then this construction 
can be modified to obtain a homeomorphism between P and k(P). This is 
part (b) below. 

Let us say that a tree T’ highly recursive in x if T is recursive in z and 
there is a function f recursive in x such that o(n) < f(n) for allo € T. We 
will then say that the class [T] is bounded recursively in x. In particular, we 
note that if 7’ is a finite-branching ¥9 tree, then T is highly recursive in 0’. 


Theorem 2.21 


(a) For any II? class P C w%, there is a II? class Q © {0,1}” and a 
one-to-one degree-preserving correspondence between the non-recursive 
members of P and the non-recursive members of Q. 


(b) Any r.b. II? class is recursively homeomorphic to a II? class of sets. 


(c) Any [I$ class P which is highly recursive in O! is recursively homeo- 
morphic to a strong IU} class of sets. 


Proof. 

(b) Let T C w<” be a recursive tree, let P = [T], and let f be a recursive 
function such that for all r € T and all n < |r|, rT(n) < f(n). Now define 
the tree S C {0,1}<* to be: 


S={k(r)70': 7 ET & i < fir|)}. 


It is then clear that k is a recursive homeomorphism from P onto [5]. 
(c) This is just a relativization to 0’ of the proof of (b). 0 


Jockusch and Soare showed in Theorem 1 of [74] that an arbitrary II? 
class P with no recursive members can be represented by an r.b. II? class Q 
in the sense that the degrees of members of P are a subset of the degrees of 
members of Q. We give this result together with a relativized version. 
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Theorem 2.22 


(a) For any TI® class P C w” with no recursive members, there is a II} 
class R of sets with no recursive members such that D(P) C D(R). 


(b) For any II? class P C w” with no members recursive in 0’, there is a 
strong II9 class BR of sets with no members recursive in O' such that 


D(P) © D(R). 


Proof. 
(a) Let Q be a II° class of sets with no recursive member. Let P = [5], 
let Q = [T] and assume without loss of generality that S$ C (w ~ {0,1})<’. 
It clearly suffices, by Theorem 2.21 (b) to obtain a class R whichis re- 
cursively bounded and otherwise meets the requirements of the conclusion. 
Define the tree U to be the set of strings 


[= 01 ¥ 7, OQ TQ KO KOR * Ty 
such that o; 4 @ fori > 1, 7; # @ for 7 <n, 
S(t) =O, ++ OD ES, 


1; € T for all j, and p(k) <k +1 for all k. 
We claim that R = [U] satisfies the requirements of the theorem. 


The tree U is finite-branching by the restriction that u(k) <k+1. Thus 
R is a recursively bounded IT? class. 

Now for any x € P we can define z € R with the same degree as z as 
follows. First of all, define a recursive sequence @ = tg, t;,... such that t; 
is the lexicographically least string in T of length 7. Now given z, let 


z = ti, * (x(0)) * ti, * a(1)) ---, 
where for each n, 7, is the least such that 


a(n) | ti, * (z(0)) * +++ * t,_, * a(n —1) * al + 1. 
Then z is recursive in z by the definition, and z is recursive in z, since it is 
the subsequence of z consisting of the entries z(n) > 1. 

It remains to be shown that R has no recursive members. Let z € R. 


There are two cases. 
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CASE 1: Suppose that z(7) > 1 for infinitely many 7 and let i9, 71, ... 
enumerate {7 : z(i) > 1}. Define z by x(n) = z(in). It is clear that x is 
recursive in z and that z € P. Hence z is not recursive and therefore z is 
not recursive. 


CASE 2: Suppose that z(z) > 1 for only finitely many 7 and let m be the 
largest such that z(m) > 1. Define y by y(n) = z(m+4n). It is clear that y 
is recursive in z and that y € Q. Hence y is not recursive and therefore z is 
not recursive. 


(b) The proof is just a modification of the proof of (a). Let Q = [T] in 
this case be a strong II} class of sets with no member recursive in 0’ (by 
Theorem 2.8). Then we define a tree U recursive in 0’ with u(k) < k +1 
for all » € U, so that R = [U] is an r.b. strong I? class with the desired 
properties and apply Theorem 2.21 (c). oO 


In particular we see that any member of a countable II? class P C w” is 
Turing equivalent to a member of a countable II? class Q € {0,1}”. The II? 
singletons in w” are of particular interest. It is well-known that any hyper- 
arithmetic set is Turing reducible to a II? singleton (see Hinman [66, p. 153]). 
It was shown by Clote [31] that 0( is Turing equivalent to a IT9 singleton 
for any recursive ordinal a. Clote defines a version of rank for II? singletons 
x called the height of x, which is the supremum of the heights of the dead 
ends in the tree T such that {x} = [T]. Cenzer-Smith [28] used the corre- 
spondence of Theorem 2.21 to establish a relationship between the height of 
a II? singleton z in w” and the Cantor-Bendixson rank of the image ¢(z). 
This is used to show for example that any AQ function z is Turing equivalent 
to a H? singleton y with height w [28, p. 986]. 

These results on II singletons demonstrate the distinction between 
bounded and general II? classes. This is because if {x} is a bounded II? 
set, then x must be recursive in 0’ by Corollary 2.14. Thus, for example, if 
z has degree 0” and P = {z} is a II? class, then there can be no bounded 
TI? class Q with a one-to-one degree-preserving correspondence between P 
and Q. This shows that parts (a) and (c) of Theorem 2.21 and Theorem 
2.22 (a) are best possible in that the restriction to “non-recursive members” 
cannot be removed from part (a) of Theorem 2.21 and in that the inclusion 
D(P) C D(Q) of Theorem 2.22 cannot be improved to equality. 

We next consider some further questions about bounded II? classes. Re- 
call the definition above that a II? class P is bounded if P = [T] for some 
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recursive, finitely branching tree T. There are two possible alternative defi- 
nitions. One would be that there exists a recursive tree T’ and a (bounding) 
function f such that P = [T] and such that o(n) < f(n) foralla ET. A 
second alternative would be that there exists a recursive tree T and a func- 
tion f such that P = [T] and 2(n) < f(n) for all e € P. Certainly the 
first alternative implies the second. We show below that this second alter- 
native is equivalent to the notion of compactness. However, this alternative 
is not equivalent to our definition since by the remarks above we may have 
P = {x} for zx of arbitrarily high hyperarithmetic degree, whereas a bounded 
II? singleton must be recursive in 0’ by Theorem 2.12 (b). 


Theorem 2.23 


(a) A II? class P is bounded if and only if there exists a recursive tree T 
and a function f such that o(n) < f(n) for all o € T. Furthermore, 
f may be taken to be recursive in 0’. 


(b) A I} class P is compact if and only if there exists a function f such 
that x(n) < f(n) forall xe P. 


(c) For any recursive tree T with no dead ends, P = [T] is compact if and 
only if P is a bounded II? class. 


Proof. 


(a) If P = @, then this is obvious. Thus we let P be a nonempty II? 
class and let 7 be a recursive tree such that P = [T]. Suppose first that T is 
finitely branching. Then we may define the bounding function f by letting 
f(n) be the maximum of {a(n):o € T}. It is clear that f is recursive in 0’. 
Conversely, suppose that P = (T] and that f is any bounding function such 
that o(n) < f(n) for allo € T. It is immediate that T must be finitely 
branching. 


(b) Suppose first that P is compact. For each n, P C U,{z : 2(n) = 7}, 
and it follows from compactness that there exists some 2, such that 
PC {x : a(n) < i,}. Then the function f(n) = i, satisfies the condi- 
tion above. Suppose next that there exists such a bounding function f. 
Then P C [],¢,{0,1,..., f(m)} and is therefore compact since it is a 
closed subset of [],-,,{0,1,..., f(m)} which is compact by the classical 
Tychonoff Theorem, being a product of discrete, finite compact spaces. 
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(c) It follows from (b) that any bounded II? class is compact. Now let T 
be a recursive tree with no dead ends, and suppose that P = [T] is compact, 
that is, there exists a bounding function f such that z(n) < f(n). Then it is 
clear that f is also a bounding function for T, so that P is bounded by (a). O 


We next present the Jockusch-Lewis-Remmel Theorem from [70]. Recall 
that P is a strong II§ class if there exists a tree recursive in 0’ such that 
P =[T]. Let us say that P is a bounded strong II$ class if there is a tree T 
which is recursive in 0’ and a bounding function f also recursive in 0’ such 
that P = [T] and such that o(n) < f(n) for all o € T. Thus in particular 
any strong IT? class of sets is a bounded I class. 


Theorem 2.24 


(a) For any bounded II? class Q, there exists a bounded strong II} class 
of sets P and an effective one-to-one degree-preserving correspondence 


between P and Q. 


(b) For any bounded strong I$ class P, there is a bounded II? class Q 
and an effective one-to-one degree-preserving correspondence between 
P and Q. 


Proof. 


(a) Let P = [T], where T is a finitely branching, recursive tree. It follows 
from Theorem 2.23(a) that T’ has a bounding function f which is recursive in 
0’. Now define the tree S, recursive in 0’, as in part (b) of Theorem 2.22, to 
obtain a strong II} class [S] of sets such that the function k(z) is an effective 
one-to-one degree-preserving map from P onto [S]. 


(b) Let P =[S], where S is highly recursive in 0’. Then as in the proof 
of Theorem 2.21(c), we may assume that T is a binary tree. It now follows 
from Lemma 2.3 that J’ may be assumed to be a ©} tree. Thus there is a 
recursive relation 2 such that 


zreéP <> (Vm)(Sn) R(n,z[m). 
Now we may define Q by 


z=xr@Q@yeQ —> (Vm)[R(y(m),z[m) & Vi < y(m) (-R(t, z[m)]. 
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Then for each x ® y € Q, we have x € P and for each x € P, there is a 
unique y such that x ® y € Q and that y is defined so that y(m) is the least 
n such that R(n,x[m). Thus y is recursive in x and therefore z ® y has the 
same degree as 2. q 


We note that it is a corollary to the proof above that any bounded II? 
class is a strong bounded IIS class. 
Combining Theorems 2.22 (b) and 2.24 (b), we obtain the following. 


Corollary 2.25 For any II° class P with no member recursive in 0’, there 
is a bounded II? R class with no members recursive in O! such that 


D(P) C D(R). 


The same technique can be extended to arbitrary IT® classes in the fol- 
lowing result essentially due to Jockusch and McLaughlin [71], Theorem 3.1 
and Remark 3.4. This will allow us to extend some of the results about IT? 
classes to IT} classes. 


Theorem 2.26 For any natural number n and any II® class P, there is 
a TI° class Q and an effective one-to-one degree-preserving correspondence 
between the members of P and the members of Q. 


Proof. It clearly suffices to prove that for any n and any II), class P, there 
is a II°,, class Q and an effective one-to-one degree-preserving correspon- 
dence between the members of P and the members of Q. 

Suppose that we have a II® relation R such that 


rE P <= (Vm)(dn) R(m,n, 2). 
Now let 
r@yEQ => (Vm)[R(m,y(m),x) & (Vi < y(m)) (7R(m, 7, x))). 


Then Q is a II?,, class and the result follows as in the proof of Theo- 
rem 2.24. Oo 


We observe that the effective degree-preserving correspondences in The- 
orems 2.24 and 2.26 are in fact recursive homeomorphisms. By this we mean 
that a homeomorphism H from P onto Q is recursive if there exist partial 
recursive functionals F' and G such that the H = F[P and H7' =G[Q. 
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It is not hard to see that it is not the case that every strong IT? class 
can be put in a one-to-one degree-preserving correspondence with an r.b. II? 
class. For example, if A is recursive in 0’ but not recursive, then {A} is a 
strong IT9 class. If {A} were in one-to-one correspondence with an r.b. II? 
class {B}, then B would have to be recursive by Theorem 2.12 so that the 
correspondence could not be degree-preserving. 

Thus if we are to have a reduction of an arbitrary strong II9 class P 
to a II¢ class Q, we must either drop the requirement that Q is recursively 
bounded, as was done in Theorem 2.24, weaken the requirement of degree- 
preserving, or weaken the requirement of a one-to-one correspondence and 
make y an embedding of P into Q. Two results are given below. Consider 
again the problem where A is recursive in 0’ but non-recursive and y is an 
embedding of {A} into an r.b. II° class Q@. Then y(A) may not both have 
the same degree as A and the same rank (0) in Q that A has in {A}. 


The following theorem from Cenzer-Smith [28, p. 986] shows that we can 
preserve degree if we do not preserve rank. It also shows that the rank of a 
set in a strong II$ class is at most one lower than the rank of A is a II? class. 


Theorem 2.27 For any strong II} class P Cc {0,1}, there is a II? class 
Q © {0,1}% and a recursive isomorphism ~p from P into Q such that, for all 
A in P, rkg(y(A)) < 1+ rkp(A). 


We can preserve rank if we do not preserve degree. The following result 
is an immediate corollary of Theorem 3.1 from Cenzer-et-al [16, p. 161]. 


Theorem 2.28 For any strong II§ class P C {0,1}”, there is a II} class 
Q C {0,1}” and a homeomorphism y from P onto D(Q) such that, for all 
AéeP,«<cry(z)<rov. 


2.6 Separating Sets 


An important example of II? classes in recursion theory is the class of sepa- 
rating sets of a pair of disjoint r.e. sets. If A and B are infinite disjoint r.e. 
sets, then C is a separating set for A and Bif AC C and BNC = @. We 
let S(A, B) denote the class of separating sets for A and B. In particular, 
S(A,®@) is the class of supersets of A and S(@, B) is the class P({0,1}* \ B) 
of subsets of the II? set {0,1}“ \ B. Also S(A, B) = S(A,¢)N S(@, B). A 


and B are said to be recursively inseparable if there is no recursive separating 
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set C for A and B. This concept was introduced by Kleene in [85], where 
recursively inseparable r.e. sets were constructed. Shoenfield showed in [136] 
that every non-recursive r.e. degree contains a pair of recursively inseparable 
sets. Shoenfield observed in [137] that S(A, B) is an r.b. I? class. Observe 
that S(A, B) is finite if and only if AUB is cofinite, in which case A and B are 
both recursive and every separating set is also recursive. Otherwise, S(A, B) 
is a perfect set and thus has the cardinality of the continuum. In either case, 
both the r.e. set A and the co-r.e. set w \ B are of course separating sets for 
Aand B. The results above yield the following additional conclusions. 


Theorem 2.29 For any pair A,B of recursively inseparable disjoint r.e. 
sets: 


(a) There are separating sets C and D for A and B such that any function 
recursive in both C and D is recursive. 


(b) There is a non-zero r.e. degree a such that no separating set C for A 
and B is recursive in a. 


(c) For any countable set {a; : i < w} of nonrecursive degrees, there are 
continuum pairwise Turing incomparable, separating sets C for A and 
B which are incomparable with each a;. 


Theorem 2.30 For any two r.e. sets A and B, S(A, B) is not thin. 


Proof. If AU B is cofinite, then S(A, B) is finite and therefore not thin. 
Otherwise, define the II? class Q by 


CEQ => CES(A,B) &(Vi,j)[(GEC A FEC) A(iEAV jEA]. 


That is, @ contains the set A along with those separating sets of the form 
AU {i}. Now Q is a II? subclass of S(A, B), so that if P were thin, then we 
would have a clopen set U = I[(a9) U--- UI (ax) such that Q = S(A, B)NU. 
Since A € Q, it follows that A € U, so that there is some finite n such that 
for any C, if 

GN{0s live g nba AN {05.15.0420} 


and C € S(A, B), then C € Q. Since AU B is not cofinite, we can choose 
two elements b,c > n with b,c ¢ AU B. It would follow that AU {b,c} € Q, 
contradicting the definition of Q. Oo 
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As indicated above, the class of separating sets of A and B can never be a 
countable set and therefore cannot represent an arbitrary II? class. However, 
parts (c) and (d) of Theorem 2.9 above can be done with classes of separating 
sets. These results are from [75, p. 48]. 


Theorem 2.31 


(a) For any degree a, there exist recursively inseparable r.e. sets A and B 
which have no separating set of degree >7 a. 


(b) There exist recursively inseparable r.e. sets A and B such that any two 
separating sets C,D for A and B are Turing incomparable unless the 
symmetric difference of C,D is finite. 


The concept of an array non-recursive (a.n.r.) r.e. set, introduced by 
Downey, Jockusch and Stob [41] is important in the study of separating sets. 
It is shown in [41] that an r.e. set C is a.n.r. if and only if there exist r.e. 
sets A and B, each recursive in A, such that no set of degree 0’ separates A 
and B. 

The problem of finding a separating set for a pair of disjoint r.e. sets has 
been studied in connection with reverse mathematics. Reverse mathematics 
is the program of Harvey Friedman, S. Simpson and others to answer the 
question: What set existence theorems are needed to prove ordinary theorems 
of mathematics? Konig’s Lemma states that an infinite, finitely branching 
tree has an infinite path. Thus the existence of an infinite path in an arbitrary 
r.b. TI? class is equivalent to Konig’s Lemma in a certain subsystem RC Ao 
of arithmetic. In fact, it was shown by Simpson in Lemma 2.6 of [139] that 
the existence of a separating set for an arbitrary pair of disjoint r.e. sets also 
is equivalent to Konig’s Lemma in RCAg. 


2.7 Index Sets 


A very important topic in recursion theory which is related to II? classes is 
the notion of an indez set. For an introduction to index sets for r.e. sets, 
see Soare [143]. A complete discussion of index sets for I? classes is given 
by Cenzer and Remmel in (26]. Index sets for recursive trees were studied 
by Lempp in [95] in connection with the lattice of r.e. sets. Beigel and 
Gasarch [9, 10] and Gasarch and Martin [58] have recently studied index sets 
for various combinatorial problems, such as graph coloring, to measure the 
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complexity of these problem; they refer to certain index sets as “promise 
problems”. See the survey paper [57] by Gasarch for the application of index 
sets in many areas of combinatorics. Thurber [147] has studied index sets 
for Boolean algebras to strengthen earlier work of Feiner [49]. We will define 
and classify several index sets for I? classes and show that they can play an 
important role in the application of II? classes to problems in combinatorics 
and other areas of mathematics. 

Recall that ya is the partial recursive function with index a and that 
W, is the domain of ya (when ya, is a function of one variable — otherwise 
W, = @). A set A C w is said to be an index set if for any a,b, a € A 
and a = yY imply that 6 € A. Thus in particular, @ and w are index sets. 
Rice’s Theorem states that these are the only two recursive index sets. For 
example, A = {a : a € W,} is not an index set. However all of the following 
are index sets. 


(i) A, = {a:W, 4 o} 

(ii) Fin = {a: W, is finite} 

(iii) Inf = {a: W, is infinite} 

(iv) Cof = {a: W, is cofinite} 

(v) Coinf = {a: W, is coinfinite} 

(vi) Rec = {a: W, is a recursive set } 

(vii) Tot = {a: gq is total } 
(vill) Ezt = {a: Yq is extendible to a total recursive function} 
(ix) Comp = {e:W. = Kh} 

(x) Ul = {a: (3x)(Vn)(2[n) ¢ We} 

We are particularly interested in the complexity of such index sets. Recall 
that a subset A of w is said to be &-—complete (respectively, II”"-complete) 
if A is L (respectively, II”) and if any 7" (respectively, II) set B is many- 
one reducible to A, where B is many-one reducible to A if there is a recursive 
function f such that, for any 6, b € B if and only if f(b) € A. More generally, 
the double completeness (L”, 11) <n (B,C) for a disjoint pair of sets B 
and C means that, for some ©” complete set A, there is a recursive function 
f such that, for any a,a€ A => f(a)e Banda¢ A => f(a) EC. If 
Bis 3”, C is II? and (U7, II") <,, (B,C), then we will say that the pair 
(B,C) is (2%, 1") complete. For example, (Fin , Inf ) is (£3, 119) complete. 
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The index sets described above all turn out to be complete for some level 
of the arithmetical hierarchy. Here is a brief list of such complexity results, 
most taken from Soare [143] where the reader can find a further discussion 
of index sets. The last result can be found in Hinman [66, p. 84]. 


Theorem 2.32 
(i) K and Kk, are ©°—complete sets. 
(ii) Fin is a U$-complete set. 


(iii) Inf and Tot are I9-complete sets. 


(v) Coinf is a I18-complete set. 


) 
) 
) 
(iv) Cof, Ext and Rec are ©8-complete sets. 
) 
(vi) Comp is a S$-complete set. 

) 


(vii) Uj is a U}-complete set. 


It follows from Lemma 2.2 that there are several possible approaches to 
enumerating the II? classes. For the sake of simplicity, we use an indexing 
based on primitive recursive trees. Let 7, 71,... be an effective enumera- 
tion of the primitive recursive functions from w to {0,1} and let 


U. = {6} U {o : (Vr X 0) z-((7)) = 1}. 


It is clear that each U, is a primitive recursive tree. Observe also that if 
{o : m(o) = 1} is a primitive recursive tree, then U, will be that tree. Thus 
every primitive recursive tree occurs in our enumeration U,. Then we let 
P. = [U.] be the e-th II? class. It follows from Lemma 2.2 that every II? 
class occurs in the enumeration P.. 

There are a number of natural properties of I? classes whose index sets 
we shall classify. We will consider whether a II? class is nonempty and, if it 
is nonempty, whether it has a recursive element (or has an element of some 
given complexity). That is, we shall determine the complexity of the set of 
indices for nonempty II° classes and the set of indices of II€ classes which 
have a recursive member. More generally, we consider index sets for various 
cardinality properties, e.g., whether a II? class has exactly k elements, is 
finite or is countable. We also consider recursive cardinality properties, such 
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as having exactly k recursive members or having infinitely many recursive 
members. Other properties studied include measure-theoretic and topologi- 
cal properties, such as being meager or being co-meager, having measure < r 
or > r for a fixed real r, as well as set-theoretic properties, such as being a 
class of separating sets, being a thin class, or being a minimal class. Index 
sets related to higher order derivatives are also considered. 

Once we have classified a variety of index sets for II? classes, we can 
immediately transfer these results to index sets for various recursive version 
of mathematical problems, given that the set of solutions to such a recursive 
version of the mathematical problem is always a II? class and that the set of 
solutions to the recursive version of the mathematical problem can strongly 
represent any arbitrary (bounded, r.b.) II? class. A number of examples of 
such results can be found in [26]. For example, in Section 6 we will show 
that the index set of primitive recursive graphs having a 4—coloring is a II? 
complete set, whereas the index set of primitive recursive graphs having a 
recursive 4-coloring is a ©} complete set. This is a natural strengthening of 
the well-known result of Bean [7] that k—-colorable recursive graphs need not 
have recursive k-colorings. 


We will now give a selection of results from [26] with some indication of 
proofs. The first family of index sets is based on the notions of boundedness 
for II? classes which are crucial in determining the complexity of the elements. 


For any property R of trees, let [p(7#) be the set of indices e such that U, 
has the property R. Thus for example, [p(bounded) = {e : U, is bounded}. 


Our first results will deal with index set for various notions of bounded- 
ness. Recall or a given function g : w<” — w, a tree T C w<” is said to be 
g-bounded if for every o € w<” and every 2 € w, if o72 € T, thenz < g(a). 
Thus, for example, if g(a) = 2 for all o, then a g—bounded tree is simply 
a binary tree. T is said to be finitely branching if T is g-bounded for some 
g, that is, if each node of T has finitely many immediate successors. Ob- 
serve that this is equivalent to the existence of a bounding function A such 
that o(7) < A(z) for all o € T and alli < |a|. T is said to be recursively 
bounded (r.b.) if it is g-bounded for some recursive function g. As above, 
this is equivalent to the existence of a recursive bounding function Ah such 
that o(2) < A(z) for all o € T and alli < |o|. If T is recursive, then this is 
also equivalent to the existence of a partial recursive function f such that, 
for any o € T, o has at most f(o) immediate successors in T. A recursive 
tree T is highly recursive if it is also recursively bounded. 
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In [26], Cenzer and Remmel introduced a new type of boundedness condi- 
tion for trees. We will say that T C w<” is almost bounded by g: w<” — w if 
there is some & € w such that for all o with |o| > k and for all 7, ifo771 € T, 
then 7 < g(a). T is said to be almost bounded (a.b.) if it is almost bounded 
by some g and almost recursively bounded (a.r.b.) if it is almost bounded 
by some recursive function g. Note that these notions are not equivalent to 
the existence of a (recursive) function h and a finite k such that o(7) < A(z) 
for all o € T with |o| > k and alli < |o|, as seen by the example of the 
tree T = {n* : n,k € w}, which is a.r.b. but has, for each k and n, strings 
og =n €T with o(k) =n. 


Theorem 2.33 
(i 
(ii 


For any recursive g > 2, [p(g-bounded) is II2 complete. 
For any recursive g > 2, Ip(almost g-bounded) is ©$ complete. 


(iii) [p(recursively bounded) is ©$ complete. 


) 
) 
) 
(iv) Ip(almost recursively bounded) is US complete. 
(v) Ip(finitely branching) is I$ complete. 

) 


(vi) Ip(almost bounded) is X$ complete. 


Proof. The upper bounds on the complexity are easily seen by formally 
writing out the definition. For example, U. is recursively bounded provided 
there exists an index a of a total recursive function ¢ such that, for all k 
and all co, if o~k € U., then k < ya(o). Similarly U. is almost bounded 
provided there exists a k such that for all o of length > k, there exists an m 
such that, for alln >m, on ¢ U.. 


The idea to prove the completeness results is to reduce the appropriate 
complete set from Theorem 2.32 to the given set. For example, A may be 
reduced to [p(g-bounded) by letting 

Uney = {0 : Ger(e) fT > o(t) = 0}. 


Then Une) = {0° : t € w} and is 2-bounded if e ¢ A’, whereas if e € K and 
~e2(e) |, then Uj.) contains 0’! 'm for all m and is unbounded. 
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Similarly, Fin may be reduced to J/p(almost g-bounded), Rec may 
be reduced to Ip(recursively-bounded), and Coinf may be reduced to 
[p(finite branching). For details, see [26]. Oo 


A subset A of w is said to be D™ if it is the difference of two XL sets. 


For the remaining theorems, we will omit the results from [26] on almost 
bounded classes. 


Theorem 2.34 
(a) For any recursive g > 2, 
Ip(g-bounded nonempty) is TI° complete, 
Ip(g-bounded empty) is D2 complete, and 
(II?, ©°) < (Ip(g-bounded nonempty) , [p(g-bounded empty)). 


(b) Ip(r.b. nonempty) is ©3 complete and Ip(r.b. empty) is ©} complete. 


(c) [p(bounded nonempty) is 13 complete and Ip(bounded empty) is X33 
complete. 


(d) (Ip(nonempty) , [p(empty)) is (1, II}) complete. 


Proof. We give the proof of the first part only, where we see our first example 
of a difference class D? as well as our first example of double completeness. 
For the double completeness, we define a reduction h for a given I? set A so 
that Pye) is always g-bounded and is nonempty if and only ife € A. Let R 
be a recursive relation so that e€ A <=> (Vn)R(e,n). Then the map may 
be defined by putting 0” € Une) <> R(e,n) and putting no other strings 
in Une): 

We see that Ip(g-bounded empty) is D® as follows. First observe that for 
a g-bounded tree U., Ext (U.) has a [If characterization, 


o € Ext (Ue) <=> (Wn >k) (ar) [|r] =n & 0X7 & TEU] 
where the quantifier “(Jr)” is bounded by g, since it is equivalent to: 
(3m. < go) (Are < g(o7ra)) «++ (re < (OT (MyPage P51). 
Then we have: 


e € Ip(g-bounded empty) <=> e € [p(g-bounded) & 6 ¢ Ext (U.). 
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For the completeness, let C = B ~ A, where A and B are II? sets and 
let R and S be recursive relations so that e € A <= (Wn) R(e,n) and 
e€ B <=> (Vn) S(e,n). Then a reduction f of C to Ip(g-bounded empty) 
is given by putting o € U,(.) if and only if either 


(i) (Wi < Jol) [R(e,t) & o(t +1) < g(afi))], or 
(ii) o = (1+ (0) +n) where not S(e,n) and (Vi < n)(S(e,7)). 


Clearly U5(.) is g-bounded if and only if ife € B. Similarly U;(.) is non-empty 
if and only if e € A. Thus U,(.) is g-bounded and empty iffe€ BN A. O 


For any cardinal number c and any property FR of trees, let 
Ip(R <c) = {e € Ip(R: card (P.) < c} 
and similarly define [p(R = c) and Ip(R > c). 


Theorem 2.35 


(a) For any positive integer c and any recursive function g > 2, 


(Ip(g-bounded > c) , [p(g-bounded < c)) is (D8, II9) complete, 
Ip(g-bounded = c+ 1) is D§ complete, and 
Ip(g-bounded = 1) is IIS complete. 


(b) For any positive integer c, [p(r.b. > c), Ip(r.b. < c) and Ip(r.b. = c} 
are all SS complete. 


(c) For any positive integer c, Ip(bounded < c) and Ip(bounded = 1) are 
both II} complete, and Ip(bounded > c) and Ip(bounded = c+ 1) are 
both D§ complete. 


(d) For any positive integer c, (Ip(> c), Ip(< c)) is (}, II}) complete 
and Ip(= c) is II} complete. 


Proof. We will just give the proof of the first part. The upper bound on the. 
complexity follows from the fact that a g~bounded II? class P = [T] has > c 
elements if and only if there exist k and incomparable 01, 02,... , 041 € w* 
such that each o; € Ext (T). 

For double completeness, define a reduction of Tot to Ip(g-bounded < c), 
as follows. For each e, let ¢ = 07° 1707 17... 0-1: 170" 1 € Uy if and 
only if the following conditions are satisfied. 
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(1) 1<r<ecandt<r 
(2) for each i < ky if Yepoy(é) 4, then Gejei(i) =m 
(3) if Pejoi(K) J, then Yejo(k) 2 me. 
Thus if y- is total, then [Us(.)] has exactly ¢ elements, 
gel) yr gre) yr 


for 1 <r <c. On the other hand, if y, is not total, then [Uy(.)] will be 
infinite. 


This reduction also shows the completeness of Ip(g-bounded = 1). 


We need a second reduction j, for an arbitrary ¥} set B, so that 
card (Pi-)) = 2 if e € B and card (Pj-y) = 1 otherwise. For this, let Pj.) be 
the set of all (0° 1 0% 1 ...) such that for all z, 


Yesti(t) + & Ye,s,(2) tT 
plus the set of all (0° 10% 1 ... 0%-! 1 a) such that a < 1 and 


[(Vt < k) (es.41(2) & Yes:(t) t)] & [ (Vs) Ye,5(k) Th. 


Now for the completeness of I[p(g-bounded = c+ 1), let A= BNC 
where B is Y9 and C is II, let 7 be the reduction of B just given. Since 
Tot is If complete, there is a reduction h of C to Tot described above. 
Then a reduction y of A to Ip(g-bounded = c+ 1) may be given by defining 
Up(e) = Use) BU Hn(e))- = 


There are five types of index sets related to finite, countable and uncount- 
able classes of type FR: 


(1) Ip(R <Xo) (finite), 

(2) Ip(R >No) (infinite), 

(3) Ip(R <No) (countable), 

(4) Ip(R =No) (countably infinite), and 
(5) Ip(R >No) (uncountable). 
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Theorem 2.36 


(a) For any recursive function g > 2, 
([p(g-bounded > Xo), Ip(g-bounded < Xo)) is (IIS, £3) complete. 


(b) Ip(r.b. > No) is D3 complete and Ip(r.b. < Xo) is ES complete. 
(c) Ip(bounded > Xo) is I$ complete and Ip(bounded < Xo) is XS complete. 
(d) (Ip(> Xo), Ip(< Xo)) ts (HI, I}) complete. 


Proof. We sketch the proof of the first part. The upper bound on the 
complexity follows from the uniformity of Theorem 2.35, since 


e € Ip(g-bounded > No) <= > (Vc) (e € [p(g-bounded > c)). 


For the completeness, we define a reduction of Cof to Ip(g-bounded < Xo) 
which simultaneously reduces w \ Cof to Ip(g-bounded > No). Let 


Use = {0":n Ew} U {0 108 in E Weg}. 
Then Use) is always a binary tree and it is easy to see that 
Pye) = {0°} U {0" 1 OY rn ¢ We}. 


Hence f(e) € [p(g-bounded < No) = > € € Cof. Oo 


Theorem 2.37 Let R be any one of the six notions of boundedness from 
Theorem 2.33, (including unbounded). Then (Ip(R > Xo), Ip(R < No)) is 
(U1, IE}) complete and Ip(R = Xo) is II} complete. 


Proof. [p(R > Xo) is Ej, since for any tree T., P. is uncountable if and only 
if P. has a perfect subset, which is if and only if there exists an embedding 
f from {0,1}<” into T, which preserves the partial order <. It follows that 
Ip(R < Xo) and [p(R = No) are both IE}. 

For the completeness of [p(R > Xo), we define a reduction of [p(nonempty) 
to I[p(binary > No) as follows. Define the binary tree Uy.) to consist of all 
strings 

Ge 7 Oa ae Oe 0 


where (no, ... , mk-1) € U. and for 2 < k, 7; = (1) or 7 = (1,1). Then for 
any path z € [U.], Us.) will contain uncountably many paths so that if P, is 
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nonempty, then Py,-) will be uncountable. If P, is empty, then every path in 
Pye) will end in 0”, so that Py.) will be countable. Note that f also reduces 
Ip(empty) to [p(binary < No). A reduction g of [p(empty) to [p({binary = Xo) 
is then given by Ug(e) = Us(ey UT, where T is some primitive recursive tree 
such that [T] is countably infinite. oO 


Next, we classify the various index sets of classes with a given recursive 
cardinality condition. The recursive cardinality of a class P is the cardinality 
of the set of recursive members of P. Also, we say that P is recursively 
nonempty if it has a recursive member and recursively empty otherwise. 


Theorem 2.38 
(a) For any recursive g > 2, 


([p(g-bounded rec. nonempty) , [p(g-bounded rec. empty)) is (U3, I§) 
complete, and 


Ip(g-bounded nonempty, rec. empty) is IIS complete. 


(b) Ip(r.b. rec. nonempty) is S$ complete, and Ip(r.b. rec. empty), and 
Ip(r.b. nonempty, rec. empty) are D§ complete. 


(c) Ip(bounded rec. nonempty) is D} complete, and Ip( bounded rec. empty) 
and Ip( bounded nonempty, rec. empty) are II3 complete. 


(d) Ip(rec. nonempty) is “3 complete, Ip(rec. empty) is 3 complete, and 
Ip(nonempty, rec. empty) is =} complete. 


Proof. We give the proof for the first part. [p(g-bounded rec. nonempty) is 
a YU set, since P. has a recursive member if and only if 


(da) {a € Tot & (Yn) (yaln € U-)]. 
It follows that 
Ip(g-bounded rec.empty) and  I[p(g-bounded nonempty, rec. empty) 


are II§ sets. For the completeness of the first two sets, we define a reduction 
of Ext, to [p(g-bounded rec. nonempty), by letting Psi.) equal 


{x € {0,1}% : ya = x} = {x : (Vm)(Vs)(V2) [yas(m) = 7 > 2(m) = i}. 


For the other completeness, let Q be a nonempty, binary II? class with 
no recursive members and let Pray = Pray BQ. oO 
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Theorem 2.39 Let c be a positive integer. 
(a) For any recursive g > 2, 


(Ip(g-bounded rec. > c) , Ip(g-bounded rec. < c)) is (D$, M3) com- 
plete, and 


Ip(g-bounded rec. = c) is D8 complete. 


(b) Ip(r.b. rec.>c) is ES complete and Ip(r.b. ree.<c) and Ip(r.b. rec.=c) 
are D§ complete. 


(c) I[p(bounded rec. < c) is II complete and Ip(bounded rec. > c) and 
Ip(bounded rec. = c) are D3 complete. 


(d) (Ip(rec. > c), Ip(ree. < c)) ts (U3, 113) complete and Ip(rec. = c) is D$ 
complete. 


Proof. We give the proof of the last part. The upper bound on the com- 
plexity follows from the fact that P, has > c recursive members if and only 
if there exist ag, ..., @- € Tot such that 


(i) (Vi,9 < ¢)(Am) pa,(m) # Pa,(m), and 
(ii) (Wa < ¢)(Vr) pa,[n € Ue. 


For the completeness of the first two sets, let f be the reduction given in 
the proof of Theorem 2.38 above for [p(g—-bounded rec. nonempty). Then 
let Q be a binary H? class with exactly c + 1 recursive members and let 
Pra) = Pra) ® Q. For the completeness of the third set, we let c = 1 and 
begin with a construction for unbounded classes using the }3 completeness 
of Rec. For any r.e. set W,, recall the modulus function 


Ha(t) = (least s)[W.N{0,1,...,2} = Wa.N{0,1,..., c}]. 


It is easy to see that W, is recursive if and only if yz, is recursive. Then we 
define a tree Uys(,) so that Psa) = {a}; clearly we then have: 


f(a) € Ip(rec. = 1) = > ae Rec. 


The tree Us(q) is defined so that a string o of length n is in Usa) if and only 
if both: 
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(1) (Wi<n)(i€ Wan = > 7 € Wii), and 
(2) (Vm <n)[o(m) > 0 - (4i < m) (7 € Waye(my \ Wa,o(m)-1) | 


Let A = BNC, where B is U$ and C is II3. It follows from the complete- 
ness of Rec and the construction above that there is a recursive function g 
such that Po.) is a singleton for each a and has a (unique) recursive member 
if and only if a € B. Let h be the reduction given above so that Pj) has 
exactly c recursive members if a € C and has at least c+ 1 recursive members 
ifa ¢ C. Then the function y defined so that P,(a) = Poa) ® Parca) is clearly 
a reduction of BNC to Ip(rec. = c). q 


Theorem 2.40 Let R be any one of the seven notions of boundedness. Then 
(Ip(R rec. < Xo), [p(R rec. = Xo)) ts (HY, IY) complete. 


Proof. Again, we give the proof for the last part. The characterization of 
the classes follows from the uniformity in the proof of the previous theorem. 
For the completeness, let A be a If set so that for some L$ relation R, 


acA => (Vi) R(,a). 


As usual, R may be defined so that if a ¢ A, then R(z,a) for only finitely 
many values of 7. By Theorem 2.38, there is a recursive function f so that 
for each a and 7, R(t, a) if and only if Py(;,4) has a recursive member. Now let 
Poa) = BiP sia). Then it is clear that a € A if and only if P,(,) has infinitely 
many recursive members. Oo 


Next we consider the problem of whether a II? class has a A? member, 
that is, a member recursive in 0’. The case of recursively bounded classes is 
omitted, since an r.b. II? class has a member recursive in 0’ if and only if it 
is nonempty. 


Theorem 2.41 


(a) (Ip(A$ nonempty) , Ip(A$ empty)) is (©}, US) complete, and 
Ip(nonempty, A$ empty) is %} complete. 


(b) Ip(bounded A} nonempty) is =$ complete, and Ip(bounded AS empty) 
and Ip( bounded nonempty, A$ empty) are II$ complete. 
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Proof. We give the proof of the first part. The upper bounds on the com- 
plexity follow from the fact that the set Tot (0’) of indices of total functions 
recursive in 0’ is a II3 complete set and the characterization 


e € Ip(A® nonempty) <=> (Ja) [a € Tot (0’) & (Vn) (y®[n € U.)]. 


For the completeness of the first two sets, let S be an arbitrary ¥9 set 
and suppose that 


ae S <=> (Aam)(Vn)(St)(V7) R(a,t,7,m,n) 
for some recursive relation R. Define the reduction f so that 
(m,to,t1,---) € Pray => (Vn)(VJ) R(a, tn, j,m, 2). 


It is clear that if a ¢ S, then Pq) is empty and therefore has no member 
recursive in 0’. On the other hand, if a € S, then we may choose m so that 


(Vn)(st)(V) R(a,2,9,m,n) 


and define an infinite path (m, to, 41, ...) € Psa) which is recursive in 0’ 
by letting 7, be the least 7 such that (Vj) R(a,7,j,m,n). 

For the completeness of the third set, let A be a complete 5} set. Since 
Ip(nonempty) is 4} complete, there is a reduction h such that a € A iff 
h(a) € Ip(nonempty). The g reduces A to [p(nonempty, A} empty) where 
Py(a) = Psa) ® Q and Q is a II} class with no members recursive in 0’. O 


Many of the results above have parallels for strong II} classes. The enu- 
meration of the strong II$ classes is given by P2,¢ = [U2,-], where 


U2. ={o0:(Vrxo)r EW}. 


For any property R of a tree or class, let [s(R) be the set of indices e 
such that U2, has property R. We will say that a tree U is highly bounded 
if it is recursive in O’ and also bounded by a function recursive in 0’. 


Theorem 2.42 
(a) For any recursive g > 2, Is(g-bounded) is II? complete. 


(b) Is(r.b.) is B§ complete. 
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(c) Is(bounded) is TI complete. 
(d) For any g > 2 which is recursive in 0’, [s(g-bounded} is II} complete. 
(e) [s(highly bounded) is S$ complete. 


Proof. Parts (a) through (c) are proved exactly as in Theorem 2.33 and 
parts (d) and (e) are simply relativizations of Theorem 2.33. Qo 


Theorem 2.43 


(a) For any recursive g > 2, 
(Is(g-bounded empty) , [s(g-bounded nonempty)) is (N$, I$) complete. 


b) Is(r.b. nonempty) is ©3 complete, and Is(r.b. empty) is = complete. 
3 2 


(c) [s(bounded nonempty) is TI complete, and Is(bounded empty) is X39 
complete. 


(d) (Ls(nonempty) , [s(empty)) is (Sj, II}) complete. 
(e) For any A$ g > 2, 
(I5(g-bounded empty) , [s(g-bounded nonempty)) is (U$, M12) complete. 
(f) Is(highly bounded nonempty) is U3 complete, and 
Is(highly bounded empty) is XS complete. 
Proof. Most of the results either follow from previous results about II? 
classes or are relativizations of those results. We give the proof of the first 
part. 


Observe that if U2, is finite branching, then the relation “o € Ext (U2,.)” 
has a II§ characterization, that is, 


a € Ext Uz.) => (Vn > lol) (ar) [TF] =n & ox7 & TEUd,|. 


This gives the upper bound on the complexity. 


For the completeness, we define a reduction f such that P»,(-) is always a 
class of sets and such that e € /nf if and only if P) s(-) is nonempty. Simply 
let 0" € U2 4.) if and only if there exist ay < +--+ < a,_; each in W,. oO 
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Theorem 2.44 


(a) For any recursive g > 2, 


(Is(g-bounded rec. nonempty) , [3(g-bounded rec. empty)) is (3, U3) 
complete, and 


Is(g-bounded nonempty, rec. empty) is II complete. 


(b) Is(r.b. rec. nonempty) is ©3 complete, and 
c 


( 
Is(r.b. rec. empty) and Is(r.b. nonempty, rec. empty) are D3 complete. 
( 


(c) Is(bounded rec. nonempty) is D§ complete, and 
Is(bounded rec. empty) and Is(bounded nonempty, rec. empty) are II8 
complete. 

(d) (Is(rec. nonempty) , Is(rec. empty)) is (L$, I$) complete, and 


Is(nonempty, rec. empty) is S} complete. 
(e) For any g > 2 and recursive in 0’, 


(Is(g-bounded rec. nonempty) , I1s(g-bounded rec. empty)) is ($3, TI) 
complete, and 


Is(g-bounded nonempty, rec. empty) is 13 complete. 
(f) Is(h.b. rec. nonempty), Is(h.b. rec. empty) and 
Is(h.b. nonempty, rec. empty) are all S{ complete. 
Theorem 2.45 


(a) Let R be any of the notions of boundedness (a)-(c) and (e) from The- 
orem 2.44, Then, 


(Is(R AS nonempty), Is(R A} empty)) is (Lf, Tf) complete, and 
Is(R nonempty, A$ empty) is If complete. 
(b) Is(h.b. AJ nonempty) is L$ complete, and 
Is(h.b. AS empty) and Is(h.b. nonempty, A$ empty) are D} complete. 
(c) (Is(A$ nonempty) , Is(rec. empty)) is (Z4, If) complete, and 
Is(nonempty, A} empty) is Xj complete. 


Chapter 13 II? Classes in Mathematics 681 


Recall that a nonempty closed set C is perfect if every element of C is a 
limit point of C, that is, if D(C) =C. 


Theorem 2.46 
(a) For any recursive function g > 2, Ip(g-bounded perfect) is TI2 complete. 
(b) Ip(r.b. perfect) is D§ complete. 
(c) Ip(bounded perfect) is IIS complete. 
(d) Ip(perfect) is ©} complete. 
Proof. We give the proof of part (a) only. We have a IT$ condition: 
e € Ip(g-bounded perfect) if and only if 
(Vo) [o € Ext (U.) > (Ar)\(Hi 4 7) (a ~ 7 & 717i, 777 € Ext (U.))). 


For the completeness, modify the proof of Theorem 2.36 by letting Unie) 
contain {0” :n € w} together with all strings 0170; ... o, where n ¢ We 
and each 9g; is either (010) or (011). Oo 


Recall that a set is meager if its the countable union of nowhere dense 
sets. It is easy to see that a closed set P is meager if and only if it contains 
no open interval. P is meager in Q for a set Q if PA Q is meager. 


Theorem 2.47 Ip(meager) and Ip(meager in {0,1}”) are both II§ complete. 


Proof. P. is non-meager if and only if, for some a, [(o) C P., that is, if and 
only if 
(do)(Vr) [a <7 47 EU). 
For the completeness, let A be a 9 set and let R be a recursive relation 
so that a € A <= > (dm)(Vn) R(m,n,a). Then a reduction of A to 
[p(non-meager) is given by 
Upay = {m7 :7 & (Wn < |r|) R(m,n, a)}. 
For the binary version, let 
Usa) = {0 : m Ew} U{(O™)7 177: r € {0, 1}<” & (Vn < |r|) R(m,n,a)}. 
O 
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Let A be the standard product measure on {0,1} which gives A([(c)) = 
2-lel, Let Ip(measure < r) = fe : A(P. 9 {0,1}”) <r}, and similarly for 
equality and the other inequalities. The following result is presented without 
proof. See [26] for details. 


Theorem 2.48 


(a) For any S$ real r € (0,1), (Jp(measure < r), I[p(measure > r)) is 
(=0, II°) complete (so that Ip(measure = 1) is I? complete) and, if r 
is not recursive, then Ip(measure < r) is ° complete. 


(b) For any II real r < 1, (Ip(measure > r), [p(measure < r)) is (©$, II3) 
complete and Ip{measure = r) is II} complete; if r is U? complete, then 
(Ip(measure < r), [p(measure > r)) is (U8, II3) complete. 


Next we consider the problem of separating sets. For any two sets A and 
B of natural numbers, let S(A,B) contain those sets C' such that A C C 
and BNC =@. Thus 5(¢, B) = P(B) and S(A,@) is the family of supersets 
of A. Of course for any A and B, S(A, B) is either finite (if the symmetric 
difference of A and B is finite) or has cardinality of the continuum. For any 
property 7, let 


SS(R) = {[a, 6]: S(W., W,) has property R} 
Theorem 2.49 

(a) (SS(empty), SS(nonempty)) is (Z}, II?) complete. 

(b) For any positive integer c, (SS(> 2°), SS(< 2°)) is (L}, TI) complete, 
SS(= 2°) is D$ complete, and SS(=1) ts II} complete. 

(c) (SS(finite) , SS(infinite)) is (Z3, T3) complete. 

(d) (SS(rec. nonempty, SS(rec. empty)) is (U3, TI§) complete, and 
SS(nonempty, rec. empty) is TI} complete. 


Proof. Note that there is a primitive recursive function ~ such that 
S(Wa,W,) = Pya) for each a and 6. The upper bound on the complex- 
ities now follow from the corresponding upper bounds on the complexities of 
II° classes. 
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We sketch the proofs of the completeness. Fix 6 and c such that W, = @ 
and W, = w. 


(a) This follows from the fact that $(W.,W.) =@ <> W.#@. 


(b) Observe that |S(W.,W,)| = 2° if and only if Jv ~ W.| = c. Now 
e€ Tot — wr. W.=@. Hence 


e€ Tot <=> [e,b]€ SS(=1) => [e,b] € SS(< 1). 
This also proves the completeness of 5.5(> 1) as well. If we let 
Woe ={rte:ce W}, 


then |jw\ W.| =ct+|w W.|. Thuse € Tot <> [y(e),b] € SS(< 2°). The 
completeness result for SS(> 2°) now immediately follows. 


Next we consider the D$ completeness of $S({= 2°). It follows from the 
I1$-completeness of Tot and our remarks above that for a given II? set A, 
there is a recursive function f such that if @ € A, then Jw \ W,| = and if 
a ¢ A, then |w \ W,| > c. Let B be a ¥9 set. We will obtain a reduction g 
such that ifa € B, then jw \ W.| = 0 and if a ¢ B, then jw . W,| = 1. We 
define a reduction for the ¥3 complete set Fin. Given an index e, construct 
the r.e. set Wo ) in stages, so that after stage s, we have the set W,,.),, and 
also a number z, which is intended to be the unique member of w ~ W,, if 
any. We assume as usual that at most one element comes into W, at any 
stage s. The construction begins with W,(.)9 = @ and ro = 0. At stage 
s +1, there are two cases. 


CASE I: If no element comes into W,, or if an element x < x, comes 
into W,, then we let 754; = x, and we put s+ 1 € Wy.),541- In this case, 
W e),s+1 = {0, 1,...,8+ 1} NS {xs}. 


Case 2: If an element x > z, comes into W,, then we put zr, € Wo (e),541 
and let ¢.41 = $+ 1; in this case Wye) 541 = {0, 1,..., 8}. 


If W, is finite, then at some stage, we obtain x, greater than every element 
of W., so that Case 1 applies at every later stage t. Thus 2; = 2, for all 
t>sandw\ Wy) = {xs}. If W. is infinite, then Case 2 applies infinitely 
often and Wy.) = w. Finally, we define a reduction of the D} set AN B to 
Sol= e+ 1) by letting Wire) = We) @ W, (2): 


(c) Observe that S(W,, W,) is finite if and only if W, is cofinite and apply 
Theorem 2.32. 
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(d) Recalling the proof of Theorem 2.38, we have a reduction f of a I§ 
complete set Ext, so that 


Pye) = {x € {0,1}” : Ye x rt} = S(Waey, Whey), 
where W,(.) = {n : ye(n) = 1} and Wy.) = {n: y(n) = 0}. Thus 
e€ Ext, = _ [h(e), g(e)] € SS(rec. nonempty) 


<=> [h(e), g(e)| € SS(nonempty, rec. nonempty). a 


We end this section with a remark about the index sets for the set of 
k-ary trees since the set of solutions of many of the recursive mathematical 
problems we consider later can be naturally coded as the set of paths through 
a k-ary tree. We note that it is easy to see that there is an effective list of 
all primitive recursive k-ary trees, Tf, T*, .... Then for any property R of 
k-ary trees, we can form the index set 


Ip.(R) = {e: T* has property R}. 


Almost all the results about g-bounded trees where g(x) = k for all z hold 
for the index sets Ip,(R). That is, [p(g-bounded) is only I} complete. Thus 
if we compare the index sets [p,(R) and the index set Ip(g-bounded & FR), 
the extra V quantifier is absorbed for index sets whose complexity is in the 
second or higher level of the arithmetic hierarchy. 


Theorem 2.50 
(i) Ipy(empty) is 5° complete, and Ip;,(nonempty) is II} complete. 
(ii) Ipy(dec) is I) complete. 


(iii) For any positive integer c, (Ip,x(>¢), Ipa(< ¢)) is (23,113) complete, 
Ipy(=c+1) is D? complete, and Ipy(=1) is I} complete. 


(iv) (Ipx(> Xo), Ipe(< Xo)) ts (ITZ, £3) complete. 
(v) (Ipz(rec. nonempty) , Ipzrec. empty)) is (&§, I$) complete. 


(vi) For any positive integer c, (Ip,(rec. > c), Ipx(ree. < c)) is (U8, IIS) 
complete, and Ip;(rec. = c) is D3 complete. 
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(vii) (Ipx(rec. < Xo), Ipx(ree. = Xo)) is (EY, II2) complete. 
(viti) Ip,4(perfect) is IIS complete. 


Proof. 


(i) Ip,(empty) is E> since by Konig’s Lemma, 
[TX] =@ <> (An) (Vo with |o| =n) (o ¢ T). 


It thus follows that [p,(nonempty) is If. 


To see that Ip,(empty) is ©° complete, we define a recursive function 
f which reduces [p;,(empty) to A’ by putting @ € Thee) and for all other 
o €{0,...,k—1}*, letting 


ae Tyce) <=> e¢ Kl, 


Then it is clear that f(e) € [p,(empty) iff e € A. Clearly f also shows that 
Ipx(nonempty) is II? complete. 


(ii) Ip4(dec) is TI° since T* is decidable iff 
(Vo € TF) (3i < k)(o7i € TE). 


The function f of part (a) shows that [p,(dec) is II? complete. 


(iii)—-(viii) For any of the properties R in parts (iii)-(viii), simply use the 
same proofs that were used to prove the complexity of [,(g-bounded & R). 0 


3 Logical Theories 


In this section, we look at the interaction between II? classes and logical 
theories. The first problem that we will consider is the problem of finding 
a complete consistent extension of a first-order logical theory. A recursively 
presented instance of a logical theory will be an axiomatizable theory, that is 
a theory with a recursively enumerable set of axioms. We will show that the 
set of complete consistent extensions of an axiomatizable theory can always 
be represented by an r.b. II? class and, vice versa, that any II? class can be 
represented by the set of complete consistent extensions of some first order 
logical theory. We will also consider the related, but simpler, problem of 
finding a consistent extension of a first-order logical theory. 
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We begin with some definitions and background on logical theories. Recall 
the arbitrary first-order effective language £ described in the Introduction. 
Let Sent (L) be the set of sentences of £. For any subset [ of Sent (£), the set 
Con (I) of consequences of I’ is the closure of [ under logical deduction and 
the set Ref ([) of refutations of P is the set of negations of the consequences 
of [. A subset T’ of Sent (£) is a first order logical theory if I’ is closed under 
logical deduction. © is said to be a set of axioms for [if f = Con(Z) and 
[ is axtomatizable if f has a recursive set of axioms. It is not hard to see 
that T° is axiomatizable if and only if [ is recursively enumerable. A theory 
is said to be decidable if it is recursive. It follows from Post’s Theorem that a 
complete axiomatizable theory is decidable. The classical result here is that 
any consistent theory has an extension to a complete consistent theory and 
follows as usual from Zorn’s Lemma. 


It is possible to trace the study of II° classes back to the discovery of 
the undecidability of arithmetic by Turing and Church (independently) in 
1936, following soon after Gédel’s incompleteness theorem. The problem 
associated with a logical theory is to find a complete consistent extension of 
that theory and the associated class is the family of all such extensions. The 
basic undecidability result is that there is no decidable, complete, consistent 
extension of Peano arithmetic. The set of all complete consistent extensions 
of Peano arithmetic may be viewed as a II? class and hence provides an 
example of a nonempty II? class with no recursive member. This led to the 
definition of an essentially undecidable theory as a theory with no decidable 
complete consistent extension. 


Now if % is any consistent complete extension of a theory [, then © 
separates the set T of consequences of [ from the set R of refutations of I’. 
A theory is said to be separable if the consequences and refutations can be 
separated by a recursive set and is otherwise said to be inseparable. Rosser 
[133] observed also in 1936 that Peano arithmetic is an inseparable theory and 
that any inseparable theory is essentially undecidable. This also provided the 
first example of recursively inseparable r.e. sets. Ehrenfeucht showed in 1961 
[47] that there are separable theories which are essential undecidable. His 
construction, using theories of propositional calculus, also shows that every 
II? class may be represented as the set of complete consistent extensions of 
a theory. 


A complete, consistent extension of Peano Arithmetic is of course just 
the the theory of some (possibly non-standard) model of Peano arithmetic. 
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The theory of Peano arithmetic is of great interest in mathematical logic, 
due in part to the connection with Gédel’s Incompleteness Theorem, and 
has been developed in the papers of Jockusch and Soare [75, 74], Knight [87], 
Marker [108] and many others. Shoenfield observed in [137] that in general, 
the family of complete, consistent extensions of an axiomatizable first order 
theory can be represented by a II? class. 


The notion of a thin II® class arose from the study of logical theories. Mar- 
tin and Pour-El [109] constructed an axiomatizable, essentially undecidable 
theory T such that each axiomatizable extension of T is a finite extension of 
T. The collection P of complete, consistent extensions of this theory T is the 
first known example of a thin I]? class. Here an axiomatizable extension S of 
T is an r.e. set and the class Q of complete, consistent, axiomatizable exten- 
sions of S$ is a II? subclass of P. In general, if the set P of complete consistent 
extensions of a theory T is a thin II? class, then each axiomatizable extension 
of T is a finite extension. The relation between thin IJ? classes and axiom- 
atizable theories was first developed in Downey’s thesis [35], which contains 
some of the results of this section. The reader is referred to Odifreddi [121, 
pp. 349-360] for further discussion of axiomatizable theories. 


In the following, the expression A{y : y € S} denotes the conjunction of 
the finite set of sentences S. 


Theorem 3.1 For any r.e. theory [ of an effective language L, both the 
class of consistent extensions of T and the class of complete consistent ez- 
tensions of T can be represented as If% classes. Furthermore, if T is a 
decidable theory, then these classes can be represented by recursive trees with 
no dead ends. 


Proof. Let £ be an effective first-order language and let S = Sent(L) 
have an effective enumeration as yo, 71,---. Then the sentence y; may 
be identified with its index 7, so that a theory [ is represented by the set 
{i : y € T}, and a class of theories is represented by a class in {0,1}¥. 
Let PF, 7; be the recursive relation of s and 7 which means that there is a 
proof of y; from [ of length s. Then the class P(I) of complete consistent 
extensions of [ may be represented by the set of infinite paths through the 
recursive tree T defined so that for any 


o =(o(0),..., a(n —1)), 


o is in T if and only if the following conditions hold. 
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(1) For any: <n, if Fy %, then o(7) = 1. 
(2) For any i,j <n, if F, 7; + 7; and o(t) = 1, then o(7) = 1. 


(3) For any 1,7,k <n, ify, = (y% & 4;), o(i) = 1 and o(j7) = 1, then 
o(k) = 1, 


(4) For any i,j <n, if o(t) = 1 and 7; = 7%, then o(j) = 0. 
(5) For any i,j <n, if y; = 77;, then either o(7) = 1 or o(j) = 1. 


Let x be an infinite path through T and let A = {y; : z(i) = 1}. Condition 
(1) ensures that [ C A, while conditions (1), (2), and (3) ensure that A is a 
theory. Condition (4) ensures that A is consistent and condition (5) ensures 
that A is complete. To represent the class of consistent extensions of I, 
simply omit the final clause (5). 

If [ is decidable, then in each case we can modify the clauses given above 
as follows to get a tree S with no dead ends which has the same class of 
infinite paths. First, combine the first three clauses into the statement: 


(1’) For anyk <n, if PF A{y:i<n & oft) =1} > %, then o(k) = 1. 
Next, replace clause (4) with 
(4’) It is not the case that Tt [A{y:i<n & a(t) =1} 4 (% & —p)]. 
It follows that for any o € S, 
TU{y:i< lol & oft) =1l}U{ayst<n & oft) =0} 


is consistent and therefore has an extension to a complete consistent theory 
['(o) which will be represented by an extension of o. Thus S has no dead 
ends. Qo 


We note that a recursively enumerable Boolean algebra L(I') (the Linden- 
baum algebra) may be associated with the theory I and the class of complete 
consistent extensions of [ may be viewed as the class of maximal filters of 
L(L). This connection will be discussed further in Section 5. 


We can now derive a number of immediate corollaries from the results of 
Section 2. Parts (i) through (v) of (a) follows from Theorems 3.6, 3.7, 3.14, 
3.12 and 3.10, respectively. 
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Theorem 3.2 
(a) For any consistent, axiomatizable first-order theory [: 


(i) T has a complete consistent extension in some r.e. degree. 


(ii) T has complete consistent extensions [T, and [2 such that any 
function recursive in both T, and [2 ts recursive. 


(iti) If T has only countably many complete consistent extensions, then 
[ has a decidable complete consistent extension. 


(iv) If T has only finitely many complete consistent extensions, then 
every complete consistent extension is decidable. 


(v) If P has no decidable complete consistent extensions, then for any 
countable sequence of nonzero degrees {a;}, [ includes a contin- 
uum of complete consistent extensions % which are pairwise Tur- 
ing incomparable and such that the degree of © is incomparable 
with each a;. 


(b) Any consistent, decidable first order theory T has a complete, consis- 
tent, decidable extension. 


Next we turn to the other direction of our correspondence, that is, rep- 
resenting an arbitrary II}? class by the set of solutions to one of our two 
problems. 


Theorem 3.3 Any r.6. II? class P can be represented by the set of complete, 
consistent extensions of an aziomatizable theory. Furthermore, this theory 
may be taken to be propositional and it also may be taken from the language 
with a single binary relation. 


Proof. We first give the proof due to Ehrenfeucht [47]. Let the language 
£ consist of a countable sequence Ay, A,,... of 0-place relations symbols, 
that is, propositional variables. For any x € {0,1}”, we can define a complete 
consistent theory A(z) for £ to be Con({C; : i € w}), where C; = A; if 
x(7) = 1 and C; = +A; if x(2) = 0. It is clear that every complete consistent 
theory of £ is one of these. Thus for any IT? class P C {0,1}”, we let want a 
theory [ such that A(P) = {A(r): x € P} is the set of complete, consistent 
extensions of I’. For each finite sequence o = (o(0),...,o0(n — 1)), let 


Py = CoACiA+--ACh_-1, where C; = A; if a(t) = 1 and C; = 7A; if o(i) = 0. 
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Let the binary tree T be given such that P = [T’]] and define the theory ['(T) 
to consist of all P, + A, such that o € T and o~0 ¢ T and all P, > 7A, 
such that o € T and o~1 ¢ T, where |o| = n. We claim that A(P) is in 
fact equal to the set of complete consistent extensions of I(T’). Suppose first 
that « € P and let Con ({C; : 1 € w}) = A(x). Now any 7 € I(T) is of the 
form P, — +A; for some o € T; say that |o| =n. There are several cases. 
If o # z[n, then A(x) F =P, so that we always have A(x) F P, > +Ay. 
Thus we may suppose that o = z[n. If 070 ¢ T, then of course x(n) = 1, so 
that C, = A, € A(x) and therefore A(x) P, > A,. Similarly, if o71 € T, 
then A(x) F P, - 7A,. Thus A(z) is a complete consistent extension of 
[(T). On the other hand, let A be a complete consistent extension of ['(T). 
Then, for each 7, we have either A + A; or AF 7A;; let C; = A; if A; € A 
and C; = 7A; otherwise. Define x € {0,1}” so that 2(7) = 1 if and only if 
AF A;. Then clearly A = A(z). It remains to be shown that x € P. Now if 
x ¢ P, then there is some n such that o = e[n+1¢T and z[n € T. Then 
P, = Co A+++ACn-1, so that At P,, and P, + 7C; € T(T), so that A is 
not consistent with [(T). This contradiction proves that A = A(z). 

This proof was modified by Jockusch and Soare in [75, p. 54] for a lan- 
guage with one binary relation R. The underlying axioms assert that F is an 
equivalence relation and that, for any n, there are either one or two equiva- 
lence classes consisting of exactly n members. The propositional statement 
A, in the proof above is replaced by the statement that there is exactly one 
equivalence class with n elements. Oo 


The representation Theorem 3.3 has a number of immediate corollaries. 


First we briefly discuss the significance of isolated and limit points and of 
thin and minimal II? classes in this context. Let be an axiomatizable theory 
and let & be a theory which is a consistent axiomatizable extension of Tf. By 
abuse of notation, let us say that the set of complete consistent extensions 
of [ is a II? class, denoted by P(I) and likewise for ©. Then P(X) is a 
II? subclass of P(T). Thus if P(L) is thin, then P(X) is a relatively clopen 
subclass of P(T'), so that & is a finitely generated extension of [. Let us 
explain this further. Given that P(%) is a relatively clopen subclass of P(T), 
let U = I(o,)UI(o2)U---Ul(o,%) be a clopen set such that P(X) = P(T)NU. 
For each 2, let R; = P,,, as defined above. Let A= R, VR, V---V Ry. Then 
it is clear that, for any A, 


A € P(%) if and only if A€ P(T) and AE A. (*) 
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It follows that Si is generated by TU{A}. Since any consistent set of sentences 
can be extended to a complete consistent theory, we see that for any sentence 
y and any set A of sentences y, A + ¥ if and only if y € A for every 
complete consistent extension A of A. Clearly if TU {A} 7, then EF y¥, 
since A € ©. On the other hand, if © - y, then y € A for every A € 
P(S). It follows from (*) that y € A for every A € P([ U {A}), so that 
[Tu {A} + 7. An axiomatizable theory I with this property (that every 
consistent axiomatizable extension of I is finitely generated) is said to be a 
Martin-Pour-El theory. This generalizes the original notion of Martin and 
Pour-El [109], where such theories are assumed to be essentially undecidable. 
It was shown by Downey, Jockusch and Stob [41] that the set of r.e. degrees 
containing essentially undecidable Martin—Pour-El theories is precisely the 
a.n.r. degrees. 


If P(T’) is minimal, then either P(S) is finite or else P(T) \ P(*) is finite. 
If the complete consistent extension A of T is isolated in P(I'), then {A} is 
a relatively clopen subset of P([), so that A is a finitely generated extension 
of [ as above. 


Parts (i) through (viii) of the next theorem follow from Theorems 3.8, 
3.9, 3.16 and 3.20. 


Theorem 3.4 


(i) There is a consistent axiomatizable first-order theory T which has no 
recursive consistent complete extension. 


(ii) There is a consistent axiomatizable first-order theory T° such that any 
two distinct complete consistent extensions of 1 are Turing incompa- 
rable, where distinct means having infinite symmetric difference (in the 
Lindenbaum algebra). 


(ii) Jf ais a Turing degree and 0 <p a <r 0’, then there exists a consistent 
aziomatizable first-order theory T such that T has no complete consts- 
tent extension of degree a and has no decidable complete consistent 
extension. 


(iv) There is a consistent aziomatizable first-order theory [ such that if a 
is the degree of any complete consistent extension of I and b is an r.e. 
degree with a <r b, then b= 0’. 
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(v) If c is any r.e. degree, then there exists a consistent aziomatizable first- 
order theory T such that the set of r.e. degrees which contain complete 
consistent extensions of T equals the set of r.e. degrees >7 c. 


(vi) There is a consistent axiomatizable first-order theory T such that if A 
is a complete consistent extension of T with A <7 0’, then there exists 
a nonrecursive r.e. set A such that A <7 A. 


(vii) For any degree a such that either a <7 0' or O' <pa <7 O" such that a 
is comparable with 0’, there exists a consistent first-order aziomatizable 
theory [ with a complete consistent extension A of degree a such that A 
is the unique undecidable complete consistent extension of T and such 
that any other complete consistent extension of T ts finitely generated. 


(viii) There is a Martin-Pour-El theory ! with a complete consistent exten- 
sion A of degree 0’ such that A is the unique undecidable complete 
consistent extension of 1, such that any other complete consistent ez- 
tension of T is finitely generated, and such that for any aziomatizable 
extension & of [, either there are only finitely many complete consis- 
tent extensions of % or else all but finitely many complete consistent 
extensions of T ertend X. 


We next consider the special case of II° classes with no dead ends. 


Theorem 3.5 Let T be a highly recursive tree with no dead ends and let 
P = {T]. Then there is a decidable theory T and an effective one-to-one 
correspondence between the complete consistent extensions of T and P. 


Proof. This follows from the proof of Theorem 3.3. We claim that if the tree 
T has no dead ends, then the resulting theory ['(T) is a decidable theory. 

Let a sentence y = y(Ao,..., An-1) of the language £ be given. We 
claim that [(T) + y if and only if A{P, Fy: a0€T & |o| =n}, that is, 
if and only if P, + y for all o € T with |o| = n. This claim clearly implies 
that I'(T) is decidable. 

Recall first from the proof of Theorem 3.3 that [(T) + y if and only if 
A(x) y for every z € [T]. 

We argue by the contrapositive. Suppose first that ['(T) / y. Then there 
issome x € [T] such that A(x) + 77. Since y only depends on Ap, ... , An-1, 
it follows that P, Fk ~y, where r = z[n € T. Thus P,  ¥ is clearly false, 
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making it also false that A{P, }y:0€T & |o| =n}. Suppose next that 
MiPo }y:0€T & |o| =n} is false. Then P, | ¥ is false for some fixed 


7 €T, which means that P, - -y (since y depends only on Ap, ... , An-1). 
Since T has no dead ends, there is some z € P such that r ~ z and therefore 
A(z) 77+. It follows from the remark above that ['(T) '/ y. Oo 


We can now apply Theorem 3.20 (a) to obtain the following. 


Theorem 3.6 There is a decidable Martin-Pour-El theory [T with a com- 
plete consistent extension A such that A is the unique undecidable complete 
consistent extension of T, such that any other complete consistent extension 
of T is finitely generated, and such that for any axiomatizable extension & 
of I’, etther there are only finitely many complete consistent extensions of Si 
or else all but finitely many complete consistent extensions of T extend %. 


We will now consider the notion of index sets for axiomatizable theories. 
Since an axiomatizable theory f C {yo, 71, ...} may be identified with the 
recursively enumerable set {i : y; € '}, we will let [. = {y;, : 7 € W.} be the 
e-th set of axioms. Thus, whenever I, is closed under implication, I, will be 
the e-th axiomatizable theory. 


We will apply the results of Section 2.7 on index sets of II? classes. 


Theorem 3.7 


(a) Cons = {e: IT. ts consistent } 
= {e: IT, has a complete consistent extension} is a II? complete set. 


) Theor = {e: T. is a theory} is a I} complete set. 
) Theor, = {e € Theor: T, is a consistent theory} is a II} complete set. 
d) Cmpl = {e:T. is a complete consistent theory} is a II} complete set. 
) 


{e € Theor, : T. has a decidable complete consistent extension} is a 
x3 complete set. 


Proof. 
(a) Cons is a II set, since 


e€ Cons <=> (Vs) 7[A{y 27 € Wes} > (90 A 770)]- 
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For the completeness, we define a reduction of w \ K to Cons by choosing 
a fixed propositional sentence A (or in general any sentence such that 7A is 
consistent by itself) and defining 


Pyaay = {PA} U {ye :a EW, & (An < €)(Ye = AL A)}. 


Then if a ¢ KY, we have I'y(g) = {>A}, whereas if a € A, then T'y(q) con- 
tains -A together with a sentence logically equivalent to A and is therefore 
inconsistent. 

(b) Theor is a IQ set since 


e€ Theor <= > (Vk)(Vs) [(A{¥i 2 7 € Wes} 9 yx) 2k EW). 


For the completeness, we give a reduction of Inf to Theor, using the re- 
stricted language with a single propositional variable A. Then we define a 
recursive function f such that 


Trey ={n:(an)[new. &i<n & At yj}. 


Ife € Inf , then 'y(-) = Con ({A}) and is a theory. If e ¢ Inf , choose n so 
that me We. > m <n. Then l'yy C {yo,.-- , Yn} and is thus finite. It 
follows that T’s(-) is not closed under deduction, since, for example, there are 
infinitely many iterated conjunctions of A which are all implied by A. This 
proof uses only the fact that there are infinitely many consequences of any 
given sentence and so applies to any nonempty language. 


(c) Theor, is a I} set, since Theor; = Theor N Cons. For the complete- 
ness, we note that the reduction f given above for Theor always produces a 
consistent set when e € Inf . 


(d) Cmpl is a IT} set, since 
e€ Cmpl <> e€ Theor, & (Vi,7) [yj = 77 > CE WV GE W.)I. 


For the completeness, we note that the reduction given above for Theor 
produces a complete consistent theory when e € Inf. For an arbitrary 
language, we modify the the argument above as follows. Let I be a fixed 
complete consistent recursive theory. (This can be obtained as the theory 
of a trivial recursive model, with universe w, all constants interpreted as 
zero, all functions interpreted as the constant zero function, and all relations 
interpreted as true.) Then we define a recursive function f such that 


Tye = {% ET: (an) [new. & i< nif. 
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(e) Theor2 is a $ set, since 
e€ Theor, <=> (da){a€ Rec & aE Cmpl & W. CW). 


For the completeness, we define a reduction of [p(g~bounded, rec. nonempty) 
to Theor, where g(x) = 2 for all z and apply Theorem 2.36. Observe that 
either of the proofs given above in Theorem 3.3 are uniform and let T';.) 
be the logical theory such that the class of complete consistent extensions 
of I'y(~) represents the II? class of sets P,. (If T, is not a subset of {0,1}<”, 
then we ensure that f(e) ¢ Theor, by putting y; € I's.) for any 7 such that 
some a € T, with |o| <7 and with some o(t) > 1.) Then P, has a recursive 
member if and only if 'y;.) has a decidable, complete, consistent extension. 


Thus 
e € Ip(g-bounded, rec. nonempty) <=> f(e) € Theoro. 


(For an arbitrary language, simply make all the functions and all the 
other relations trivial.) o 


Next we consider index sets of decidable theories where we index a theory 
by the index of the total function which is its characteristic function. Give a 
total recursive function ye. from w to {0,1}, let A. = {y: ye(y) = 1}. 


Theorem 3.8 
(a) Cons* = {e: pe € {0,1}” & A, is consistent} 
= {e: A. has a complete consistent extension } 
= {e: A. has a decidable, complete consistent extension} 


is a II} complete set. 
(b) Theor* = {e: y. € {0,1}* & A, is a theory} is a IIS complete set. 


(c) Theor, = {e € Theor : T. is a consistent theory} is a II} complete 
set. 


(d) Cmpl* = {e: I. is a complete consistent theory} is a I$ complete set. 


(e) Th) = {e € Theor, :T. has a decidable complete consistent extension } 
is a D3 complete set. 
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Proof. 


(a) Cons* is a II} set, since e € Cons™* iff 
e€ Tot & (Vi) ye(i) < 2 
& (Ws) A[A{yi :i<a & YE Ac} 4 (WA )]- 


For the completeness, we define a reduction of Tot to Cons* by restricting to 
a language with a single fixed propositional variable A. First there is a total 
recursive function g such that given any partial recursive function Ye, Yg(e) 
is a partial recursive function such that for all x, y,(e)(z7) 1 — > ye(x) L 
and if y-(x) |, then Yqe)(z) = min(1, y-(x)). Then define ys(a)(e) = 1 if and 
only if Ygay(e) | and AF y. Thus if a ¢ Tot, then yy(a) ¢ Tot, so that 
e¢ Cons*. Ifa € Tot, then yyja) € Tot and Ayia) = Con({A}) and hence 
is consistent. 


(b) Theor* is a II§ set since e € Theor* iff 
e€ Tot & (Wk)(Ws) [(A{yi: i < 5,0 € Ae} + yn) ak € AL]. 


For the completeness, we give a reduction of Tot to Theor*. Let A bea fixed 
complete, consistent decidable theory and let g be a {0,1}-valued recursive 
function so that 4; € A if and only if g(2) = 1. Then we define a recursive 
function f such that ys(e)(?) = g(2), if ve(i) is defined. Thus Aye) = A if 
e€ Tot and yf.) is not total, otherwise. 


(c) Theory is a II} set, since Theor} = Theor*M Cons*. For the complete- 
ness, we note that the reduction f given above for Theor always produces a 
consistent set when e € Tot. 


(d) Cmpl* is a If set, since 
e€ Cmpl* <> € € Theor} & (Vi,j) fy = 7% > (% € Ae V9 € Ae). 


For the completeness, we note that the reduction given above for Theor 
produces a complete consistent theory when e € Inf. Qo 


Moreover, the reductions given in Theorems 3.1 and 3.3 allows us to 
translate index set results for binary trees to index set results for r.e. theories. 
For example, parts (iii)-(vii) of Theorem 2.50 become the following results. 
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Theorem 3.9 
(a) For any positive integer c, 


({e :T. has > c complete consistent extensions} , 
{e:T. has < ¢ complete consistent extensions} ) 


is (X93, IIS) complete, 


{e: T. has =¢+1 complete consistent extensions} is D? complete, 
and 


{e:T. has =1 complete consistent extensions} is TIS complete. 


(b) ({e: I. has > Xo complete consistent extensions} , 


{e: T, has < Xo complete consistent extensions} ) 
is (I$, 53) complete. 


(c) ({e: TP. has a complete decidable consistent extension} , 


{e: PT. has no complete decidable consistent extensions} ) 
is (43, II§) complete. 
(d) For any positive integer c, 


({e :T. has > ¢ complete decidable consistent extensions} , 

{e :T, has < ¢ complete decidable consistent extensions} ) 
is (U3, II§) complete, and 
{e: Te has = complete decidable consistent extensions} is D$ com- 
plete, 


(e) ({e:T. has < Xo complete decidable consistent extensions} , 


TH, = {e: IT. has = Xo complete decidable consistent extensions}) 
is (X$, HY) complete. 


This sort of transfer of index sets results holds for many of the exam- 
ples that follow. For the most part, we will not state these type of results 
explicitly. 
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4 Nonmonotonic logic 


In this section, we shall show how II? classes arise naturally in the setting 
of nonmonotonic logics. In fact, nonmonotonic logic is one of the few ar- 
eas where all three types of II® classes, arbitrary, bounded, and recursively 
bounded, arise in a natural manner. Nonmonotonic logics arose in attempts 
to formalize several forms of common sense reasoning. These systems include 
the default logic of Reiter [126], the nonmonotonic modal logics of McDer- 
mott and Doyle [99, 98], the stable semantics of general logic programs [59], 
and the answer sets semantics for logic programs with classical negation [60]. 

Classical logic, which we considered in the previous section, is monotonic 
in that a deduction from a set of premises remains valid for any larger set 
of premises. Minsky [113] suggested that there is another sort of reasoning 
which is not monotonic. This is the reasoning in which we deduce a statement 
based on the absence of any evidence against the statement. Such statements 
are in the category of beliefs rather than in the category of truths. Common 
sense or even scientific reasoning forces one to make assumptions without 
complete information. New information may naturally lead to the rejection 
of previous beliefs. 

Tarski [146] characterized monotonic formal systems by means of mono- 
tonic rules of inference. Such systems include intuitionistic logic, classical 
logics, modal logics, and many others. Suppose that a nonempty set U is 
given. In a particular application U may be the collection of all formulas of 
a propositional or first order logic, of all legal strings of a formal system, or 
of all atomic statements as in logic programming. 

A monotonic rule of inference is atupler = (P,y) where P =(a1,... ,Qn) 
is a finite (possibly empty) list of objects from U and ¢ is an element of U. 
Such a rule r is usually written in the suggestive form 
Qy, +--+, An 

ie) 
We call a1,... ,Qn the premises of r, and y the conclusion of r. 


Definition 4.1 


(a) A monotonic formal system is a pair (U,M) where U is a nonempty 
set and M is a collection of monotonic rules. 


 —— 


(b) A subset S C U is called deductively closed over (U, M) if for all rules 


— Oy e+ On 
2) 


EM, m,..., Qn € 5S implies y € S. 
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Inspired by Reiter [126], and Apt [5], Marek, Nerode, and Remmel devel- 
oped a theory of nonmonotonic rule systems [102, 103, 104, 105, 106, 107]. 
Nonmonotonic rule systems are simple algebraic structures which formalize 
the notion of nonmonotonic reasoning. Moreover there are simple transla- 
tions between nonmonotonic rule systems and each of the nonomonotonic 
formalisms listed above which show that theorems established for nonmono- 
tonic rule systems immediately transfer to corresponding results for each of 
these nonmonotonic logics. 

A nonmonotonic rule system is a pair (U,N) where a nonempty set U 
and a set N of nonmonotonic rules. A nonmonotonic rule of inference is a 
triple P, R,c), where P = {a,,..., an}, R= {by,..., bm} are finite lists of 
objects from U and c € U. Each such rule is written in form 


Oi ess Of a oas 5 Dig 


i 
c 

Here a,,..., @, are called the premises of rule r, and b,, ... , bm are called 
the restraints of rule r. Either P, or R, or both may be empty. If R is 
empty, then the rule r is monotonic. If P = G = @, then the rule r is called 
an axiom. The set {a,,...,a,} is denoted by p(r), the set {b1,..., bm} is 
denoted by R(r), and c is denoted by c(r). The intuitive idea of the non- 
monotonic rule r is that c is supposed to hold if we have established that 
@,,..., 4, are true and there is no evidence that any of b;,..., 6, have 
been established. 

A subset S C U is called deductively closed if for every rule r of N, 
whenever all premises a), ..., a, of r are in S and no restraint b;,... , bm 
of r is in S, then the conclusion c of r belongs to S. 

In a monotonic rule system, the family of deductively closed sets is closed 
under arbitrary intersections, so that for every J C U there is the least set 
T(Z) such that J C T(J) and T(J) is deductively closed. The operator T is 
monotone, meaning that J C J implies that T(/) C T(J). For first order 
logic, T(1) = Con (J). In nonmonotonic systems, the deductively closed sets 
are not generally closed under arbitrary intersections. But the deductively 
closed sets are closed under intersections of descending chains. Since U is 
deductively closed, by the Kuratowski-Zorn Lemma, any / C U is contained 
in at least one minimal deductively closed set. 

Given a set S and an J C U, an S-deduction of c from I in (U,N) is a 
finite sequence (cy, ... , c,) such that c, = cand, for all 7 < k, each ¢; is in J, 
or is an axiom, or is the conclusion of a rule r € N such that all the premises 
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of r are included in {c,, ... , cj} and all restraints of r are in UX S. An 
S'-consequence of I is an element of U occurring in some S—deduction from I. 
Cs(J1) is defined to be the set of all S-consequences of J in (U, N). 


Note that a monotonic rule system can be viewed as a special case of a 
nonmonotonic rule systems where all the rules are monotonic. In a monotonic 


system, Cs(I) = T(J) for any subset S of U. 


For a fixed S, the operator C’s( - ) is monotonic. That is, if J C J, then 
Cs(I) € Cs(J). Also, Cs(Cs(1)) = Cs(I). However, Cs( - ) is antimonotonic 
in S, that is, for fixed J, S’ C S implies that Cs(I) C Cs:(J). 


Generally, Cs(J) is not deductively closed in (U, N). It is perfectly pos- 
sible to have all the premises of a rule be in Cs(J/), all the restraints of that 
rule be outside Cs(/), but a restraint of that rule be in S, preventing the 
conclusion from being put into Cs(J). 


A set S is said to be an eztension of I in (U, N) if Cs(1) = S. Thus ina 


monotonic rule system, the only extension of J is T(J). 


We list below some basic properties of extensions. 


Proposition 4.2 
(a) If S is an extension of I, then: 


(i) S is a minimal deductively closed superset of I. 
(ii) For every I’ such that IC I’C S, Cs(I')=S. 


(b) The set of extensions of I forms an antichain. That is, if S1,S2 are 
extensions of I and S, € So, then S; = So. 


With each non-monotonic rule r, we associate a monotonic rule obtained 
from r by dropping all the restraints. The rule r’ is called the projection of 
tule r. We write M(S) for the collection of all projections of all rules from 
N(S). The projection (U,N) |s is the monotonic rule system (U, M(S)). 
Thus (U, N) |s is obtained as follows: First, non~S~applicable rules are elim- 
inated. Then, the restraints are dropped altogether. We have the following 
characterization theorem. 


Theorem 4.3 A subset S CU is an eztension of I in (U,N) if and only if 
S is the deductive closure of I in (U,N) |s. 
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Based on Theorem 4.3, we can give an intuitive explanation of the notion 
of extension for a nonmonotonic rule system. That is, one way to view an 
extension is that it represents a justifiable internally consistent set of beliefs 
given the rules of the system. The idea is to view the nonmonotonic rules 
of the systems as rules of thumb. One then asserts a certain set of beliefs 
B. Given B we eliminate all the rules which are not consistent with B, i.e., 
all those rules r such that R(r)N B #4. Then B is a justifiable internally 
consistent set of beliefs if we can derive everything in B from the rules that 
are left. On a more practical level, Theorem 4.3 tells us how to test if a 
collection S C U is an extension of J in (U,N). 

A simple construction allows us to consider only extensions of the empty 
set. In fact, if S is a nonmonotonic rule system, and J C U, then the system 
S(I) arises from S and I by adding to N all the rules of the form — 


all t¢ € J. We then have: 


for 


Proposition 4.4 T is an extension of I in S if and only if T is an exten- 
sion of @ in S(I). 


We next introduce briefly some of the nonmonotonic logical systems men- 
tioned above and show how each can be coded into nonmonotonic rule sys- 
tems. 


4.1 Default Logic 


Default Logic is a system based on the language L of propositional logic. A 
default rule has the form 
a: MB,,..., MG, 
y ? 


where a, 2,,..., 8%, y are formulas of £. Following Reiter [126], a default 
theory is defined as a pair (D,W) where D is a set of default rules and W is 
a set of formulas of L. 

A theory S is said to be an eztension of (D,W) if for all rules r € D as 
above, ifa € S and 7G; ¢ S for all 2, then 7 € S. 

(D, W) may be interpreted as a nonmonotonic rule system as follows. For 
every default rule r as above, construct the following nonmonotonic rule d,. 


Qa io7 dnl Bugs 
d, = fi, ? Br 
y 
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Next, for every formula w € £, define the rule 


: ae 
ve 
and for all pairs of formulas y;, x2 define 
Xt, X12 X2° 
™MPx1,x2 Pe ae 
X2 


Now define the set of rules Np w as follows: 
Now = {d,:r € D} 
U{dy: 2 EW or pis a tautology} U {mp,, x. 2X1) X2 € L}. 


It was shown in [102] that a set of formulas S is a default extension of 
(D,W) if and only if S is an extension of the nonmonotonic rule system 
(U, Np,w). 


4.2 Nonmonotonic modal logics 


McDermott {98] introduced a technique which allows one to create nonmono- 
tonic counterparts of various modal logics. The modal language £, has one 
modal operator L, interpreted as necessitation, knowledge, or belief. Given a 
modal logic S, McDermott defined a consequence operator Cn, which allows 
for application of necessitation to all previously proven formulas, not only to 
the the axioms of S. 

Now, given a set of formulas T C £ and another set of formulas J, inter- 
preted to be the initial assumptions of the reasoning agent, a theory T is 
called an S-expansion of I if 


T = Cn, (IU {-Ly:: bE T}). 


The set of formulas {Ly : » ¢ T} represents the so-called “negative intro- 
spection with respect to T”. The modal logic S may be simulated as a 
nonmonotonic rule system as follows. The universe U will be as before the 
set of all well formed formulas of the language Cz. 

For every formula ~ € Ly we consider a rule: 


cig 
omy ie 
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Now, given a theory / (the set of initial assumptions) in a modal logic S, 
and a theory T C Ly consider the following set of rules 


Nrs = {dy i bE SJU fey: € Le} U {mpyy xe 2 X15, X2 € La} 
U{dy: wb € I}U {dy : Wp is a tautology of Ly} 


It may then be seen that T is an S-expansion of J if and only if T is an 
extension of the nonmonotonic rule system (U, Nz,s). 


4.3 General logic programming 


General logic programs extend the usual syntax of (Horn) logic programs by 
admitting negated atoms in the body of clauses. Specifically, a general clause 
is an expression of the form: 


C=] pS O14 se Ode OT eee ss 9 OP AS 


Here we only assume that m > 0 and n 2 0 so that the usual logic program- 
ming clauses are special cases of general clauses. General clauses possess the 
logical interpretation: 


HA+**-AgGmA7M A+++ AT, D p. 


As long as we are interested in Herbrand models of general programs, 
we can consider the propositional theory ground (P) consisting of all ground 
substitutions of clauses of P. While P is usually finite, ground (P) may 
be infinite if P contains function symbols. There is of course a one-to-one 
correspondence between Herbrand models of P and propositional models of 
ground (P). 

As is the case for (Horn) logic programming, not every model of the pro- 
gram has a clear computational meaning. Some models of a general program 
provide a computationally sound meaning to negation. We shall discuss here 
only the stable models of Gelfond and Lifschitz [59] since stable models are 
most naturally modeled by extensions of nonmonotonic rule systems. 

Given a subset M of the Herbrand universe, and a clause C’ as above in 
ground (P), we define C™ as nil if r; € M for some 1 < j < n. Otherwise 
CM=peaq,.--; 4m. Then we put 


PM — {C™ -C € ground (P)}. 
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Since P™ is a Horn program, it possesses a least Herbrand model, Nyy. Then 
we call M a stable model of P if M = Ny. It is easy to see that a stable 
model of P is a model of P. The stable models of logic programs may be 
encoded as extensions of nonmonotonic rule systems as follows. The universe 
of all our system, U, will be the Herbrand base of the program. Next, to 
every general propositional clause C' as above, assign the rule 
— Goss) Gm 2 My see Pa 
Pp 

Now, given the program P, define 

Np = {ro:C € ground (P)}. 


Then M is a stable model of P if and only if M is an extension of the 
nonmonotonic rule system (U, Np). 


4.4 Proof Schemes 


We now return to studying the complexity of the set of extensions of non- 
monotonic rule systems. The basic notion used to analyze the Turing com- 
plexity of the set of extensions of nonmonotonic rule systems is that of a 
proof scheme. 

A proof scheme sg is a finite sequence of triples 


((e1, T1, Zi) port yg (Ca, Try Zn)) 

where (1, ,...,¢€n €U,r1,...,1m € N, Z,..., Zp are finite subsets of U 
such that for alll <7 <n, 

(1) « =e(ri), Z; = R(r1) and p(r1) = @ 

(2) For 7 > 1, prj) © fer, sex sejar}y ely) = and Z; = Za, U R(r;): 

(3) cn is the conclusion of s and is denoted by cln(s). Z, is called the 

support of s and is denoted by supp(s). 

Clearly an initial segment of a proof scheme is also a proof scheme. 

Notice that the support of a proof scheme s, Z,, has the property that 
for every set S such that SM Z, = @, the sequence (c1,..., ¢n) is an S- 
derivation. Conversely if (c;,...,¢n) is an S-derivation, then there is a 
proof scheme 

SS ((e1,71, Z) peeeyg Coat eae Zn) 
such that Z, 1S = @. 
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There is a natural preordering on proof schemes. Namely, s; ~< s2 if and 
only if every rule appearing in s,; appears in s2 as well. The relation ~ is not 
a partial ordering but it is well-founded. We can thus talk about minimal 
proof schemes for a given element c € U. Intuitively, a minimal proof scheme 
carries the minimal information necessary to derive its conclusion. Since the 
support of every proof scheme is finite, the negative information carried in 
such a proof scheme is finite. 


Proof schemes can be used to characterize extensions. We say that a set 
S admits a proof scheme s if supp(s) N.S = @. We then have the following 
characterization of extensions. 


Proposition 4.5 Let S = (U,N) be a nonmonotonic rule system. Let 
S CU. Then S is an ertension of S if and only if the following conditions 
are met: 


(a) If s is a proof scheme and S admits s, then c(s) € S. 


(b) Whenever a € S then there exists a proof scheme s such that S ad- 
mits s. 


It is easy to see that we can restrict to minimal proof schemes in Propo- 
sition 4.5. 


4.5 II? Classes and extensions 


We now give the basic results from {102, 103, 104, 106] on the complexity of 
extensions in recursive nonmonotonic rule systems. 

The canonical index, can(X), of the finite set X = {21 <---<a,} Cw 
is defined as 2"! + ---+4+ 27" and the canonical index of @ is defined as 0. Let 
D, be the finite set whose canonical index is k, i.e., can(D,) = k. 

Let (U, N) be a nonmonotonic rule system where U C w. We shall identify 
a rule r with the code of a triple (k, 1, ~) where Dy = p(r), and D; = R(r), 
y =c(r). In this way we can think about N as a subset of w as well. This 
given, we then say that an NRS S = (U,N) is recursive if U and N are 
recursive subsets of w. 


There are two important subclasses of recursive NRS’s introduced in [104], 
namely locally finite and highly recursive nonmonotonic rules systems. We 
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say that the system (U, N) is locally finite if for each c € U, there are only 
finitely many <-minimal proof schemes with conclusion c. Given a proof 
scheme for c, $s = (¢1,71, 21), --- , (Cn; Tn; Zn)), the code of s, c(s), is defined 
by 

ets) = (lenis 21) ose os (tae ea 


If (U, N) is a locally finite recursive nonmonotonic rule system and c € U, 
we let Dr, denote the set of codes of all ~—minimal proof schemes for c. We 
say that (U,N) is highly recursive if (U,N) is recursive, locally finite, and 
the map c+ can(Dr,) is partial recursive. The latter means that there is an 
effective procedure which, when applied to any c € U, produces a canonical 
index of the set of all codes of <~-minimal proof schemes with conclusion ec. 


The following results are due to Marek, Nerode, and Remmel [104]. 


Theorem 4.6 For any highly recursive NRS system S = (U,N), there is 
a highly recursive tree Ts such that there is an effective one-to-one degree 
preserving correspondence between [Ts] and E(S). 

Vice versa, for any highly recursive tree T, there is a highly recursive 
NRS system Sp = (U,N) such that there is an effective one-to-one degree 
preserving correspondence between [T] and E(Sr). 


Theorem 4.7 For any locally finite recursive NRS system S = (U, N), there 
is a finitely branching recursive tree Ts such that there is an effective one- 
to-one degree preserving correspondence between [Ts] and E(S). 

Vice versa, for any highly recursive tree T in 0’, there is a locally finite 
recursive NRS system Srp = (U,N) such that there is an effective one-to-one 
degree preserving correspondence between [T] and E(Sr). 


Theorem 4.8 For any recursive NRS system S = (U,N), there is a re- 
cursive tree Ts such that there is an effective one-to-one degree preserving 
correspondence between [Ts] and E(S). 

Vice versa, for any recursive tree T, there is a recursive NRS system 
Sr =(U,N) such that there is an effective one-to-one degree preserving cor- 
respondence between [T| and E(Sr). 


As usual, we can immediately derive a number of corollaries about the 
complexity of the set of extensions of a recursive nonmonotonic rule systems 
by transferring known results about II?-classes. For example, for recursive 
nonmonotonic rule systems, we have the following results, see [104]. 
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Corollary 4.9 


(a) Every recursive NRS system S = (U,N) which has an extension has an 
extension E such that E <r B where B is a complete IL}-set. 


(b) If S = (U,N) is a recursive NRS system with a unique extension E, 
then E is hyperarithmetic. 


Corollary 4.10 


(a) There is a recursive NRS system S = (U,N) such that S has an ezxten- 
ston but S has no extension which is hyperarithmetic. 


b) For each recursive ordinal a, there exists a recursive NRS system S = 
Y: 
(U, N) possessing a unique extension E such that E =r 0°). 


Corollary 4.11 Let S = (U,N) be a highly recursive nonmonotonic rule 
system such that E(S) #@. Then, 


(a) There erists an extension E of S such that E is low. 


(b) If S has only finitely many extensions, then every extension E of S is 
recursive. 


In the other directions, there are a number of corollaries of Theorem 4.6 
which allow us to show that there are highly recursive NRS systems S such 
that the set of degrees realized by elements of E(S) are still quite complex. 
Again all these corollaries follow by transferring results of Section 2. 


Corollary 4.12 


(a) There is a highly recursive nonmonotonic rule system (U, N) which has 
2%o extensions but has no recursive extensions. 


(b) There is a highly recursive nonmonotonic rule system (U, N) such that 
(U,N) has 2%° extensions and any two extensions E, # Ey of (U, N) 
are Turing incomparable. 


(c) There is a highly recursive nonmonotonic rule system (U,N) such that 
(U,N) has 2% extensions and if a is the degree of any extension E of 
(U,N) and b is any recursively enumerable degree such that a <r b, 
then b =F 0’. 
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(d) If a is any recursively enumerable Turing degree, then there is a highly 
recursive nonmonotonic rule system (U, N) such that (U, N) has 2% ex- 
tensions and the set of recursively enumerable degrees b which contain 
an extension of (U, N) is precisely the set of all recursively enumerable 
degrees b > a. 


Finally, we note that there are analogues of Corollaries 4.11 and 4.12 
which hold for recursive locally finite nonmonotonic rule systems. That is, 
one can replace highly recursive nonmonotonic rule systems by recursive 
locally finite nonmonotonic rule systems if one replaces all the statements 
about degrees of extensions by the corresponding statement relative to an 0’ 
oracle. For example, the analogue of part (1) of Corollary 4.11 is that every 
recursive locally finite nonmonotonic rule system S such that E(S) # @ 
has an extension FE such that the jump of E£ is recursive in 0”, while the 
analogue of (1) of Corollary 4.12 is that there exists a recursive locally finite 
nonmonotonic rule system (U, N) which has 2%° extensions but which has no 
extension which is recursive in 0’. Moreover, we can weaken the hypothesis of 
locally finite and highly recursive slightly and still derive the same theorems. 
That is, we say that a recursive nonmonotonic rule system (U, N) has the 
finite support property if for each c € U, the set of supports of all <—minimal 
proof schemes of c is finite. It is possible for a c € U to have infinitely many 
~<-minimal proof schemes with the same support so that not every recursive 
nonmonotonic rule system with the finite support property is locally finite. 
Similarly, we say that a recursive nonmonotonic rule system (U, N) which 
has the finite support property has the recursive finite support property if 
there is an effective algorithm which given any c € U, produces the canonical 
index of the set of canonical indices of the supports of all the <—minimal 
proof schemes of c. See [106] for further details. Finally there are complete 
analogues of all the results of this section which apply to finite predicate logic 
programs or finite predicate logic default theories, see Section 4.7. 


4.6 Extended Nonmonotonic Rule Systems 
An extended nonmonotonic rule system permits rules of the form 


Q1,---,Am : Z 


where a1,...,€@m €U, ZCU,cEU. 
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Ferry {50, 51] proved that many properties of nonmonotonic rule systems 
generalize to such extended nonmonotonic rule systems. 

If Z is a recursive set, then it may be coded by e such that y, = yz. 
Then the rule above may be coded by a quadruple c(r) = [k, e, h, c] such 
that k codes the finite set {a,,..., ad,} and h = 2+ max(Z) if Z is finite, 
h = 0 if Z is infinite. 


If S = (U, N) is an extended monotonic rule system with U C w, then the 
pair (S, C(N)) is said to be a recursive extended nonmonotonic rule system 
if U is a recursive subset of w and C(N) is a recursive set of codes for rules 
in N containing precisely one code for each rule r. 

Proof schemes for recursive extended nonmonotonic systems are defined 
as before and may be coded using the codes for rules given above. (S , C(N)) 
is locally finite if for every a € U there are finitely many <-minimal proof 
schemes in S with conclusion a. We let Dr, denote the set of all codes 
of <-minimal proof schemes for a in S. Then we say that (S,C(N)) is 
a highly recursive ENRS if (S,C(N)) is a locally finite ENRS and the map 
at» can(Dr,) is partial recursive. 

The expressive power of recursive extended nonmonotonic rule systems is 
shown by the following theorems from [107]. 


Theorem 4.13 Let T be a recursive tree, T C w<”. Then there is a highly 
recursive ENRS (S,C(N)) where S = (U,N) such that there exists an ef- 


fective, one-to-one, degree-preserving correspondence between E(S) and the 
set [T]. 


Theorem 4.14 Let (S,C(N)) be a recursive extended nonmonotonic rule 
system where S = (U,N). Then there is a recursive tree T C w<” and a pair 
of indices e and f such that 


(a) for any t € [T], yt = xz, (where E, ts an extension of S and 
E, <r 7), and 


(b) for any extension E of S, ge = Xn.) where te € [T] and wg <r E' 
(where E" is the jump of E). 
Moreover for all E € E(S), E,, = E, and for all x € [T], me, = 7. 
Note that all our theorem says is that EF +> 7g is an effective, one-to- 
one correspondence between €(S) and [T] but it only satisfies the inequality 


E <r tg <r E’ rather than tg =r E as in the effective one-to-one degree 
preserving correspondence constructed in Theorem 4.13. 
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This still implies most of the results one would get from the stronger 
equivalence. For example, if (U,N) has a unique extension EF, then EF is 
hyperarithmetic. 

Our final result will show that Theorem 4.14 cannot be strengthened to 
ensure that for any recursive ENRS S = (U, N), there exists a recursive tree T’ 
and an effective, one-to-one degree-preserving correspondence between E(S) 
and [T] (as is the case of Theorem 4.8 for nonmonotonic rule systems). 


Theorem 4.15 There exists a recursive extended nonmonotonic rule system 
S = (U,N) such that there is no recursive tree T C w<” such that there is an 
effective one-to-one degree-preserving correspondence between E(S) and [T]. 


4.7 Predicate Logic Programs 


We end this section with an extension of the results of the previous section 
to finite predicate logic programs. In this setting, we get a perfect corre- 
spondence between II® classes and the set of stable models of finite predicate 
logic program. That is, given any finite predicate logic program P, there is 
a recursive tree Tp such that there is an effective one-to-one correspondence 
between the set of stable models of P and the paths through Tp. Vice versa, 
given any recursive tree T, there is a recursive program Py such that there is 
an effective one-to-one correspondence between the set of stable models of Pr 
and the paths through T. Moreover under these correspondences, bounded 
trees correspond to a natural set of finite predicate logic programs called 
finite support property programs FSP and r.b. programs correspond to re- 
cursively FSP programs. These correspondences can be found in [106] and 
they essentially allow us to translate all the results on index sets for trees to 
results on index sets for finite predicate logic programs. 

For an introductory treatment of Predicate Logic Programs, see [97]. 
Here is a brief self-contained account of their stable models [59]. Assume 
as given a fixed first order language based on predicate letters, constants, 
and function symbols. The Herbrand base of the language is defined as the 
set Be of all ground atoms (atomic statements) of the language. A literal is 
an atomic formula or its negation, a ground literal is an atomic statement or 
its negation. A Logic Program P is a set of “program clauses”, that is, an 
expression of the form: 

per l, pete l, 


where p is an atomic formula, and [,, ... , J, is a list of literals. 
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Then p is called the conclusion of the clause, the list 1, ,... , J, is called 
the body of the clause. Ground clauses are clauses without variables. Horn 
clauses are clauses with no negated literals, that is, with atomic formulas only 
in the body. Horn clause programs are programs P consisting of Horn clauses. 
Each such program has a least model in the Herbrand base determined as 
the least fixed point of a continuous operator Tp representing l-step Horn 
clause logic deduction ([97]). 

A ground instance of a clause is a clause obtained by substituting ground 
terms (terms without variables) for all variables of the clause. The set of all 
ground instances of the program P is called ground (P). 

Let M be any subset of the Herbrand base. A ground clause is said to 
be M-applicable if the atoms whose negations are literals in the body are 
not members of M. Such clause is then reduced by eliminating remaining 
negative literals. This monotonization GL(P,M) of P with respect to M is 
the propositional Horn clause program consisting of reducts of M-applicable 
clauses of ground (P) (see Gelfond-Lifschitz [59]). Then M is called a stable 
model for P if M is the least model of the Horn clause program GL(M, P). 
We denote this least model as Ny,p. It is easy to see that a stable model for 
P is a minimal model of P [59]. We denote by Stab(P) the set of all stable 
models of P. There may be no, one, or many stable models of P. 

A proof scheme for p with respect to P is a sequence of triples 


((p, Ci, Si) ifecreg 


with nm a natural number, such that the following conditions all hold. 


(1) Each p is in Bc. Each C; is in ground (P). Each S; is a finite subset 
of Be. 


(2) pn is p. 
(3) The S), C; satisfy the following conditions. For all 1 <1 <n, one of 
(a), (b), (c) below holds. 
(a) Cris pp +, and S; is Syy, 
(b) Cris pp — 75,,..., 78, and S) is Sy U{si,..., 5}, or 
(¢) Cris pi = Fig G2 s Pines OS ey Sey Ma = Ty me = 4, 
and S; is S$), U {s1,..., 5}. 


(We put So = @). 
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Suppose that y = ((p, Cr, S1))1<i¢n is a proof scherne. Then cone(y) 
denotes atom p, and is called the conclusion of y. Also, supp(y) is the set 
S, and is called the support of y. 


Condition (3) tells us how to construct the S; inductively, from the Sj_1 
and the C;. The set S, consists of the negative information of the proof 
scheme. 


Formally, preorder proof schemes y, w by ¢ ~ w if 
(1) ~,w have same conclusion, 


(2) Every clause in ¢ is also a clause of w. 


The relation ~ is reflexive, transitive, and well-founded. Minimal ele- 
ments of < are minimal proof schemes. 


We can characterize stable models via proof schemes as follows. 


Proposition 4.16 Let P be a program. Also, suppose that M is a subset 
of the Herbrand universe Bc. Then M is a stable model of P if, and only 
if, for every p € Be, it is true that p is in M if and only if there exists 
a proof scheme : with conclusion p such that the suppor! of yp is disjoint 
from M. 


A finitary support program (FSP program) is a Logic Program such that 
for every atom p, there is a finite set of finite sets S, which are exactly the 
inclusion-minimal supports of all those minimal proof schemes with conclu- 
sion p. 


A recursively FSP program is an FSP recursive program such that we 
can uniformly compute the finite family of supports of proof schemes with 
conclusion p from p. The meaning of this is obvious, but we need a technical 
notation for the proofs. 


Start by listing the whole Herbrand base of the program, Br as a count- 
able sequence in one of the usual effective ways. This assigns an integer 
(Gédel number) to each element of the base, its place in ths sequence. This 
encodes finite subsets of the base as finite sets of natural numbers, all that is 
left is to code each finite set of natural numbers as a single natural number, 
its canonical index. We also set can(@) = 0. If program P is FSP, and the list, 
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in order of magnitude, of Gédel numbers of all minimal support of schemes 


with conclusion p is 
P P 
Ay ent ey 


then define a function su’: Be + w as below. 
p+ can({can(Zf),... , can(Z?)}) 


We call a Logic Program P a recursively FSP program if it is FSP and the 
function su? is recursive. 


In [106], Marek, Nerode, and Remmel proved the following two results. 


Theorem 4.17 We suppose that the first order language L has infinitely 
many ground atoms. 


(a) Then for any recursive program P in L, there exists a recursive tree 
T Cw” and an effective one-to-one degree preserving correspondence 
between the set of all stable models of P, Stab(P) and [T], the set of 
all infinite paths through T. 


(b) If, in addition to the hypothesis of (1), program P is FSP, then the tree 
T is bounded. 


(c) If, tn addition to the hypothesis of (2), program P is recursively FSP, 
then the tree T is a highly recursive tree. 


Theorem 4.18 Let C be any II)-class. Then, 


(a) There is a finite program, P, and an effective one-to-one degree pre- 
serving correspondence between the elements of C and the set of all 


stable models of P, Stab(P). 


(b) [fin addition, C is of the form [T] for a bounded recursive tree T, then 
P can be chosen FSP. 


(c) If in addition, T is a highly recursive tree, then P can be chosen recur- 
sively FSP. 


These two results were strengthened by Cenzer, Marek, and Remmel [19] 
to prove the following. 
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Theorem 4.19 We suppose that the first order language L has infinitely 
many ground atoms. 


(a) Then for any finite predicate logic program P in L, there exists a prim- 
itive recursive tree T C w<” and an effective one-to-one degree preserv- 
ing correspondence between the set of all stable models of P, Stab(P) 
and [T], the set of all infinite paths through T. 


(b) If, in addition to the hypothesis of (1), the program P is FSP, then the 
tree T is bounded. 


(c) If, in addition to the hypothesis of (2), the program P is recursively 
FSP, then the tree T is a highly recursive tree. 


Theorem 4.20 Let T be any primitive recursive tree. Then, 


(a) There is a finite program, P, and an effective one-to-one degree pre- 
serving correspondence between the elements of [T] and the set of all 


stable models of P, Stab(P). 
(b) If in addition, T is bounded, then P is FSP. 
(c) If in addition, T is a highly recursive tree, then P is recursively FSP. 


The crucial point about the proof of Theorems 4.19 and 4.20 is that they 
are completely uniform. For example, given a finite predicate logic program 
P, we can uniformly find the index of a primitive recursive tree T’p such that 
there is an effective one-to-one degree preserving correspondence between the 
stable models of P and the elements of [Tp]. Vice versa, given any primitive 
recursive tree T, we can uniformly find a finite predicate logic program Pr 
such that there is an effective one-to-one degree preserving correspondence 
between the stable models of Pr and the elements of [T]. This means that 
one can transfer all the index set results about trees and II), classes to index 
sets about finite predicate logic programs. Thus if we fix some recursive first 
order language £ with infinitely many ground atoms, then we can effectively 
list all finite predicate logic programs Py, P,;, .... Then for any property FR, 
we can define an index set 


Prog(R) = {e: P. has property R}. 
We can then transfer all the index set results to index set results for finite 


predicate logic programs. For example, the translation of parts (3) and (5) 
Theorem 2.33 become the following. 
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Theorem 4.21 
(a) Prog(FSP) = {e: P. has the FSP property} is a ©3 complete set. 


(b) Prog(recursively FSP) = {e: P. has the recursively FSP property} is a 
TI§ complete set. 


Similarly, parts (2)-(4) of Theorem 2.36 become the following 


Theorem 4.22 


(a) Prog(recursively FSP and has > Xo stable models) is D9 complete, and 
Prog(recursively FSP and has < Xo stable models) is U3 complete. 


( 

( 

(b) Prog(is FSP and has >No stable models) is If complete, and 
Prog(is FSP and has < Xp stable models) is “9 complete. 


(c) (Prog(has > Xo stable models), Prog(has < Xo stable models)) is 
(S!, Il) complete. 


See [19] for further details. 


5 Recursive algebra 


In this section, we will consider the following algebraic problems. 


(1) The problem of finding a prime ideal for a commutative ring with 
unity. 


l’) The problem of finding a maximal ideal for a commutative rin 
& § 
with unity. 


(2) The problem of finding a maximal subgroup of an Abelian group. 


(3) The problem of finding a maximal ideal for a Boolean algebra. 
We shall also consider the related simpler problems. 


(1”) The problem of finding a proper ideal for a commutative ring with 
unity. 

(2') The problem of finding a proper subgroup of an Abelian group. 

(3’) The problem of finding a proper ideal for a Boolean algebra. 
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A recursively presented group, ring, or field consists cf a recursive sub- 
set U of w, the universe of the structure, together with appropriate partial 
recursive functions over U for addition, subtraction, multiplication and/or 
division functions as required. Unless, explicitly stated otherwise, we will 
assume that all our structures are countably infinite so that there is no loss 
in generality in assuming that the underlying universe is w. An r.e. ring is 
the quotient of a recursive ring modulo an r.e. ideal, an r.e. group is the 
quotient of a recursive group modulo an r.e. normal subgroup, and an r.e. 
Boolean Algebra is the quotient of a recursive Boolean A:gebra modulo an 
r.e. ideal. 

We will show that the set of prime ideals of an r.e. comriutative ring with 
unity and the set of prime ideals of an r.e. Boolean algebra can always be 
represented by an r.b. II? class. We will show that the set of maximal ideals 
of an r.e. commutative ring with unity and the set of maximal subgroups of 
an r.e. group can always be represented by a II9 class. We shall also show 
that the set of all ideals or the set of all maximal ideals of a recursive Boolean 
algebra can be represented as the set of paths through a recursive tree with 
no dead ends. 

Reversing such results, we will show that any r.b. bounded II? class can be 
strongly represented by the set of maximal ideals of an r.e. Boolean algebra. 
We show that the set of paths through any recursive tree T’ with no dead 
ends can be represented as the set of maximal ideals of a recursive Boolean 
algebra. We shall also show that the set of separating sets (A, B) of a pair 
of r.e. sets can be represented by the set of prime ideals or the set of maximal 
ideals of an r.e. commutative ring with identity. 

We refer the reader to Downey [38] for a general survey of recursive alge- 
bra. 


We begin with a brief discussion of the various problems. 


Ideals and Subgroups. 


Recall that a subset H of an Abelian group G = (G, +%, —%, 0%) is a 
subgroup if it satisfies the following conditions: 


(i) 0% EH. 
(ii) a € H and b€ H implies a—° be H. 


H is a mazimal subgroup if, in addition, there is no subgroup J of G such 
that H CJ CG. 
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A subset J of a commutative ring with unit R=(R, +®, —?, -*®, 07,1") 
is an ideal J if it is a subgroup of R = (R, +”, 0*) and it satisfies the 
following additional conditions: 


(iii) a€Jandreé Rimpliesa-* be J. 
(iv) 1? ¢ J. 

Tis a prime ideal if, in addition, 
(v) a-? be T implies a € I or bE T. 


I is a maximal ideal if, in addition, there is noideal J such that J C J. It is 
easy to see that any maximal ideal is prime, but the converse is not always 
true. 

The classical results that every proper subgroup of a group has an exten- 
sion to a maximal (and therefore proper) subgroup and that every ideal in a 
ring has an extension to a maximal (and therefore prime) ideal follow easily 
from Zorn’s Lemma. In particular, if the commutative ring R with unity is 
not a field, then R has, for each non-unit a a proper ideal Ra = {ra:r € R} 
and therefore has a maximal ideal. 


Any Boolean algebra (B, V?,, A? , —®, 08 , 18) may be viewed as a com- 
mutative ring with unity where 


a-2b = aA? b, and 
a+b = (aA? 470) Vv? (7a A? 0). 


In a Boolean ring any prime ideal is maximal, so it follows from the Boolean 
algebra results that, for any II? class P, there is an r.e. commutative ring with 
unity such that Maz(R) = Prime(R) is represented by P. However, there 
turns out to be a significant difference between Boolean rings and rings in 
general. The proof that any recursive Boolean ring has a recursive maximal 
ideal cannot be extended to arbitrary rings and in fact, a recursive ring need 
not have a recursive maximal ideal. This naturally led to the conjecture 
that any II? class could be represented as the set of prime ideals of some 
commutative ring. By considering rings of polynomials, Friedman-Simpson- 
Smith obtained in [54] the partial result that any II? class of separating sets 
can be represented as the set of prime ideals of some recursive commutative 
ring with unity. 
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Boolean algebras. 


A recursive Boolean algebra B = (B, A?, V2, -8 , <®, 08, 19) is given 
by a recursive set B together with recursive binary operations A? (meet) 
and V® (join) and a recursive unary operation ~?. These operations define 
a recursive partial ordering <?, where a <? b if and oaly ifaV? b = b 
(or equivalently aA 6 =a.) A full development of recursive and recursively 
enumerable Boolean algebras may be found in [127, 130]. 

A subset I of B is said to be an ideal if it satisfies the following conditions: 


(i) a€ Tand 6€ J implies aV? be J. 
(ii) a € J and b€ B implies a A? be I. 
(iii) 1d 0. 
I is a prime ideal if 
(iv) a-? be J impliesa € Jor be J. 
Finally, I is a maximal ideal if 
(v) For anya € B,a€ lor Fae I. 


An ideal of a Boolean algebra is prime if and only if it is maximal. The 
classical result here is the Boolean prime ideal theorem which states that 
every ideal has an extension to a prime ideal. 

A subset F of B is a filter if {a : -8a € F} is an ideal. This demonstrates 
that the set of filters (respectively, maximal filters) of a Boolean algebra B 
is recursively isomorphic to the set of ideals (resp. maximal ideals) of B. 

There is a natural connection between first-order theories and Boolean 
algebras given by the Lindenbaum algebra L(I) of a theory. The elements of 
L(1) are the equivalence classes of Sent (I) under the rela:ion where and 
y are equivalent if and only if > <= y €T and the operations of meet, 
join and complement are given respectively by the conjunction, disjunction 
and negation. Thus if [ is a decidable theory, L(I) is a recursive Boolean 
algebra and if I’ is a axiomatizable theory, L(I’) is an r.e. Boolean algebra. 

If the underlying language is propositional, then the underlying Boolean 
algebra B(L) may be viewed as the Lindenbaum algebra of the set of tau- 
tologies so that the equivalence is truth-table equivalence. If in addition, £ 
is an effective language, it follows from the usual truth-table algorithm that 
B(L) is a recursive Boolean algebra. (A representative for the equivalence 
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class of ¢ may be chosen from the set of sentences of length < |p|.) In this 
Lindenbaum algebra, it is clear that consistent theories corresponds to filters 
and maximal filters to complete consistent theories. 


Theorem 5.1 


(a) For any r.e. commutative ring R with unity, the set of all ideals of R 
and the set of prime ideals of R can be represented by r.b. I? classes, 
and the set of maximal ideals of R can be represented by a II8 class. 


(b) For any r.e. group G, the set of all subgroups of G can be represented 
by an r.b. TY class, and the set of maximal subgroups of G can be 
represented by a II8 class. 


(c) For any r.e. Boolean algebra B, the set of all ideals of B and the set 
of prime ideals of B can be represented by r.b. II) classes. 


Proof. 


(a) Let A be the underlying recursive ring and J the r.e. ideal such that 
Ris the quotient A//J. Then there is an effective one-to-one correspondence 
between the ideals of R and the ideals of A which extends J, defined as 
follows. For any ideal J of A which extends J, let Jp = {[a] € R: ae J}. 
Similarly, given an ideal Jp of R, let J = {a € A: [a] € Jr}. Since 0 € J, 
it follows that J C J. It is easy to see that Jp is prime if and only if J is 
prime and is maximal if and only if J is maximal. Thus we will actually 
consider the I} class Prime(A, /) of prime ideals of A extending I. Since A 
is recursive, we may assume that the universe of A is w. Let the operations 
of A be denoted by +4 and -4 and assume that the additive identity 04 = 0 
and the unity 14 = 1. Let J* be the set of elements of J which have been 
enumerated into / by stage s. Then the recursive tree T is defined so that for 
any o = (x(0),..., z(n—1)) € {0,1}", o is in T if and only if the following 
conditions all hold. 


(i) For any i,j,k <n, ifi+4j =k, x(t) = 1 and z(j) =1, then 2(k) = 1. 
(ii) For any 7,j,k <n, ifi-47 =k and 2(i) =1, then x(k) = 1. 
(iii) Ifn > 1, then z(1) = 0. 
(iv) For any i,j,k <n, ift-47 =k and 2(k) = 1, then (i) = 1 or a(j) = 1. 
(v) For any i <n, ifi € J”, then z(i) = 1. 
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Conditions (i), (ii) and (iii) ensure that any infinite peth through 7’ will 
represent an ideal of R. Condition (iv) ensures that any infinite path through 
T will represent a prime ideal. Condition (v) ensures that any infinite path 
through T will represent an extension of J. Note that we can modify this 
construction to define the class of all ideals of A which extend J by simply 
omitting condition (iv). 

To define the class of maximal ideals of A which extend I, we note that 
any maximal ideal is prime and that an ideal J is maximal .n A if and only if, 
for each r € AN J, the ideal J(r) generated by J U {r} equals A, which is if 
and only if 1 € J(r), and we also note that J(r) = {it4r-4s:i€ 1,8 € A}. 
Thus we let P be the II? class representing the set of prime ideals of A 
extending J and define Q with Q C P by 


reQ —> ceP & (Vj) [x(j) =0 > (Fi,r) (a(t) = 1 & 1 =1447y)]. 


Thus the set of all maximal ideals of A extending J is represented by the I? 
class Q. 


(b) The class representing all subgroups of the group G =: (w, +%, 0, — 
is defined as the set of all x such that all of the following hold. 


=) 


(i) For any i,j,k <n, ifi+°j =k and 2(7) = 2(j) = 1, then x(k) = 1, 
(ii) For any i,j,k <n, if i —© j =k and 2(2) = z(j) = 1, then 2(k) = 1, 
(iii) ¢(0) = 1. 


For the maximal subgroups, we note that H is a maximal subgroup of G 
if and only if, for each g € G\ H, the subgroup H(g) generated by H U {g} 
equals G' and we also note that H(g) = {h+%z-g:h € H,z € Z}. Thus 
we let P be the II? class representing the set of subgroups of G and define 
QC P by « € Q if and only if 


2 é€P & (Va,j) [x(j) =0 > (H)(Sz € Z) (a(t) =1 & a=14% 2-5). 
Thus the set of all maximal subgroups of G is represented by the II} class Q. 


(c) Observe that a Boolean algebra B=(B, A? , V?, ~%, <* 0" 17) 
is also a commutative ring with unity where the ring operations are given 
by a-? b=aA? band a +8 b = (a VP b) AB = (a AF |). Furthermore, the 
Boolean ideals are identical with the ring ideals and a ring ideal is prime if 
and only if it is both prime and maximal as a Boolean ideal. Thus the result 
for r.e. Boolean algebras follows from part (a). OG 
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We can now derive a number of immediate corollaries from Theorem 5.1 
by applying the results of Section 2. Below are a few examples. 


Theorem 5.2 


(a) Any r.e. presented recursive group which has a proper subgroup has a 
proper subgroup of r.e. degree. 


(b) If the set of prime ideals of ar.e. presented commutative ring with unity 
R is countably infinite, then R has a recursive prime ideal. 


(c) If a r.e. Boolean algebra B has only finitely many prime ideals, then 
every prime ideal of B is recursive. 


(d) If an r.e. presented ring R has a maximal ideal, then R has a prime 
ideal recursive in some Sj set. 


Proof. A few remarks are necessary. For part (a), if G has a proper sub- 
group H, fix h € H and g ¢ H and consider the II? class of subgroups of 
G which contain h and omit g. For part (d), combine Theorem 2.6 with 
Theorem 2.26. Oo 


The results given above for an r.e. Boolean algebra can be strengthened 
for a recursive Boolean algebra. 


Theorem 5.3 For any recursive Boolean algebra B, the set of all ideals of 
B and the set Max(R) of marimal ideals of R can always be represented as 
the II? class of infinite paths through a recursive tree with no dead ends. 


Proof. Let B =(B, A? , v?, =®,, <®, 08, 18) be a recursive Boolean al- 
gebra with universe B = w. Then the recursive tree T such that [T'] represents 
the class of ideals of B is defined as follows. Let o = (x(0),..., a(n — 1)) 
be a finite sequence, let a), ... , a, enumerate {i <n: x(7) = 1}, and let 


j(o) =a, Ve ag VO eV aig: 
Then o € T if and only if, 
(i) for any a <n, if a <® j(c), then o(a) = 1, 


(il) jo #1. 
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Clause (i) ensures that for any infinite path z through T, I(r) = 
{i : x(t) = 1} will be closed under meet and join and also closed down- 
ward. Clause (ii) ensures that 17 ¢ I(x), so that I(x) is an ideal of B. It 
also ensures that any finite path o € T has an infinite extension x € [T]. 
To see this, simply let [(0) = {a : a < j(o)} and let x be the characteristic 
function of I(a). The tree Thy such that [Tx] represents the class of maximal 
ideals of B is defined by adding to the definition of T the clause: 


(iii) For any a,6 <n, if b= +a, then either o(a) = 1 or o(b) = 1. 


Now suppose that o € Ty and let I(o) be the ideal cefined above. It 
follows from the Boolean Prime Ideal Theorem that [(o) can be extended to 
a maximal ideal M of B and it is clear that the characteristic function of M 
is an extension of o and is in [Ts], so that Tyy likewise has no dead ends. 0 


We obtain as a corollary of Theorem 5.3 together with Theorem 2.6 the 
following result from the folklore. 


Corollary 5.4 Any recursive Boolean algebra has a recursive mazimal ideal. 


Next we turn to the other direction of our corresponde.ices, that is, rep- 
resenting an arbitrary II? class by the set of solutions to one of our problems. 
We say that a class Q weakly represents the class P if there is a recursive 
function y such that for each x € Q, v(x) € P and v(x) <r z and there is 
a recursive functional ~ such that for all y € Q, w(y) € P and oy) =r y. 


Theorem 5.5 


(a) Any r.b. II? class P can be represented by the set of prime ideals of an 
r.e. Boolean algebra. 


(b) For any pair of disjoint r.e. sets, the r.b. II? class S(A, B) can be weakly 
represented by the set of prime ideals and by the set of maximal ideals 
of some r.e. commutative ring R with identity. 


Proof. 


(a) We give two proofs which demonstrate the conection between 
Boolean algebras, logical theories and II? classes. Let the r.b. II? class 
P = [T] be given. For the first proof, recall from Theorem 3.3 the lan- 
guage £L = {A; : i < w} and the theory [ = [(T) of thet language such 
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that the class P(T) of complete consistent extensions of [ represents P. Let 
B(L) be the Lindenbaum algebra for £. Then the theory [(7) defined in 
Theorem 3.3 provides an r.e. ideal T'(T)* of B(L), so that the class of prime 
ideals of B(L)/T(T)* is in one-to-one effective correspondence with the class 
of complete consistent extensions of ['(T'). The result now follows. 

The alternate proof ior (a} takes advantage of the topology on {0,1}”. 
The underlying recursive Boolean aigebra here is simply the collection 
B({0,1}%) of clopen subsets of {0,1}”, each of which is a finite union of 
intervals and can thus be represented by a finite string. For any II? class 
P, we represent P by the Boolean algebra of relatively clopen subsets of P. 
That is, we define the r.e. ideal [(P) of the B({0,1}”) to be the family of 
clopen sets which intersect P. It is then easy to see that the class of prime 
ideals in B({0,1}”)/I(P) is in effective one-to-one correspondence with P. 


(b) We give the proof of Friedman-Simpson-Smith [54]. Let the infinite 
disjoint r.e. sets A, B be given. The construction begins with the underlying 
ring R = Q[tn : n € wv] (the ring of eure with rational coefficients in 
infinitely many variables). Let A = {f(n):n € w} and B= {g(n):n € w} 


and let [ be the ideal generated by {2"*) , xt! —1, n € w}. We claim 
that: 


ite) > g(r) 


(1) J is a proper recursive ideal, 
(2) the set of prime ideals of R// represents S(A, B), and 
(3) the set of maximal ideals of R/I represents S(A, B). 


To test whether a given f € R is in J, we first produce f* = f(mod J) 
by repeating the following reduction procedure. For any factor z**! occur- 
ring in a term of f, enumerate the finite sets F = {f(0),..., f(k)} and 
G = {g(0), ... , g(k)} and determine whether m € FUG. Ifm= f(2) € F, 
then replace z5*! with 0 (since zit! € I); if m = g(z) € G, then replace ght 
with z*-* (since z'+! — 1 € I). Each step in this process reduces the degree 
of some term and thus the process must terminate in f* after a finite number 
of steps. Then f € J if and only if this f* = 0. It follows that 1 ¢ I, so that 
I is proper. 

For any set C € S(A,B), let Mc be the ideal generated by the set of 
all {z,, : m € C}U{x,-1: 2 ¢ C}. It is easy to see that, using the 
reduction procedure described in the previous paragraph, any polynomial will 
be equivalent to some gq € Q. Thus Mc is a maximal ideal and Mc =r C. 
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Now an ideal J is said to be radical if a” € I for any n implies that a € I. 
It is clear that any prime ideal is radical and it is easy to check that in fact 
any maximal ideal is radical. Suppose that J is a radical ideal of R which 
extends J. Then it follows that xs(,) € J and that r4(,) ¢ J for all n. Thus 
we can define the weak representation of S(A, B) by a class of ideals, simply 
letting y(J) = C, where m € C & x, € J. Clearly C <7 J in this case. O 


The representation Theorem 5.5 has, as usual, a number of immediate 
corollaries. 

First we briefly discuss the significance of isolated and limit points and 
of thin and minimal II? classes in the context of Boolean algebras. Let B be 
an r.e. Boolean algebra and let P(B) be the II? class of orime ideals of B. 
Then for any r.e. ideal J of B, the set P(J) of prime ideals of B which extend 
J is a II? subclass of P(B). Thus if P(B) is thin, then P(J) is relatively 
clopen in P(B), so that J is a finitely generated ideal. (This follows by an 
argument similar to that given before Theorem 3.4 above for theories). An 
r.e. Boolean algebra B with this property (that every r.e. iceal of B is finitely 
generated) is said to be a thin r.e. Boolean algebra. If P(B) is minimal, then 
either P(J) is finite or else P(B) . P(J) is finite. If the prime ideal J is 
isolated in P(B), then P(J) is a relatively clopen subset of P(I'), so that 
J is a finitely generated ideal. For more information, see [17] and [76]. We 
also note that Downey and Jockusch [40] recently constructed a rank one r.e. 
Boolean algebra which is not isomorphic to any recursive Boolean algebra 
(Feiner [48] had constructed one of infinite rank). 


Theorem 5.6 


(i) (a) There is an r.e. Boolean algebra B which has no recursive prime 


ideal. 


(b) There is a recursive commutative ring with unity which is not a 
field and which has no recursive prime ideal. 


(il) There is an r.e. Boolean algebra B such that any two distinct prime 
ideals of B are Turing incomparable, where distinct means having infi- 
nite symmetric difference. 


(iii) If a is a Turing degree and 0 <z a <r O’, then there exists an r.e. 
Boolean algebra B such that B has a prime ideal of degree a but has 
no recursive ideal. 
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(iv) There is an r.e. Boolean algebra B such that if a is the degree of any 
prime ideal of B and b is an r.e. degree with a <7 b, then b =r O'. 


(v) If ¢ is any r.e. degree, then there exists an r.e. Boolean algebra B such 
that the set of r.e. degrees which contain prime ideals of B equals the 
set of r.e. degrees >7 C. 


(vi) There is an r.e. Boolean algebra B such that if I is a prime ideal of 
B with I <7 0’, then there exists a nonrecursive r.e. set A such that 


A<rl. 


(vii) For any degree a such that either a <r O! or O' <r a <r O”, there 
exists an r.e. Boolean algebra B with a prime ideal I of degree a such 
that I is the unique non-recursive prime ideal of B and such that any 
other prime ideal of B is finitely generated. 


(viii) There is a thin r.e. Boolean algebra B with a prime ideal I of degree 
0’ such that I is the unique non-recursive prime ideal of B, such that 
any other prime ideal of B is finitely generated, and such that for any 
r.e. ideal J of B, either there are only finitely many prime ideals of 
B extending J or else all but finitely many of the prime ideals of B 
extend J. 


We next consider the special case of II? classes with no dead ends. This 
theorem follows immediately from Theorem 3.5 by considering the Linden- 
baum algebra in the same manner that Theorem 5.5 followed from Theo- 
rem 5.3. 


Theorem 5.7 Let T be a highly recursive tree with no dead ends and let 
P=[T]. Then there is a recursive Boolean algebra B and an effective one- 
to-one correspondence between the prime ideals of B and P. 


We can now apply the results from Section 2 to obtain the following. 


Theorem 5.8 


(i) For any degree a <r O’" there exists a recursive Boolean algebra B with 
a prime ideal I of degree a such that I is the unique non-recursive 
prime ideal of B and such that any other prime ideal of B is finitely 
generated, 
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(ii) There is a thin recursive Boolean algebra B with a unique non-recursive 
prime ideal I, such that any other prime ideal of B is finitely generated, 
and such that for any r.e. ideal J of B, either there are only finitely 
many prime ideals of B extending J or else all but finitely many of the 
prime ideals of B extend J. 


6 Recursive graphs 


In this section we consider a number of recursive combinatorial problems asso- 
ciated with recursive graphs. These include the coloring problem, the Hamil- 
tonian circuit problem, the vertex partition problem, and various matching 
problems. 

We begin by giving a list of the problems and the required definitions 
together with some of the history of each problem. Next we explain (in 
varying detail) how to prove that the set of solutions to any such problem 
can be represented by a recursively bounded II? class. Then we apply the 
results of Section 2 to obtain corollaries which apply to the set of solutions 
of any such problem. Conversely we also consider for each problem, whether 
the set of solutions to such a problem can represent any r.b. II? class. In each 
case, we show that the set of solutions to such a problem can represent the 
class of separating sets of any two disjoint r.e. sets. Then we apply the results 
of Section 2 to obtain corollaries which give the existence of “pathological” 
problems of each type. 


(1) Graph-coloring problems. 


A countable infinite graph G = (V, E) consists of a subset V of the natural 
numbers called vertices together with a symmetric subset l of V x V, called 
the edges. G is said to be recursive if the sets V and FE are recursive. We 
say that vertices u,v are joined by an edge (u,v). The degree of a vertex 
u of G is the cardinality of the set of vertices joined to u. A k-coloring of 
the graph G is a map g from V into {1,2,..., k} such that g(u) # g(v) 
whenever (u,v) € E. The k-coloring problem for a graph (7 is to determine 
whether G has any k-colorings. The set of solutions to this problem is the set 
of k-colorings of G. We make the convention that, unless stated otherwise, 
the graphs we shall discuss are assumed to be connected, have no loops or 
multiple edges, and have the property that each vertex v of G is of finite 
degree. 


Chapter 13 II? Classes in Mathematics 727 


The graph coloring problem has been studied in combinatorics for over 
a century. Two classical results for finite graphs are Brooks’ Theorem [12] 
that every graph with all vertices of degree < k and with no (k + 1)-cliques 
is k-colorable, and the Four Color Theorem of Appel and Haken [2, 3, 4] 
that every planar graph is 4—-colorable. These results are easily extended to 
infinite graphs by a compactness argument. A natural question is whether 
such results can be effectivized. The answer to this question is yes for Brooks’ 
Theorem, that is, Schmer] showed in [135] that every recursive graph with all 
vertices of degree < & and with no (k + 1)-cliques has a recursive k-coloring. 
On the other hand, the Four Color Theorem cannot be effectivized. Bean 
constructed in [7] a 3-colorable, recursive, planar connected graph which has 
no recursive k-coloring for any k. 

A recursive graph G = (V, £) is said to be highly recursive if there is a 
partial recursive function f : V - w such that, for each v € V, f(v) is the 
degree of v. Highly recursive graphs are of interest for several reasons. One 
reason is the result of Bean [7] that any highly recursive k-colorable graph 
has a recursive 2k~coloring, in contrast to the result cited above for arbitrary 
recursive graphs. This result was improved by Schmerl [134] from 2k to 2k—1, 
who also showed that 2k — 1 is the best possible result. It follows from the 
work of Bean and Schmerl that every highly recursive planar graph has a 
recursive 6-coloring. This result has recently been improved by Carstens 
[13] from 6 to 5, but the highly recursive four color problem remains open. 
Bean showed in [7] that the set of k-colorings of a highly recursive graph 
is always a recursively bounded II? class. Conversely, Remmel [129] showed 
that every r.b. II? class can actually be strongly represented by a highly 
recursive k-coloring problem. 

The problem of feasible graphs and colorings has been studied by Cenzer 
and Remmel in [22]. 


(2) Matching problems. 


A recursive society S = (B,G, kK) consists of disjoint recursive sets B, the set 
of boys, and G, the set of girls, and a recursive binary relation A C Bx G. 
Here A(b,g) means 6 knows g. The solutions in this case are the set of 
marriages, that is, one-to-one maps f : B > G such that A(6, f(6)) holds for 
all b. For any subset B’ of B, let A(B’) = {g : (4b € B’) A(b,g)}. Marshall 
Hall [63] extended the classical Philip Hall Theorem to infinite societies and 
proved that, for any countable society S = (B,G, I’), if every boy knows only 
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finitely many girls and, for any finite subset B’ C B, |B’| < |K(B’)|, then 
there is a marriage for S. We say that a recursive society S = (B,G, Kh) 
is highly recursive if there is a partial recursive functior k : B > w such 
that, for each b € B, k(b) equals the cardinality of A(b). We say that S is 
symmetrically highly recursive if there is also a partial recursive function k 
such that, for each g € G, k(q) is the cardinality of the set of boys which 
know g. 
The problems which we consider are: 


(i) The general problem of finding a marriage in a highly recursive soci- 
ety S, 


(ii) the surjective matching problem, that is, finding a marriage f : B > G 
which is both one-to-one and onto in a symmetrically highly recursive 
society S, and 


(iii) the surjective matching problem, where each person ‘xnows at most two 
other people in a symmetrically highly recursive society S. 


Problems (i) and (ii) were analyzed by Manaster and Roserstein in [100, 101], 
who showed that the set of marriages in case (i) and (ii) is always an r.b. 
II} class, but does not always contain a recursive element. Moreover, Man- 
aster, Rosenstein showed that in case (ii), the set of surjective marriages can 
represent an arbitrary r.b. II? class. We note that problem (iii) contains a 
recursive version of Banach’s strengthening of the Schroder-Bernstein theo- 
rem, which was shown to be noneffective by Remmel [128] That is, suppose 
we take one-to-one recursive functions with recursive ranges f : B + G and 
g: G — B where B and G are recursive sets. Then we can form a highly 
recursive society S = (B,G, Kh’), where K(x, y) holds if and only if f(x) = y 
or g(y) = x. For such a society S, the only surjective marriages h arise from 
some partition B = B, U By, where h = f{[B, U g7*| Be, and the existence 
of such marriages are guaranteed by Banach’s result. (See [128] for details.) 
It was shown by Remmel in [129] that the set of surjective marriages in case 
(iii) cannot represent an arbitrary r.b. II? class in contrast to the Manaster- 
Rosenstein result for case (ii). 


(3) The Vertex Partition Problem. 


This problem, posed by S. Ulam, is to show that for eaca partition of the 
vertex set V of a graph G = (V, E) into sets of uniformly bounded cardinality, 


Chapter 13 II? Classes in Mathematics 729 


there is at least one set of the partition which is adjacent to m (or more) 
other sets of the partition. Here we say that two sets 5S; and 5» are adjacent if 
there exist vertices vy; € 5; and v2 € S2 such that (v1,v2) € EF. The partition 
number m of a graph G is the least number m for which the statement is true. 
The vertex partition problem was studied by Cenzer and E. Howorka [18], 
who computed the vertex partition numbers of various well-known graphs, 
including the m-regular trees 7; and the planar mosaic graphs M3, M, and 
Mg. The tree T;, may be viewed as {1,2,..., m}*. The graphs M3, M, 
and M, may be viewed as tilings of the plane by regular hexagons, squares 
and equilateral triangles. In each case, the partition number of the graph 
turns out to be the degree of the graph. In this situation, the II? class arises 
from the dual problem. That is, given the graph G and numbers k and m, 
to find a k-partition P of the graph such that no set has m neighbors. Here 
a k-partition is a partition of V into sets of cardinality < k. The solution to 
such a problem may be represented as a function f from V x V into {0,1} 
which is to be the characteristic function of the equivalence relation with 
equivalence classes being the sets of the partition. 


(4) The Hamiltonian Circuit Problem. 


Let G = (V,E) be a countably infinite graph. Two vertices u,v of G are 
adjacent if (u,v) € E and two edges (u,,v,) and (u2,v2) are adjacent if 
either v; = u2 or uy = v2. A one-way (respectively two-way) Hamiltonian 
circutt (or Hamiltonian path) for G is a one-to-one correspondence f between 
the natural numbers w (resp. the integers Z) and V such that consecutive 
vertices are adjacent, i.e., (f(z), f(2 + 1)) € E for all 7. The dual concepts 
are the one-way (respectively two-way) Fuler path, which is a one-to-one 
correspondence between the natural numbers w (resp. the integers Z) and F 
such that consecutive edges are adjacent. For each of these four notions, let 
us also define the associated notion of being such a path for a subgraph. That 
is, a one-way Hamiltonian sub-path for G will be a one-to-one embedding of 
the natural numbers into V such that consecutive vertices are adjacent. The 
other three definitions are similar. 

In each case, the problem here is whether a given graph has such a path. 
We will focus on the sub-path problems. 


Now we consider the correspondence between the set of solutions to a 
recursive combinatorial problem and the set of infinite paths through a highly 
recursive tree. 
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In all of the highly recursive graph problems above (except for the Hamil- 
tonian and Euler paths), it is easy to show that the set of solutions to the 
problem is an r.b. II? class. For the (full) Hamiltonian and Euler path prob- 
lems, the natural representation of the set of solutions is not necessarily a 
closed set and the representation as a II? class is not necessarily bounded. 

We will give a formal definition below of the I? class corresponding to 
the vertex partition problem since this is a new result. ‘We will also give a 
proof for the Hamiltonian and Euler sub-paths. First, we give an informal 
description of how to obtain the II® class. The idea is essentially the same 
in each case, so we describe it in the case of graph colorings and then tell 
how to modify the idea for the other problems. Suppose we start with a 
recursive graph G = (V, FE) where V is a subset of w. Let vp < vp <... be 
an increasing enumeration of V. We start with the full k-ary tree T;, the 
set of all finite sequences whose entries are less than k. We think of each 
vertex v; as corresponding to level 7 and each infinite path m = (mo, ™, ..-.) 
through T;, as coding the coloring which colors the vertex v; with color 7;. 
Thus the infinite paths through T, represent the possible ways of coloring 
the vertices of G. Finally, we must prune the tree J, to a tree Tg which 
depends on G by allowing the node (7, ... , 7) if and only if there is no 
edge (v;,v;) € E with 1,7 < k and a; = 7;. That is, we simply eliminate all 
nodes which correspond to illegal colorings of G. It then follows that since G 
is recursive, we can effectively check if (7, ... , Tk) € Tg, so that Tg will be 
a highly recursive tree and the set of infinite paths through Tg corresponds 
precisely to the set of k-colorings of G. 

The same idea shows that all our other sets of solutions to the various 
recursively presented graph problems P correspond to r.b. II® classes. That 
is, to construct a highly recursive tree Tp for P, we 


(a) let each level of the tree correspond to a vertex (or edge) of the graph, 


(b) let the branching at each level correspond to the possible choices for 
that element, e.g., which color it is given, which boy or girl it is married 
to, and 


(c) prune the fully branching tree to eliminate the nodes which correspond 
to illegal choices. 


In each case, the fact that a particular path through the fully branching tree 
fails to be legal is for a finite reason which can be effectively checked from 
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the recursive presentation. This ensures that the pruned tree is highly recur- 
sive and that the set of infinite paths through the highly recursive pruned 
tree corresponds precisely to the legitimate solutions to the combinatorial 
problem. We leave the details in most of the cases above to the reader. 


Theorem 6.1 For each of the following problems, the set of solutions can 
be represented as a II? class. The class is recursively bounded in cases (1), 
(2) and (3) and, if the graph is highly recursive, in cases (2), (3), (6) (a) 
and (b). The class is bounded in case (2) if each boy knows only finitely 
many girls and, in case (3) if each boy knows only finitely many girls and 
also each girl knows only finitely many boys. The classes are bounded in cases 


(6) (a) and (b) if each vertex has finite degree. 
(1) The k-colorings of a recursive graph. 
(2) The marriages in a recursive society. 
(3) The surjective matching problem in a recursive society. 
( 


4) The surjective matching problem, where each person knows at most two 
other people in a symmetrically highly recursive society S. 


(5) The k-partitions of a recursive graph such that no set in the partition 
is adjacent to m other sets. 


(6) (a) The one-way Hamiltonian (Euler) sub-paths starting from a fixed 
vertex in a recursive graph. 


(b) The two-way Hamiltonian (Euler) sub-paths through a fired vertex 
in a recursive graph. 


(c) The one-way Hamiltonian (Euler) paths starting from a fixed ver- 
tex in a recursive graph. 


(d) The two-way Euler paths through a fired vertex in a recursive 
graph. 


Proof. Part (1) is due to Bean [7] and parts (2), (3) and (4) are due to 
Manaster and Rosenstein [100, 101]. Note that in (2) the solution is simply 
a function from B into G, whereas in (3) the solution is represented as a pair 
of functions, one from B into G and one from G into B, which are inverses 
of each other. 
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(5) Let G = (V,E) be a highly recursive graph and let k,m be positive 
integers. Let C’ be the set of k-partitions of V such chat no set in the 
partition is adjacent to m other sets. As indicated above, we may represent 
a partition by the characteristic function f of the corresponding equivalence 
relation. Let us assume that V = w for simplicity and Jet C be the class of 
all such functions for which there is no set in the partition represented by f 
which has m neighbors. Now a function f € {0,1} will be in the class C if 
it satisfies the following conditions: 


(i) (Wu) [f(u,u) = I). 
(ii) (Vu, v) [f(u,v) = flv, u)}. 
(iii) (Vu, v,w)[f(u,v) = f(v,w) = 1 f(u,w) = I]. 
iv) ( 
) ( 


(iv Vuy,Ua,.-. ,Upgi) (Fi, 7 Sk +1) [f(ui, uj) = 0). 


(v 


Vuli, Up, U2, V2,--+ » Um; Um) 
[((Wi, 5 < m) [F (ui, uj) = 1] & (Vi < m) [E(ui, v1) ) 
— (Ji, 7 < m)[f(v;,0;) =]. 


The first three clauses are the requirement that f is the characteristic 
function of an equivalence relation. The fourth clause is the requirement 
that each set in the corresponding partition has cardinality < k and the final 
clause is the requirement that no set in the partition is acjacent to m other 
sets. 


(6) (a) Let the recursive graph G = (V, FE) with fixed vertex vo be given. 
Then a one-way Hamiltonian (Euler) sub-path is a function f from w into V 
with f(0) = vo such that (f(n), f(n +1)) € £& for all n and such that, for 
the Hamiltonian path, m # n implies that f(m) # f(n) and, for the Euler 
path, m # n implies that the edges (f(m), f(m + 1)) and (f(n), f(n + 1)) 
are different. In each case, this clearly defines a II? class P. If each vertex 
v has finite degree, then there is a function g such that all vertices joined 
to vertex v are < g(v). It follows that we can compute a bound h(m) for 
the possible value of f(m) by letting h(0) = vo and in general h(m +1) = 
sup{g(v) : v < h(m)}. This shows that P is bounded. If G's highly recursive, 
then the function g may be taken to be recursive, so that P is recursively 


bounded. 
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(b) Again let the recursive graph G = (V, EF) with fixed vertex vp be 
given. Then a two-way Hamiltonian (Euler) sub-path 


..., 7-1), 7(0) = vo, 7(1),...- 


can be represented as a function f from w into V with f(0) = vo such that 
(vo, f(1)) € E, such that (f(r), f(n+2)) € FE for all n and such that, for the 
Hamiltonian path, the function f is one-to-one, and, for the Euler path, no 
edge occurs twice in the list 


- + (F(3), FC) (FC), £(0)) 5 ((F(0), F(2)) 5 (F(2), F(A) 5 = - 


It follows as in (a) that the class P of two-way Hamiltonian (Euler) sub-paths 
is a II? class, is bounded if each vertex of G has finite degree, and is r.b. if 
G is highly recursive. 


(c) We first give the proof for one-way Hamiltonian paths. Recall that 
V =w and represent a one-way Hamiltonian path 


am S- (a0) S09, 71) 7 (2), ¢. x) 


by a function f such that f(2n) = m(n) and f(2v +1) = n such that v = 
a(n). This is clearly a one-to-one degree-preserving correspondence between 
the one-way Hamiltonian paths of G and the I? class P. Then the II? 
class P of solutions is the set of functions f such that f(0) = vo, such that 
(f(2n), f(2n + 2)) € E for all n, and such that, for all v and n, f(2n) = v 
if and only if f(2v0 +1) = n. For the one-way Euler paths 7, we take 
f(2n) = r(n) and let f(2[u, v]+1) = n+1 such that m(n) = wand r(n4+1) = v 
if (u,v) € E and otherwise f(2[u,v] +1) = 0. In either case, the assumption 
that G is highly recursive does not necessarily imply that P is even bounded. 


(d) Represent a two-way Hamiltonian path by a function f so that the 
path is given by 


-> F(A), F(1), F(0) = v0, F(3), F(6), --. 


and such that f(3v+2) =n such that n #2 mod 3 and f(n) =v. Represent 
a two-way Euler path a again by a function f so that 


r=..., f(4), (1), £0) = v0, f(3), f(6), «-. 


and now such that f(3[u,v] + 2) =n such that n 4 2 mod 3 and f(n) = u 
and f(n +3) =v. oO 
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In those cases of Theorem 6.1 where we have established the fact that 
our set of solutions corresponds to an r.b. II? class, we can derive a number 
of immediate corollaries from the results of Section 2. For example, applying 
Theorems 2.7, 2.10, 2.12 and 2.6, we see that the followirg is true. 


Theorem 6.2 For each recursive instance of problem (1) or (5) and each 
highly recursive instance of one of the problems (2), (3). (6) (a) or (b) of 
Theorem 6.1 the following hold. 


(a) If P has a solution s, then P has a solution s' in some r.e. degree. 


(b) If P has a solution s, then P has solutions 3, and s2 such that any 
function recursive in both s,; and s2 is recursive. 


(c) If there are only countably many solutions to P, then P has a recursive 
solution. 


(d) If there are only finitely many solutions to P, then each solution is 
recursive. 


(e) If P has a solution but no recursive solution, then for any countable 
sequence of nonzero degrees {a;}, P has continuum many solutions s 
which are mutually Turing incomparable and such that the degree of s 
is incomparable with each aj. 


For a recursive instance of problems (2), (3), (4), (6) (a) or (b) in which 
every boy, girl or vertex (as appropriate) is joined with only finitely many 
others, it follows from Theorem 2.6 that if P has a solution, then P has a 
solution recursive in 0”. In cases (c) and (d) of the Hamiltonian and Euler 
paths, we can only conclude, even for a highly recursive graph G, that G has 
a solution recursive in some ¥} set. Bean showed that if G is highly recursive 
and has an Euler paths, then G will actually have a recursive Euler path. 


Finally, we should note that the correspondence between solutions to a 
specific instance P of one of our combinatorial problems and infinite paths 
through the tree Tp constructed as outlined above can also be viewed as 
a means of extending the proof of the finite version of the combinatorial 
theorem to a countable version of the combinatorial problem. That is, if we 
take the case of the Halls’ theorem, we start with a countably infinite society 
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S = (B,G, K) such that every boy knows only finitely many girls and such 
that every finite set B’ of boys knows at least |B’| girls, then we can construct 
what we might call the tree Tp of partial marriages as indicated above. Thus 
to prove (the infinite, Marshall Hall theorem) that S has a marriage, we need 
only show that there is an infinite path through Tp, which in turn follows 
from Kénig’s Lemma if we can prove that Tp is infinite. But Tp must be 
infinite, since if we restrict the society to a finite subset S’ = (B’,G’, Kh’), 
where B’ is any finite subset of B, G’ is the set of girls known by B’, and 
Kk’ = K(B'xG’), then S’ has a marriage by the (finite) Philip Hall theorem. 
But this last fact easily implies that there is at least one node at every level 
of Tp, so that Tp is infinite. Such extension results thus explain why r.b. I? 
classes arise naturally in recursive combinatorics. 


Now we will consider the reverse direction of these correspondences. That 
is, suppose we are given a highly recursive tree. Is it possible to construct 
an instance of a specific recursive combinatorial problem so that the set of 
solutions of the problem correspond to the infinite paths through the tree? 
Formally, when we say that there is an effective one-to-one degree-preserving 
correspondence between the set S(P) of solutions to some recursively pre- 
sented combinatorial problem P and the set [7] of infinite paths through a 
highly recursive tree, we mean that we have a recursive functional ® such 
that the map ®(s) = 7 is a one-to-one degree preserving map from S(P) 
to [T]. Here a recursive functional acting on input s can be viewed as a 
recursive function y with oracle s such that, for any n, 7(n) = y*(n). 


There are several positive results showing that a combinatorial problem 
can strongly represent any highly recursive tree, including the two cited 
above, that is, the case of the surjective matching problem due to Man- 
aster and Rosenstein in [100] and the case of the k-coloring problem due to 
Remmel [129]. The case of the Hamiltonian paths of a highly recursive graph 
was proved by Bean [8]. A Hamiltonian path for the graph G = (V, FE) isa 
function f mapping w one-to-one and onto V such that (f(n), f(n+1)) € E 
for all n. In this case, however, it should be noted that the set of Hamil- 
tonian paths of a highly recursive graph is not necessarily an r.b. II? class. 
This can be demonstrated from the work of Harel [64], who showed that the 
problem of the existence of (one-way or two-way) Hamiltonian paths in a 
highly recursive graph is U{-complete and therefore not II}. Now if the set 
of Hamiltonian paths through a highly recursive graph could always be rep- 
resented as an r.b. IT? class, then, by Theorem 2.6 (c), every highly recursive 
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tree with a Hamiltonian path would have a Hamiltonian path recursive in 0’ 
and hence such a path is hyperarithmetic. If that were the case, then the 
Spector-Gandy theorem [66, p. 147] would show that the set of highly recur- 
sive graphs with Hamiltonian paths is II{, contradicting Harel’s result. 


Negative results include the case of the surjective matching problem where 
each vertex has degree two which cannot even degree represent every r.b. II? 
class which was proved by Remmel in [128]. 


Now the representation of an arbitrary r.b. II° class by the set of k- 
colorings of a recursive graph G is not quite a one-to-one correspondence, 
since for any k-coloring of G, there are k! permutations cf the colors which 
yield &! different colorings of the graph which are essentially the same as the 
given coloring. Thus in the correspondence, these k! colorings are identified. 
However the problem of k-colorings of planar graphs presents a more serious 
difficulty. In fact, the problem of k-coloring an infinite planar graph, for 
k > 5, cannot even degree represent every r.b. II? class, by the following 
argument. Since every planar graph G is 4-colorable, by the theorem of 
Appel and Haken [2, 3, 4], let f be such a coloring. Now there must be 
some color, say 0, such that infinitely many vertices, v9, v1,... all satisfy 
f(v;) = 0. Then we can change the color of any subset of {to, v1, ... } to the 
5-th color to get a different 5-coloring of G. It follows that G has continuum 
many different colorings and of course this implies that there are infinitely 
many degrees among these colorings. But there are certainly r.b. II? classes 
which are finite. 


Next we consider a restricted version of the strong representation ques- 
tion. Recall that if A and B are infinite disjoint r.e. sets, then C is a separat- 
ing set for Aand Bif AC C and BNC = 4. Then the class S(A, B) C P(w) 
of separating sets for A and B is an r.b. II? class. 


The problem of strongly representing every r.b. II? class of separating 
sets as the class of solutions to a some instance of a given recursive combi- 
natorial problem is of interest for a number of reasons. It is an easy way to 
exhibit recursive combinatorial problems with no recursive solutions. It also 
has a connection with reverse mathematics. Reverse mathe:natics is the pro- 
gram of Harvey Friedman (and others) to answer the question: What set 
existence theorems are needed to prove ordinary theorems of mathematics? 
We observed above that Konig’s Lemma is used to prove the existence of 
solutions to these infinite combinatorial problems. The reverse mathematics 
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is the following. If a combinatorial problem can strongly represent the r.b. 
II? class of separating sets for any pair of disjoint infinite r.e. sets, then 
the existence of solutions to the combinatorial problem also implies K6nig’s 
Lemma in a certain subsystem RCAg of second-order arithmetic. This result 
is contained in Lemma 2.6 of Simpson [139]. Thus our next theorem has the 
corollary that, for each problem listed, the existence theorem for solutions to 
the problem implies Kénig’s Lemma. For some of the problems cited, Hirst 
gave a direct proof of this corollary in [67]. 


Theorem 6.3 The following problems can strongly represent the r.b. YH? 
class of separating sets for any pair of disjoint infinite r.e. sets. 


(1) The problem of finding a k-coloring for a k-colorable highly recursive 
graph, for any k > 3. 


(2) The problem of finding a marriage in a highly recursive society. 


(3) The problem of finding a surjective marriage in a symmetrically highly 
recursive society. 


(4) The problem of finding a surjective marriage in a symmetrically highly 
recursive society where each person knows at most two other people. 


(5) The problem of finding a 2-partition of a highly recursive graph such 
that no set in the partition is adjacent to 3 other sets. 


(6) The problem of finding a (one-way or two-way) Hamiltonian path for 
a highly recursive graph. 


Proof. Fix a pair A and B of infinite disjoint r.e. sets and recursive enu- 
merations {A*},c, and {B*},<, such that, for all s, 4°, B® C {0,1,..., s} 
and there is at most one element of AU B which comes into AU B at stage 
s. For each of the problems above, the proof that it can strongly represent 
the class of separating sets of A and B is simple enough that in each case 
we shall only give a brief sketch of the basic idea and leave the details to the 
reader. 

The k-coloring problem (1), the surjective matching problem (3) and the 
Hamiltonian path problem (6) are covered by the fact that they can strongly 
represent any r.b. IT? class. 
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(2) For each 1 € w, we will specify a boy 6; and :wo girls go; and 
gi so that 6; knows both go; and gi, and no other. Our highly recur- 
sive society S = (B,G,K) will be such that G = {goi, 91; : 1 € w} and 
B= RU{b;: 1 € w}, where R = {r, : (A°U B®) —(A®-! UE!) F G} is some 
infinite set of boys held in reserve. Again a marriage f for S will code a set 
Cy by specifying that 7 € Cy if and only if f(b;) = g1;. We then determine 
who the boys in R know in stages in such a way that 


a) if 2 € A, then one boy in R knows g;,; and no others and no boy in R 
go, 
knows go, , 


(b) if 2 € B, then one boy in R knows go; and no others and no boy in R 
knows 91, , 


(c) ifi € AU B, then no boy in R knows go, or gi, - 


Then if 2 enters AU B at stage s, we put r, € B and we put (r,, 91,:) 
in K ifi € A and (r,, goi) in K if i € B. It is clear that this defines a 
highly recursive society S and that there is a one-to-one degree preserving 
correspondence between the marriages f for S and the separating sets C' of 
A and B, given by mapping f to Cy. 


(4) We first partition w into a recursive sequence of infinite recursive sets 
(Go, Bo, Gi, Bi, ...). For any fixed 7, let g? < gi <... end Bo < dbl <... 
list the elements of G; and B; in increasing order. Our symmetrically highly 
recursive society S = (B,G, kK’) will be thought of as a bipartite graph with 
B= U;B; and G = U;G;. The idea is to construct a connected component 
of S with vertex set G; U B; for each 1. We construct the 7-th component 
in stages, so that at stage s, we determine the edges out of g? and b?. We 
begin as if we are going to construct the two-way infinite chain in which 0? 
is joined to g? and g} and such that, for each n > 0, 6?” is joined to g?"~? 


and g?" and b?"~! is joined to g?”~' and g?"*". See Figure 1. 


Observe that there are exactly two possible surjective marriages f for such 
a component depending on whether f(b?) = g? or f(b?) = g}. A marriage 
f : B > G for S will code a separating set C; for A and B by letting2 € C; if 
and only if f(?) = g}. Then it is easy to see that all we need to do to ensure 
that each marriage f of S corresponds to a separating set C; for A and B is 
to construct the i-th component so that it is a one-way chain starting in B; 
if2 € A, a one-way chain starting in A; if € B, and the full two-way infinite 
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Figure 1: Generic component of the symmetric society 


chain if: ¢ AU B. Thus we build the chain until we see that 2 € AU B at 
some stage s. That is, at each stage t, we add bf and gé for k € {2t,2¢ + 1} 
as pictured in Figure 1. Then if 7 € B® omit 6?"*' and g?"*' from the chain 
for all n > s and if 2 € A’, then we omit 6?” and g?” from the chain for all 
n 2s. 


(5) The graph (V, F) is defined as follows. We partition the vertex set V = 
w into a recursive sequence of infinite recursive sets (Uo, Vo,Ui,Vi,...). For 
each fixed 2, let uio < win < Ui-1 < Uig <... and vio < Vi < UA-1 <<... 
list the elements of U; and V; in increasing order. The graph V will be the 
union of connected components (U; UV;, E;). For each 2, F; contains all of 
the edges (ui,j, Uij¢1) and (vi,j, Vi,j41) as well as the edges (u;,;, vi,;) and 
(vij, Uij¢i). See Figure 2. 


Figure 2: Graph for 2-partition problem 
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Observe that there are exactly two possible 2-partitions of the component 
U; UV; such that no set has 3 neighbors, one being {{uj,;, viz} : 9 € Z} 
and the other being {{ui,j41, viz}: 7 € Z}. Such a partition P will code a 
separating set Cp for A and D by letting z € Cp if and only if {ui1, v;,1} € P. 
Thus we add the following edges to the graph. Ifi enters A et stage s, then we 
add the edge (uj,s , Vi,s41) Which forces the set {uj,s, Vi,s-1} to be connected to 
Ui,s-1) Ui,st15 Vis-2, Vis and v;,541 and hence have at least three neighbors. 
Thus in this case any legal partition P must include {u;,,, v;,;} for all s and 
hence 2 € Cp. If i enters B at stage s, then we add the edge (v;,5, ti,s42) 
which forces the set {u;,5, Vi,s} to be connected to Uj,s-1, Uist1» Uist2 y Vi,s—1 
and v;,,41 and hence have at least three neighbors. Thus in this case any legal 
partition P must include {u;,,, v;,s-1} for all s and hence i ¢ Cp. 


This completes the proof of Theorem 7.3. oO 


Observe that in each of these problems, we have the notion of a recursive 
sub-problem determined by a recursive subset of the graph society, together 
with the relations determined by the whole problem. Likewise we have the 
notion of a solution to such a sub-problem, which provides «a partial solution 
to the entire problem. Of course, the restriction of any (entire) solution to a 
sub-problem is a solution to the sub-problem. Let us say that a solution has 
a limit point if it is the limit of a sequence of distinct solutions (equivalently, 
if it belongs to the Cantor-Bendixson derivative of the class of solutions). 


Theorem 6.4 
(a) For each one of the combinatorial problems listed above in Theorem 6.3: 


(1) There is a recursive instance P of the problem which has no re- 
cursive solution. 


(2) There is a recursive instance P of the problem such that any two 
distinct solutions of P are Turing incomparable, where distinct 
means differing in infinitely many places and also for the coloring 
problem, that one solution cannot be obtained from the other by a 
permutation of the colors. 


(3) If ais a Turing degree and 0 <7 a <7 0, then there is a recursive 
instance P of the problem such that P has a solution of degree a 
but has no recursive solution. 
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(b) For the k-coloring problem (1), the surjective matching problem (3) 
and the Hamiltonian path problem (6), the following also hold. 


(4) 


(5) 


(8) 


Proof. 


There is a recursive instance P of the problem such that if a is the 
degree of any solution of P and b is an r.e. degree with a <r b, 
then b = 0’. 


If c is any r.e. degree, then there exists a recursive instance P of 
the problem such that the set of r.e. degrees which contain solutions 
of P equals the set of r.e. degrees >r ce. 


There is a recursive instance P of the problem such that tf x is a 
solution of P with x <7 0'", then there exists a nonrecursive r.e. 
set A such that A<re. 


For any degree a <r 0’, there exists a point x of degree a and 
a recursive instance P of the problem such that x is the unique 
non-recursive solution of P and is also the unique limit solution 


of P. 
There exists a recursive instance P of the problem such that: 


(i) P has a unique non-recursive solution y which is also the 
unique limit solution and has degree 0’, 


(ii) ¢f R is any recursive sub-problem of P, and z is any recursive 
solution of F’, then either (I) there are only finitely many 
solutions of P which extend z, or (II) all but finitely many 
solutions of P extend z. 


(iii) if x is any recursive solution of P, then there is some finite 


sub-problem F of P such that any solution of P which agrees 
with x on F must equal zx. 


(a) Parts (1) and (3) follow from the result of Shoenfield cited in Section 
1.6, since A is itself a separating set for A and B. Part (2) follows from 
Theorem 2.31. 


(b) Parts (4) and (5) follow from Theorem 2.9. Part (6) follows from the 
result of Kucera cited after Theorem 2.9. 


(7) Let A be a set of degree a and let B =7 A be given by Theorem 
2.16 (b). Thus there is a II? class Q of sets such that B € Q\ D(Q). We 
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may assume without loss of generality that D(Q) = {B} by restricting Q to 
a neighborhood U of B such that D(Q) NU = {B}. It follows that every 
other element of Q is isolated in Q and therefore recursive by Theorem 2.12. 
Now let the recursive problem P be given by Theorem 6.3 so that the set of 
solutions to P is represented by Q. Then the desired solution z is that which 
represents A. 


(8) Let the set A be given by Theorem 2.20. Thus there is a minimal, 
thin II? class Q such that D(Q) = {A}. Let the recursive problem P be 
given by Theorem 6.3 so that the set of solutions to P resresents Q. Part 
(i) follows as in (7) above. For part (ii), note that the set of solutions of P 
which extend z represents a II? subclass of @ and use the minimality of Q. 
For part (iii), use the fact that any recursive member of a thin I? class must 
be isolated. QO 


We can also translate index set results for graph colorings just like we 
did for logical theories. That is, we can effectively list all primitive recursive 
graphs Go, Gi,.... It is easy to check that the reductior of Theorem 6.1 
yields a recursive function p such that for each primitive recursive graph G-, 
there is a primitive recursive k-ary tree T,-) and an effective one-to-one de- 
gree preserving correspondence between the k-colorings of G, and the II? 
class [T,e)]. Vice versa, the correspondence due to Remmel [128] mentioned 
in Theorem 6.3 gives a recursive function gq such that for eny primitive re- 
cursive tree T., there is a primitive recursive graph Ge) such that there is 
a one-to-one effective degree preserving correspondence between [T,] and the 
set of k-colorings of G,(-). We can then use these two correspondences and 
Theorem 2.50 to prove the following. 


Theorem 6.5 


(a) {e: G, has no k-colorings} is L} complete, and 


{e:G. has a k-coloring} is I) complete. 


(b) For any positive integer c, 
({e:G. has <k!e k-colorings}, {e: Ge. has > k!e k-colorings}) 
is (L$, 12) complete, 
{e:G. has exactly k!(c +1) k-colorings} is D} complete, and 
{e: G, has exactly k! k-colorings} is II} complete. 
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(c) ({e : Ge has >No k-colorings}, {e: Ge has < Xo k-colorings}) 
is (IIS, ©3) complete. 


(d) ({e:G,. has a rec. k-coloring} , {e: Ge has no rec. k-coloring}) 
is (X$, IIS) complete. 


e) For any positive integer c, 
YP 
({e: G. has > k!e rec. k-colorings}, 


{e:G. has < k!e rec. k—colorings}) 
is (U$, 3) complete, 


e: G, has exactly k!c rec. k-colorings} is D9 complete. 
y 3 1 


({e :G. has < Xo rec. k~colorings}, 
{e:G, has =No_ rec. k-colorings}) 
is (DY, 119) complete. 


Similar translations can be done for the other problems that can strongly 
represent arbitrary r.b. bounded II? classes. Also one can use the index 
sets for separating sets given in Section 2 to given index sets results for the 
problems which can represent an arbitrary class of separating sets. We give 
an example of this type of translation in the next section. 


7 Recursive partial orderings 


In this section we consider three problems associated with partially ordered 
sets (posets). Two of these are the dual problems of covering a poset. with 
chains or with antichains. The third problem is the dimension problem, that 
is, expressing a poset as the intersection of linear orderings. 

We proceed as in Section 6. We first describe the problems and show 
that the solution set to a recursive problem always forms an r.b. II? class, 
and then apply the results of Section 2 to obtain corollaries which apply to 
the set of solutions of any such problem. We also consider for each problem, 
whether, conversely, the set of solutions to such a problem can represent any 
r.b. HI? class. For each problem, we show that the set of solutions to such 
a problem can represent the class of separating sets of any two disjoint r.e. 
sets and we apply the results of Section 2 to obtain corollaries which give the 
existence of “pathological” problems of each type. 
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(1) Decomposition problems for posets. 


In this case, we start with a recursive poset A = (A, <4), which consists of 
a recursive subset A of w and a recursive ordering relaticn <4. The width 
of A is the maximum cardinality of an antichain in A and the height of A is 
the maximum cardinality of a chain in A. 


(a) The first decomposition theorem we consider is Dilworth’s theorem 
[34], which states that any poset A of width n can be covered by n chains. 
The problem here is to find such a covering of A by n chains and the set of 
solutions corresponds to the various coverings of A by n chains. The effective 
version of Dilworth’s theorem has been analyzed by Kierstead in [77], where 
he showed that every recursive poset A of width n can be covered by (5"—1)/4 
recursive chains, while for each n > 2, there are recursive posets of width n 
which cannot be covered by 4(n — 1) chains. See Kiersteed’s article {81] in 
this volume for details and more results. 

Thus, the set of solutions of this problem for a recursive poset A can be 
represented as the set of maps f : A + {1,2,...,n} such that f-'({i}) = 
{x € A: f(x) =i} is a chain for each 7, which is clearly an r.b. I? class. 


(b) There is a natural dual to Dilworth’s theorem which says that every 
poset of height n can be covered by n antichains. The problem again is to find 
such a covering. The effective version of the latter theorem was analyzed by 
Schmerl, who showed that every recursive poset of height n can be covered by 
(n*+n)/2 recursive antichains while for each n > 2, there is a recursive poset 
of height n which cannot be covered by (n? + n)/2 — 1 recursive antichains. 
Furthermore, Szeméredi and Trotter showed that there exist: recursive partial 
orders of height n and recursive dimension 2 which still cannot be covered by 
(n? +n)/2 —1 recursive antichains. These results are reported by Kierstead 
in [77]. 

The set of solutions for the dual problem for a recursive poset (A, <4) of 
height n can be represented as the set of maps g: A {1, 2,..., n} such 
that g~!({7}) is an antichain for each 7 and is again an r.b. II? class. 


(2) Dimension of posets problem. 


The poset A = (A,R) is defined to be n-dimensional if there are n linear 
orderings of A, (A, Li), ... , (A, Zn), such that R = L)N---NLn. The notion 
of the dimensionality of posets is due to Dushnik and Miller, who showed in 
[46] that a countable poset (A, R) is n-dimensional if and only if it can be 
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embedded as a subordering in the product ordering Q”, where Q is the set 
of rational numbers under the usual ordering. A (recursive) poset (A, R) 
has (recursive) dimension equal to d, for d finite, if there are d (recursive) 
linear orderings (A, 11), ... , (A, La) such that R= £2,N---N Lg, but there 
are not d— 1 (recursive) linear orderings (A, LZ), ... , (A, £4_,) such that 
R=1,9---NL'_,. Kierstead, McNulty and Trotter have analyzed in [82], 
the recursive dimension of recursive posets and have shown that in general, 
the recursive dimension of a poset is not equal to its dimension. 

Given a countable poset (A, R) with A C w, we can code a set of d linear 
orderings of A, (A, Zi), ..., (A, La) as follows. Let ag < a; < +++ be an in- 
creasing enumeration of A. Then given d linear orderings of {ao, ... , dn—1}, 
there clearly are (n + 1)¢ ways to extend the d linear orderings to d linear 
orderings on {ao,..., dn}. One can fix some effective enumeration of these 
extensions for each n, so that it then becomes possible to code each d-tuple 
of linear orderings by a function f : A — w where f(a,) < (n+1)?—1 
for all n. Thus the set of solutions for the n-dimensionality problem of a 
recursive poset (A, 2) can be represented as the set of all f : A 4 w such 
that f codes an n-tuple, (A, 11), ... , (A, Zn), of linear orderings on A such 
that R = L,9--+L_, which is an r.b. IT? class. 

We state the first theorem and leave the details of the representation to 
the reader. 


Theorem 7.1 For each specific recursively presented instance of one of the 
poset problems P listed above, the set of solutions can be represented as an 
r.6. II? class. 


As in Section 6, we can now derive a number of immediate corollaries 
from the results of Section 2. We state only a few of these and leave the rest 
to the reader. For example, the following is true. 


Theorem 7.2 


(a) [fa recursive poset A has a covering by n chains, then A can be covered 
by n chains Cy, ...C, such that C) ®---®C, has r.e. degree. 


(b) If A=(A, R) is a recursive poset such that the family of sets 
{(A, [,) ) (A, L2) poet (A, L,)} 


of n linear orderings such that R = Ly L2N---NL, is countably 
infinite, then A has recursive dimension <n. 
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(c) If a recursive poset A has a covering by n antichains, but has no cov- 
ering by n recursive antichains, then for any countable sequence of 
nonzero degrees {aj}, A has a continuum of coverings {A, A2,... , An} 
by n antichains, which are pairwise Turing incomparable and such that 
the degree of {Ai, A2,.-.,An} is incomparable with each aj. 


Next we consider the reverse direction of this correspondence. 


Theorem 7.3 Each of the three problems described above can strongly rep- 
resent the r.b. II? class of separating sets for any pair of disjoint infinite r-.e. 
sels. 


Proof. As in the proof of Theorem 6.3, fix a pair A and B of infinite disjoint 
r.e. sets and recursive enumerations {A*},¢, and {B*},e, such that, for all s, 
A’, B’ C {0,1,..., s} and there is at most one element of AU B which 
comes into AU B at stage s. 


(1) The problem of covering a recursive poset of width k by k chains. 


First consider the case k = 2. We begin with the poset Do consisting of two 
one-way chains {a;;:7=0,1Aj € w} and {b;:7=0,1A 7 € w} where we 
have a;,; < a; whenever 7 < k and ao; < a1,; as well, anc. similarly for the 
b;,;. The two chains are linked by having ao,; < 6;,; and sirnilarly 69,3 < a1. 
Let us call the posets {ao,;, a1, 60, 61,4} the i-th block of the poset Dp. 
The i-th block of Do is pictured in Figure 3 (A). 

Our final poset D = (D, <p) will consist of the poset Dp together with 
an infinite recursive set E whose relations to the elements of Dp and among 
themselves is to be specified in stages. Now it is clear that a decomposition 
of this poset, up to renaming the chains, is completely determined by the 
choice, for each i, of either 


(a) putting ao; and a,, in one chain and 69, and 6, in the other, or 
(b) putting ao; and 6,,; in one chain and a,, and bo, in tae other. 


Thus we can think of a chain decomposition f : D > {1,2} as coding up a 
set Cy, where i € C; if and only if we use choice (b) for the :-th component, 
that is, if and only if f(ao,;) = f(61,:). Now the idea is to define the relations 
between the remaining recursive set E so that we introduce an element e in 
the i-th component between ao; and a; if 7 € B, see Figure 3 (B). This 


Chapter 13 TI? Classes in Mathematics TAT 


ali bai 
inotin A orB 

(A) 

a0, boi 

aLi bi 
(B) f iinB 

ao boi 

ali bii 
(C) iinA 

a9, boi 


Figure 3: Blocks for width 2 poset 


will force e, ao; and a,,; to be in the same chain. We introduce an element f 
in the 7-th component between bo, and a,, if 7 € A, see Figure 3 (C). This 
will force f, bo, and a,,; to be in the same chain. Finally we have no new 
element in the 7-th component if 7 ¢ AU B. It is not difficult to see that this 
can be accomplished so as to ensure that D is a recursive poset of width 2 
and that such actions will ensure that the correspondence f — Cy will be a 
one-to-one degree preserving correspondence between the decompositions of 
D into two chains and the separating sets of AU B. We leave the details to 
the reader. 

For the case where k > 2, one simply adds to the poset described a set of 
k—2 recursive infinite one-way chains, all of whose elements are incomparable 
with D and so that elements from different chains are also incomparable. 


(2) The problem of covering a recursive poset of width k by k antichains. 


Again we shall initially consider the case k = 2. The poset D = (D, <p) 
will consist of two parts. The first part of the poset will consist of a recur- 
sive antichain cp, ¢;,.-., and the second part will consist of two antichains 
do, a,;,... and by, b,,... where ap < bo and, for each i, aj4; < 5; and 
Giz1 < 6:41, see Figure 4. 
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ag ay a, a3 ay a, 
Figure 4: Height 2 poset 


We will complete the partial ordering on D by specifying the relations 
between the two parts in stages. Clearly, up to renaming the antichains, 
there is a unique decomposition of the second part of the poset into two 
antichains. We think of a decomposition of D into two antichains as coding 
up a set Cy by specifying 2 € Cy if and only if f assigns c; to the same 
antichain as the a’s. Then, for each 2, we define c; to be greater than a, 
if 2 € Ast! \ A® and incomparable to a, otherwise, and define c; to be 
less than 6, if 7 € B*t! ~ B* and incomparable to b, otherwise. It is then 
easy to check that D is a recursive poset of height two and that, up to 
renaming the antichains, the correspondence f + Cy is a one-to-one degree 
preserving correspondence between decompositions of P into two antichains 
and separating sets of AU B. For the case where k > 2, one simply adds to 
the poset described a set of k — 2 recursive infinite antichains, all of whose 
elements are comparable with every element of D and so that elements from 
different antichains are also comparable. 


(3) The problem of expressing a recursive poset P = (P, < P) of dimen- 
sion d as the intersection of d hnear orderings. 


We consider the case of two dimensional partial orderings. First we par- 
tition w into two infinite recursive sets C = {cg <q < ---} and D = 
{do < dy <---}. For each i, we let C; = {c5;, csit1, Csit2, Csi+3, Coitat. We 
shall define a recursive partial ordering <p on w in stages. Given any two 
sets E and F, E <p F will denote that, for any e € FE and f € F,e <p f. 
We start by defining <p so that Co <p Ci) <p C2 <p---. This means that 
if <, and <2 are two linear orderings such that <, N <2=<<p, then the only 
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Csi Csi43 CSi44 
(A) eae 
‘ iin neither 
Si é AorB 
Si+2 
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“Sit 5i+3 5i+4 
(B) 
c 
1 ee 
c iinA 
d 5i+2 
c.. c c 
Si+1 5i+3 Si+4 
(C) 
©. iinB 
, c 
d Si+2 


Figure 5: The 2-th block of the dimension 2 poset 


difference between <,; and <2 on C is how <; and <2 order the elements 
within the blocks C;. For each block C;, <p is defined so that we have the 
Hasse diagram in Figure 5 (A). 

It is then easy to check that, up to a permutation of the indices of the 
linear orderings <,; and <g, there are precisely two ways to define <; and <, 
on C; so that <1 M <2 equals <p restricted to A;, namely, 


(1) csi <1 Coit <1 C5ite2 <1 C5143 <1 Csiz4 and 
C5it2 <2 Csita <2 Cia <2 Csi <2 Chita, OF 

(II) esi <1 Csiga <1 C5i¢2 <1 Coiga <1 C5i43 and 
C5it2 <2 C5i43 <2 Ceiza <2 C5i <2 Coigi- 


Note that the difference between (I) and (II) is that in the ordering where 
the elements cs; , C5i+1 precede the elements csi42, Csi¢3, Csit44, We have csizs 
preceding cs;44 in (I), while in (II) csi+4 precedes cs;43. 
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We can thus use a pair of linear orderings <,; and <2 such that <,; 
N <9=<p is defined within the blocks C; to code a set $(<1,<2) C w by 
declaring 7 € S if and only if <; and <2 are of type (1) on Cj. 

The key to our ability to code up a tree of separating sets for a pair of 
disjoint r.e. sets A and B is the following. If we add an element d to the 
Hasse diagram as pictured in Figure 5 (B), then only linea: orderings <; and 
<2 of type (i) can be extended to C; U {d} so that <1 N <2=<p and if we 
add an element d to the Hasse diagram as pictured in Figure 5 (C), then only 
linear orderings <, and <2 of type (II) can be extended to C; U {d} so that 
<p ON <g=<p. 

That is, it is easy to check that, up to a permutation of indices there 
is only one way to define linear orderings <; and <2 on C; U {d} so that 
<1  <g=<p if <p has the Hasse diagram as pictured in Figure 5 (B), 
namely 


(I’) esi <1 d <1 C5ita <1 Casta <1 Coi43 <1 Csit4 and 
C542 <2 C5it4 <2 d <2 C5i43 <2 C5i <2 C5i41- 
Similarly, up to a permutation of indices, there is only one way to define 


linear orderings <; and <2 on C; U {d} so that <j N <2=<p if <p has the 
Hasse diagram as pictured in Figure 5 (C), namely 


(II’) esi <1 d <1 C54, <1 Csig2 <1 Csi¢4 <1 C5i43 and 


Caig2 <2 C5it3 <2 d <2 Csiga <2 C5i <2 Coit. 
Now to complete our definition of <p on w, we proceed in stages as follows. 


STAGE 0: 

If i € A®, let Ci-1 <p {do} <p Ci41, and define <p on C; U {do} so that we 
have a Hasse diagram as in Figure 5 (B). If € B®, let Ci_1 <p {do} <p Ci4i 
and define <p on C;U{do} so that we have a Hasse diagram as in Figure 5 (C). 
If A°U B® = @g, define {do} <p C. Note this defines <p cn all of C U {do} 
by transitivity. 


STAGE s > 0: 


Assume we have defined <p on C U {do, ... , ds_1} so that for all j < s, 
Ci-1 <p {d;} <p Cig1 if a € (A? U B?) N (A) U B3-}) znd {d;} <p CU 
{do, ... , dj-1} otherwise. Then if 7 € A®°\ A®!, let Ci <p {ds} <p Cigi 
and define <p on C; U {d,} so that we have a Hasse diagram as pictured in 
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Figure 5 (B). If7 € BS \ Bs’, let Cia <p {ds} <p Ci41 and define <p on 
C; U {bs} so that we have a Hasse diagram as pictured in Figure 5 (C). If 
(A* U B®) \ (AS"! U BS!) = @, define {d,} <p CU {do, ... , ds_1}. Again 
this defines <p on all of CU {do, ... , ds} by transitivity. 

This completes our definition of <p on w. It is easy to see that the 
definition of <p is completely effective. Given our remarks prior to our 
definition the stages, it is routine to check that up to a permutation of indices, 
if <,; and <2 are two linear orderings of w, then <j N <2=<p if and only if 
AC S(<1 A <2) and BN S(<, - <2) = 6. 


This completes the proof of Theorem 7.3. O 


As in Section 6, we have a number of immediate corollaries and we state 
only a few. 


Theorem 7.4 
(a) There is a recursive poset of width k which has no covering by k chains. 


(b) There is a recursive poset A of height k such that any two distinct 
coverings of A by k antichains are Turing incomparable, where distinct 
means not obtainable from the other by a permutation of the antichains 
in combination with the shifting of a finite number of elements. 


(c) If ais a Turing degree and 0 <ra <r 0’, then there is a recursive poset 
A = (A, R) of dimension d, but not of recursive dimension d such that 
there exists a set {(A,L,),..., (A, La)} of degree a of linear orderings 
such that R= 1,0---N Lg. 


Despite the fact that we were only able to prove that problems considered 
in this section can represent an arbitrary classes of separating sets for a pair 
of r.e. sets, we can still use this representation to prove results on index 
sets by transferring our results on index sets for separating sets given in 
Theorem 2.49. We will use the example of covering a poset with k-chains. 
It is easy to see that we can effectively list all primitive recursive posets with 
universe w as POg, PO,,.... There is a recursive function h such that for 
any given poset PO., there is a one-to-one degree preserving correspondence 
between the set of coverings of PO, with k-chains and the set of infinite paths 
through Th). Similarly given any pair of r.e. sets W, and W,, we can use the 
construction of Theorem 7.3 to show that there exists a recursive function g 
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such that there is an effective one-to-one degree preserving correspondence 
between the set of separating sets SS(a, 6) and the set of coverings of PO,(e) 
with k-chains. Actually one must modify the constructicn of Theorem 7.3 
slightly to ensure that the poset produced is primitive recursive but this is 
just a matter of padding the construction. Examples of ths type of padding 
are given in Section 12. We can then use these recursive fuactions h and g to 
translate the results of Theorem 2.49 to index set results “or coverings with 
k-chains. The idea is to use fh to prove the bounds on the complexity and to 
use g to establish the completeness. 


Theorem 7.5 


(a) ({e: PO. cannot be covered by k-chains} , 
fe: PO. can be covered by k-chains}) 
is (EP, I?) complete. 


(b) For any positive integer c, 
({e: PO. has > ¢ coverings by k-chains} , 
{e: PO. has < ¢ coverings by k-chains}) 
is (9, I12) complete, 


ée€;: PO. has exactly c=1 coverings by k-chains} ts DS complete, 
2 
and 


{e: PO, has exactly 1 covering by k-chains} is II} complete. 


(c) ({e: PO, has only finitely many coverings by k-chaias}, 
{e: PO, has infinitely many coverings by k-chains}) 
is (D3, IIS) complete. 


(d) ({e: PO. has a recursive covering by k-chains}, 
{e: PO, has no recursive coverir.g by k-chains}) 
is (Z3, 13) complete, and 


{e: PO, has a covering by k-chains, 
but has no recursive covering by k-chains} 


is II$ complete. 


Similar results hold for the other problems discussed in this section. 
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8 Recursive linear orderings and 
ordered structures 


There are several problems associated with linear orderings which lead to IT? 
classes. Here we encounter II? classes which are not necessarily recursively 
bounded. There are two types of problems considered here. The problem 
with an ordered structure is to find a linear ordering consistent with the 
structure, for example, an ordering which will turn a group into an ordered 
group. The second type of problem is concerned with pure orderings. Here 
we are looking for sub-orderings of type w, for w—successivities, and for self- 
embeddings. 


8.1 Recursive ordered structures 


In this subsection, we consider two problems: 
(1) The problem of finding an ordering of an Abelian group. 
(2) The problem of finding an ordering of a formally real field. 


In each case, the set of solutions to a given effective problem can always 
be represented by an r.b. II? class and in case (2), any r.b. II? class can be 
represented by such a set. 

In this section, we will assume that a recursively presented group, ring, or 
field is given by recursive addition, subtraction, multiplication and division 
functions on the set w, as appropriate. An r.e. ring is the quotient of a 
recursive ring modulo an r.e. ideal, and an r.e. group is the quotient of 
a recursive group modulo an r.e. normal subgroup. An ordering will be 
represented by the cone of positive elements. 

A formally real field is a field F’ such that no sum of (non-zero) squares 
equals zero. A field (F,+",-") is said to be ordered by the relation < 
provided that < is a linear ordering such that for all a,b,c € F, 


(i) a<boat ccbtre. 
(ii) Q<a & 0<b)30<a-"b. 


An ordering for a commutative group (G, +°, 0°) is defined similarly except 
in this case the ordering < need only satisfy condition (i). 
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The set C = Cg = {a € F :0 < a} clearly satisfies the following for any 
a,be F: 


(i) a4bE C3 at" bEC. 
(ii) 
(iii) (@€C & OF -PaeC) = a=0F. 


abeC sa! bEC: 


(iv) a€C Vv OF -Fa eC. 


A subset C of F satisfying (i) to (iv) is said to be a positive cone of fF’. Thus 
any linear ordering of F' defines a positive cone and conversely any positive 
cone C of F defines a linear ordering by 


axb = b-faeC. 


Thus we will identify the set of linear orderings of a field F with the set of 
positive cones of F’. 

For a commutative group (G, +%, 0°), a cone C need only satisfy (i), 
(iii) and (iv). 

The classical result of Artin-Schreier [6] is that any formally real field can 
be ordered. Craven showed in [32] that any closed subset C of the Cantor 
space can be represented as the set of orderings of some formally real field F’. 
Metakides and Nerode [110] made this proof effective by showing that if C is 
a II? class, then F may be taken to be a recursive field. Downey and Kurtz 
observed that the field F may have additional orderings which are compatible 
with the group structure although not compatible with the field structure. 
Thus the similar problem for orderings of groups remains open. Downey and 
Kurtz constructed in [42] a recursive group isomorphic to ¢.,Z which has no 
recursive ordering. The classical result here of Levi [96] is that an Abelian 
group can be ordered if and only if it is torsion-free. 


Theorem 8.1 For each specific r.e. instance of the problems (1) and (2) 
listed above, the set of solutions can be represented as an r.b. II? class. 


Proof. For recursive structures, this is immediate from the discussion above. 
For an r.e. structure, say F = R/J, observe that a positive cone C on R/T 
corresponds to a subset C’ of R satisfying clauses (i), (ii) and (iv) along with 
the following modified version of clause (iii). 
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(iii) (aeC’ & OF -FaeC') = ael. 


We leave it to the reader to translate these four clauses into a definition 
of a recursive tree T such that [7] represents the set of positive cones on F’. 
The proof for ordered groups is similar. Oo 


We can as usual derive a number of immediate corollaries from the results 
of Section 2. For example, 


Theorem 8.2 


a) Any r.e. presented group which has an ordering has an ordering of r.e. 
y Pp group 
degree. 


(b) If the set of orderings of the r.e. presented group G is countably infinite 
and nonempty, then G has a recursive ordering. 


(c) If the r.e. presented field F has only finitely many orderings, then every 
ordering of F is recursive. 


Next we turn to the other direction of our correspondence, that is, rep- 
resenting an arbitrary II? class by the set of solutions to certain of these 
problems. The problem of orderings of formally real fields was solved by 
Metakides and Nerode in [112]. 


Theorem 8.3 Any r.b. II? class P can be represented by the set of orderings 
of a formally real field. 


Proof. Let the recursive tree 7’ C {<“0,1} be given so that P = [T]. The 
construction begins with the underlying ring R = Q[z; : i € w] (the ring 
of polynomials with rational coefficients in infinitely many variables). We 
define a recursive maximal ideal of R such that the set of orderings of the 
field R/I represents [T']. We sketch a proof is which is somewhat different 
from that in [112]. 

The first step of our construction is to adjoin to Q the radicals \/p,, 
where p; is the i-th prime. That is, we put 2? — p; into J for each 2. 
Thus we have initially a continuum of possible orderings on Q[,/p; : 7 < wv], 
where to each II € {0,1}* there corresponds the ordering R(II) determined 
by taking 2; > 0 if H(z) = 0 and 2; < 0 if IN(2) = 1. Now for any o ¢ T, we 


use an auxiliary variable y, to eliminate the ordering corresponding to ¢ in 
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the following manner. We uniformly and effectively define, for o of length n, 
a polynomial f,(o,... ,@n—1) such that for (€9,... ,€n—1) € {0,1}", 


fo((-1)° v2, (-1)" V3, eit ty (=1)°*"" -/Pn-1) <0 


if and only if (€0,... , €n-1) = o. Then we add to J the polynomial y? = 
fo(%o,-.. ,€n-1) thus adjoining to our field a square root for f,(zo,.-. ,&n—1): 
It follows that if o ~ II, then the ordering R(II) is not compatible with the 
field, since it forces a negative element to have a square root. The function 


fa. is defined to be 
fo(zo, Sit » fn-1) = CG —- (-1)° zo wos Heigl 3) se (jae 


where Cc, is the least integer c such that ay eS oe a es ae oF 


(For example, suppose ¢ = (0,1). Then we want f,(V2, —V3) < 0, 
felV2,8) > 0,. f.(—v2,—vV3) >.0; “and: f,(—V2, V3) > 0. We 
compute that 3 < /2+ V3 < 4 and define fo(®o, 11) =3— 29+ 2.) 

Finally, to prevent any additional orderings from arising due to the new 
roots in the field, we add a sequence of roots y;,; to the field such that yio = yi 
and Yi jat = yi,j. Thus each y; and each y;,; is forced to be positive. Oo 


This representation theorem has, as usual, a number of immediate corol- 
laries of which we state only a few. 


Theorem 8.4 
(a) There is a recursive formally real field which has no recursive ordering. 


(b) There is a recursive formally real field which has cor.tinuum many or- 
derings and such that any two distinct orderings are Turing incompa- 
rable. 


(c) There is a recursive formally real field F such that if a is the degree of 
any ordering of F and b is an r.e. degree with a <7 b, then b=r 0’. 


(d) There ts a recursive formally real field F which hes a unique non- 
recursive ordering <o, such that this ordering <o has degree 0’, and 
such that for any other ordering < of F, there is some finite subset A 
of F such that for any ordering <' of R, if < agrees with < on A, 
then <=<'. 
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Recently, D. Reed Solomon [144] showed that the analogue of the 
Metakides-Nerode theorem fails for Abelian groups, that is, every abelian 
group has either two or has infinitely many orderings. 


8.2 Recursive Linear Orderings 


There are three problems discussed in this subsection related to a given 
recursive linear ordering A = (A, <4). 


1) The problem of finding a subordering of A of type w or of type w”, 
2) The problem of finding an w-successivity or anh w*-successivity in A. 
P g 


(3) The problem of finding a self-embedding of A. 


(1) Suborderings of type w or w*. 


A standard classical result is that any infinite linear ordering has a sub- 
ordering {f(0), f(1), ...} of order type either w or w* (the order type of 
the negative integers). Tennenbaum and independently Denisov showed that 
there is an infinite recursive linear ordering of order type w + w* which has 
no recursively enumerable subordering of either type (see Rosenstein [132] or 
Downey [39]). The suborderings of type w (respectively w*) are simply the 
functions f : w — A such that f(n) <4 f(n +1) (resp. f(n +1) <4 f(n)) 
for all n. Thus in each case the set of solutions to the problem of finding 
such a subordering is a II? class, but is clearly not bounded. For example, 
if A is the standard ordering (w, <), then the class of suborderings of A 
of type w is just the class of all increasing sequences of natural numbers, 
which is homeomorphic to w” and not even compact. We observe that the 
class of suborderings of type w is always a perfect set, since for any such 
subordering f and any n, there is another subordering of type w given by 


(F(0), FQ), +--+ 5 flr), f(r +2), fm +4), .--). 


Theorem 8.5 For any recursive linear ordering A = (A, <4), the class of 
suborderings of A of type w (respectively, of type w*) is a perfect UD class. 


Thus all we can say is that if a recursive linear ordering has a subordering 
of type w (respectively, type w*), then it has such a subordering which is 
recursive in some Si} set. It was shown by Manaster that any recursive linear 
ordering has a II? subordering of type w or of type w* (see Downey [39]). 
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(2) Successivities. 


An element 6 of A is said to be the successor of an element a if a <4 6 and 
there is no c such that a <4 c <4 6; in such a case, we write b= Sa(a). We 
say that a subordering f of type w in A is an w-successivity if f(n + 1) is 
the successor of f(n) in the linear ordering for each n, and similarly define 
an w*~successivity. Then the family P of w-successivities is a II? class and 
likewise the family of w*-successivities. 

Observe that the class of w-successivities of the standard ordering on w 
consists of all sequences (n,n +1,n+2,...), and is thus a countable set 
in which all elements are isolated. As for the suborderings above, this class 
is not necessarily compact. 

In general, there is at most one w-successivity f for each starting element 
f(0) = a, so that every member of the class P of w-successivities is isolated; 
a class with this property is said to be scattered. Clearly P is also countable. 
Furthermore, we can define a bounded recursive tree T with P = [T] by 
(do, @1,---,4n) € T if and only if 


(Wi < n) [a; <A Qi41 & (Vm < Qi41) (a; <AM<A4 ai41)]. 
A similar argument applies for w*-successivities. 


Theorem 8.6 For any recursive linear ordering A = (A, <4), the class of 
w-successivities (respectively w*-successivities) of A is a scattered, bounded 
II? class. 


Applying Theorem 2.12, we have the following. 


Corollary 8.7 Every w-successivity (respectively w*-successivity) of a 
recursive linear ordering A is recursive in 0’. 


This of course may also be proven directly from the definition of a succes- 
sivity. It follows from the result of Tennenbaum and Denisov that there is a 
recursive linear ordering of type w +w* which has no recursive w-successivity. 


(3) Self-embeddings. 


Another classical result is due to Dushnik and Miller [46], who showed that 
an infinite countable linear ordering always has a non-trivial self-embedding. 
Hay, Manaster and Rosenstein [65] constructed a recursive linear ordering of 
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type w with no non-trivial recursive self-embedding. A map f: A> Aisa 
self-embedding of A if, for all a and 6, f(a) <4 f(b) if and only if a < b. The 
family of self-embeddings of a recursive linear ordering is again seen to be a 
TI? class. For the standard ordering on w, it is clear that a self-embedding is 
the same thing as a subordering of type w. Thus the class of self-embeddings 
need not be compact. 

Now A always has a recursive self-embedding, namely the identity func- 
tion. If A has a non-trivial self-embedding, then we can fix an element a and 
consider the II? class of self-embeddings f such that f(a) # a. It follows as 
usual that A at least has a non-trivial self-embedding which is recursive in 
some Dj set. 


Theorem 8.8 For any recursive linear ordering A = (A, <4), the class of 


self-embeddings of A is a TI? class. 


Theorem 8.9 For any recursive linear ordering A = (A, <4), if A has a 
non-trivial self-embedding, then A has a self-embedding recursive in a Sj set. 


Recently, Downey and Lempp [43] showed that the proof-theoretical streg- 
nth of the Dushnik-Miller theorem is ACA, which implies that every recursive 
linear ordering has a self-embedding which is recursive in 0’. 


9 Recursive Analysis 


In this section we sketch the relation between II? classes and real numbers and 
functions. The problems we consider include finding zeroes, extreme values 
and fixed points of recursively continuous functions. We also consider Julia 
sets and basins of attraction for recursively continuous dynamical systems. 
For details and further results, see Ko [88] or [27]. More specifically, the 
problems that we will consider are the following. 


(1) Zeroes of continuous functions. 


The classical problem here is to find a zero for a continuous function. The 
intermediate value theorem can be used to show the existence of a zero for 
a continuous function which is negative at one point and positive at another 
point. The effective version of this theorem also holds, that is, any recursive 
function on the reals which is negative at one point and positive at another 
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point has a recursive zero, which can be computed by repeatedly splitting 
the interval between the two initial points. (See Pour-El-Richards [123] for 
a proof.) However, Lacombe [94] showed that there are recursive functions 
which have zeroes but have no recursive zeroes. We will give the improvement 
of this result due to Nerode and Huang [115] by showing that every IT? class 
is the set of zeroes of some recursive function. 


(2) The Extreme Value Theorem. 


The classical result here is that any function which is continuous on a compact 
set takes on a maximum and a minimum on that set. The problem here is 
to find a point where the maximum or minimum is attained. Lacombe [94] 
showed that the extreme values of a recursive function on [), 1] are themselves 
recursive and also constructed a recursive function F on [(, 1] which does not 
attain its maximum at any recursive point. We will present the result of 
Nerode and Huang [115] that any II? class may be represented as the set of 
points where some recursively continuous function attains its maximum. 


(3) Fixed points of continuous functions. 


The problem here is to find a fixed point for a given continuous function. 
A simple application of the intermediate value theorem stows that any con- 
tinuous function F on [0,1] has a fixed point. It is well known that if F is 
recursively continuous, then F will have a recursive fixed point. The Brouwer 
Fixed Point Theorem says that a continuous function or. [0,1] x [0,1] will 
also have a fixed point, but Orevkov [122] showed that there need not be a 
recursive fixed point. Results for other spaces are different. On the real line, 
the continuous function F(x) = «+1 has no fixed point. On w”, the function 
F((2(0), 2(1),...) = (1+ 2(0), 1+ 2(1),...) has no fixed point. On the 
Cantor space the function F(z(0), x(1),...) =(1—2(0), l—2(1),...) has 
no fixed point. 


(4) Dynamical systems. 


We will give a few results on effective real dynamical systems from Cenzer 
[14] and from Ko [89]. We shall view a dynamical system as determined by 
a continuous function F on a space X. The associated problem is to deter- 
mine the behavior of the sequence z, F(x), F(F(z)),... for a given x. In 
particular, we want to find those points x for which this sequence is bounded 
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or converges to some finite number and those x for which the sequence is 
unbounded or diverges to infinity where X is either the real line or the Baire 
space. If Fis a polynomial, then it is always possible to compute a bound c 
such that {F) (zr) : n < w} is bounded if and only if |F(™(z)| < c for all n. 
In fact, we can take c large enough so that F(x) > x+1 for all z > c, so that 
limpsoof (x) = 00 for all x > c. In this situation, we say that oo is an 
attracting point for F. Then {x : |F™(z)| < ¢ for all n} is called the Julia 
set of F. (See Blum, Shub and Smale [11].) It is then easy to see that the 
Julia set of any continuous function must be a compact set and we will show 
that for a recursively continuous function, the Julia set is a HI? class. The 
first problem for dynamical systems is to find a member of the Julia set. 

A point x is said to be a periodic point of a continuous function F’ if 
F(x) = x for some finite n. The basin of attraction B(x) of x is defined 
to be {u: lim, F'™(u) = 2}. The periodic point z is said to be attracting if 
there is some open neighborhood U about x such that U C B(x). The basin 
of attraction of infinity may also be defined as {u : lim, F™(u) = oo}. Thus 
the basin of attraction is an open set. We will show that for a recursively 
continuous function, the complement of a basin of attraction is a II? class. 
If 1 is an attracting periodic point of a function F on {0,1}* or [0,1], then 
we will refer to the complement of B(1) as the Julia set of F’. The problem 
here is to find a point not in the basin of attraction. 

Before turning to the problems mentioned above, we give a brief intro- 
duction to recursive analysis, including the problem of characterizing the re- 
cursive image of the interval and the related concept of a real as a Dedekind 
cut of rationals, which was studied by Soare in [142, 141]. 

A basic principle of recursive analysis is that a recursive function on the 
real numbers is an effectively continuous function and a I? class is an effec- 
tively closed set. We will consider the real line R, as well as three subspaces: 
the space of irrationals, which is homeomorphic to the Baire space w” and 
two compact subspaces, the interval [0,1] and the Cantor space, which is re- 
cursively homeomorphic to {0,1}”. Since R is recursively homeomorphic to 
the open interval (0,1) via the order-preserving map os we will frequently 
identify R with (0,1) and treat it as a subset of (0, 1]. 

Let D be the set of dyadic rationals in [0,1]. Then [0,1] has a basis of 
open intervals (a, 6), [0,c) or (d, 1] where a,b,c,d € D. Thus an open subset 
of [0,1] is a countable union 


U = Ulan) U Ul0,e) U U(des1] 
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of dyadic intervals. The open set U is said to be effectively open, or 1, if 
the sequences dn, b,, Cn and d, are recursive. Then a closed set C is said to 
be effectively closed, or II°, if it is the complement of an effectively open set. 

Any z € {0,1}” represents a real rz = }°, x(n)/2" € [0,1]. In ad- 
dition, for any o € {0,1}<”’, o~0” represents the dyadic rational q, = 
Dien 7(t)/2'. Some difficulty arises from the fact that q, has another rep- 
resentation, a[(n — 1)~071” (assuming that o ends in a 1). Each dyadic 
rational is of course recursive, so that we may unambiguously say that r is 
a recursive real if r = r, for some recursive sequence z € {0,1}”. Then a 
subset P of {0,1}” represents a subset of [0,1] if and only if, for all z, y such 
that r, = ry, we have x € P if and only if y € P. For any o € {0,1}<” 
of length n, the members of [(o) represent the members of the real closed 
interval [qo , do + 2~"], which we denote by U(c). More generally, if r < s 
are recursive reals, then the interval [r,s] is a II? class, since, if r = rz and 
s=ry, then 


rz € [r,s] <=> (Vn) [Qcfn-— 2" < Gen < Gyfn + 2°"). 


Lemma 9.1 
a) The following are equivalent for any subset K of [0,1]. 
(a) g are eq y 
(1) K is a II? class. 
(2) KW is closed and {(p,r) € D?: KO [p,r] = @} is an re. set. 
(3) K is represented by a II? class P C {0,1}”. 


(b) A may be represented by a recursive binary tree wih no dead ends if 
and only if {(p,r) € D?: K O[p,r] = 6} is recursive. 


Proof. 


(a) We show that both (1) and (3) are equivalent to ‘2). Suppose first 
that A is a II? class and let 


OJ. kK = U(an, bn) U U[0, en) U U(dn 1]. 
Then 


K Nip] =6 > (0) [.r] SY (amsbm) UY 10¢5) UU, (dos I 


Chapter 13 II? Classes in Mathematics 763 


Suppose next that A = {(p,r): AM [p,r] = @} is an re. set. Then A is a 
II? class since 


[0,1]. & = Uf(p.r): (pr) € A}. 
Furthermore, A’ is represented by [T] where the II? tree T is defined as 
follows. Given o of length n, let 


o€T = (Go, 40 +2] E Ult(p,7): (pr) € A}. 


(Here we replace g + 2~" with 1 if qg = 1.) 
Finally suppose that A = {r, : x € P} for some II® class P = [T] C 
{0,1}. Then for any o, 


NO (G0, 90+2")=6 <> o¢ Ext (T) 


Since any dyadic interval [p,r] may be decomposed into a finite union of 
intervals of the form [q, , go +27"], it follows that {(p,r) : A A [p,r] = @} is 
an r.e. set. 


(b) This follows from the observation that, if A’ is represented by [T], 
then o € Ext (T) = KO [qo.do + 2° 4 @. Oo 


An arbitrary I? class P C {0,1}” can be represented by a II? subclass of 
[0,1] by the following lemma. 


Lemma 9.2 For any II? class P C {0,1}”, there is a II? subclass Q C 
{0,1}* which represents a subset of [0,1] \ D which is recursively homeo- 
morphic to P, 


Proof. Let the recursive homeomorphism ¢ be defined by 


y(x(0), x(1),...) = (1,0, 2(0), 1,0, 2(1),...) 


and let Q = y[P]. Q represents a subset of [0,1] since every element of Q has 
both infinitely many “1’s” and infinitely many “0’s”. o 


We can characterize those intervals which are IT? classes using the notion 
of the Dedekind cut L(r) = {q € D: q < r} of a real number r. Soare 
showed in [142, 141] that if x € {0,1}* is the characteristic function of a II? 
set (respectively a L? set), then L(r,) is a I? set (resp. a N° set) and that 
these implications are not reversible. 
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The set w<” and the space w” may be linearly ordered ty the lexicographic 
ordering <,, where z <z y if, for some n, x(n) < y(n) and x(z) = y(t) for 
alli <n. This ordering is recursive on w<” and thus is II? on w”, since 
r<ry => (Vn)z[n<yf[n. 

We now define the interval [z,y] = {z : <r, z <x y} and also [z, co] = 
{z: x2 <r, z}. Then we let L(r) = {o € ws” : 00” < zc}. These notions 
may also be restricted to {0,1}” and {0,1}<”. Observe that for non-dyadic 
rationals r, and ry, rz < ry if and only if @ <z y. 


Lemma 9.3 


(a) For any x < y in either [0,1], {0,1}%, or w, the interval [x,y] is a 
II? class if and only if L(x) is a U9 set and L(y) is a If set. 


(b) In either [0,1], {0,1}”, or w%, L(x) ts a recursive set (respectively 
recursive in A) if and only if x is recursive (resp. in A). 


(c) For any x € {0,1}, if « is the characteristic function of a D$4 (re- 
spectively TI°*) set, then L(x) is a Eo4 (resp. TI}'4) set. 


Proof. 


(a) First consider the case, where x < y and x,y € w%. We claim that 
[x,y] is a II? class if and only if both [z, co] and [0,y] are II? classes. The 
if direction follows from the fact that [z,y] = [x,oo] M [0.y]. For the other 
direction, choose o € w” and n such that 2[n <p o <z y|n and observe that 
[z, oo] = [x,y] U [a7 1”, o0] and [0, y] = [0,77 0%] U [z, y]. 

Thus we need only show that [z, 00] is a II? class iff L(x) is aE} set and 
that [0,y] is a TI? class iff L(x) is a II? set. Suppose that [r, oo] = [T] for 
some recursive tree T’. Then 


cE L(r) => o OW ELT] — (An)o 0 ET 


and hence L(x) is 59 set. Vice versa, suppose that L(a) is a LY? set. Then 
we have 


z€[z,oo] <=> (Vm) (z[m €¢ L(ax)) 


so that [x, oo] is a II} class. 
Similarly, if [0, y] = [T] for some recursive tree, then 


ao € L(y) = > (Vn) (0 0" € T) 
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so that L(y) is a TI? set. Vice versa, if L(y) is a TI set, then 
2 € [0,y] <> (Wn) (z[n € L(y)) 


so that [0,y] is a II® class. 

For z,y € {0,1}, the argument is similar, except that [z, co] is replaced 
by [x, 1“]. 

For r,,7ry € [0,1], the problem reduces to the previous case of {0,1}”, as 
long as we take z to end in 0” whenever r, € D and y to end in 1” whenever 
ry € D, so that qo € [rz, ry] <=> o € [z,y]. 


(b) We give the argument for w”. L(x) is recursive in x, since 
aE L(x) = o<z2Ilol. 


Also, x is recursive in L(x), since for each n, x(n +1) is the least a such that 
a[n-a€ L(r) & ze[n-at+1 ¢€ L(z). 


(c) Now suppose that x is the characteristic function of a II? set, i.e., x 
is the characteristic function of w\ A where A is an r.e. set. Then let A® for 
s > 0 be some effective enumeration of A. Thus z is the decreasing limit of 
a sequence (to, 21, ...) where z, is the characteristic function of A’. Then 


oe L(x) = (Wn) (o <1 2,[Io]). 


Similarly, if x is the characteristic function of a ©? set A then zx is the 
increasing limit of the sequence (x,). Hence o € L(x) <= > (An)(o <1 
t,[|o]). 0 


It follows from part (b) that L(x) is A$ if and only if x is A$, and that if 
x is II} (respectively, ©$), then L(x) is I$ (resp. ©9). 


Theorem 9.4 


(a) Let x Cw. If x is the maximum element of an r.b. II? class, L(x) is 
a II} set. If L(x) is a II? set and, in addition, x is not hyperimmune, 
t.e., there is a recursive function f such that x(e) < f(e) for all e, then 
« is the marimum element of some r.b. II? class. If x is the minimum 
element of some r.b. II} class, then L(x) is a D9 set. If L(x) is a X° 
set and, in addition, x is not hyperimmune, then x is the minimum 
element of some r.b. II? class. 
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(b) For any x in [0,1], x is the maximum element of some II° class if and 
only if L(x) is TI}, and x is the minimum element of some II® class if 


and only if L(x) is D9. 


(c) For any x € w or [0,1], x is the mazimum (respectively, minimum) 
element of a II? class represented by a tree with no dead ends if and 
only if x is recursive. 


(d) For any x € w, if x is the maximum element of a bounded 1° class, 
then L(x) is a II set and if zx is the minimum element of a bounded 
II? class, then L(x) is a D9 set. 


e) For any x € w”, if x is the maximum element of a Il® class, then L(x 
"l 
is a Ly set, and if x is the minimum element of a L° class, then L(x) 
ts a II} set. 


Proof. We just give proofs for the maximum element versions. 


(a) Suppose that L(x) is a II? set and there is a recursive function f such 
that z(e) < f(e) for all e. Then z is the maximum element of the IT? interval 
(0,x] by Lemma 9.3. Hence z is the maximal element of the r.b. IT? class 
(0, z] 9 [7] where T is the recursive tree such that 


oeT => (Wig Jol) (a(t) < F(2)). 


Now let z be the maximum element of an r.b. II? class P = [T]. Then 
o € L(z) if and only if 

(Ay) [ye P & o<ry) => (Sar ew!) [7 © Ext(T) & o <_ 7]. 
Since T is r.b., the search for 7 is bounded and, since Eat (T) is a TH? set, 
L(x) is a I? set. 


If T has no dead ends, then Ext (T) is recursive, so that L(x) is recursive. 
This completes the proof of part (a) as well as part (c). 


Part (b) now follows from Lemma 9.1. 


Parts (d) and (e) follow from the characterization of (2) given above, 
since Ext (T) is always 4} and is IT} if P is bounded. Oo 
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Next we turn to the definition of recursively continuous functions. For 
functions on w” or {0,1}”, a recursive function y = F(z) is given by an 
oracle Turing machine which uses input z as an oracle to compute the values 
y(n) and is continuous since each value y(n) depends on only finitely many 
values of 2. 


Lemma 9.5 A function F : w” + w” (respectively, F : {0,1}” > {0,1}%) 
is recursively continuous if and only if there is a recursive function 
f ws” + ws” (resp. f : {0,1}<~ — {0,1}<”) such that 


(1) for all o <7, f(a) X f(r), 
(2) for all x € w, limn-+0 |f(a[n)| = oo, and 


(3) forall 2 ew", limyss f(z{n) =F (2). 


Proof. Given such a representation f for fF’, clearly we can compute y(n) 
for y = F(x) from x by computing f(xr[k) for sufficiently large k. 

Given a recursive function F’, define the representation f as follows. On 
inputing o of length n, compute the values of 7(2) where r = f(c) for each 
2 <n by applying the algorithm for F’ for n steps, using oracle 7. The length 
of r will be the least k <n such that 7(k) does not converge in n steps. O 


In general, a function F on the Baire space is continuous if and only if 
it has a representation f as above. Thus F is continuous if and only if it is 
recursive in some parameter z E w”. 


The definition of recursively continuous real functions is more difficult. 


Definition 9.6 A function F : [0,1] — {0,1] is recursively continuous if 
there is a uniformly recursive sequence of functions f, : D — D such that, 
for any x € {0,1}”, F(r,) = lim; fildefi) and a recursive function v :w + w 
such that, for all natural numbers m,n,k and all dyadic rationals q,r, if 
lq—r| < 27“) and m,n > v(k), then |fn(q) — fa(r)| < 27*. 


This definition is easily seen to be equivalent to other standard definitions, 
such as those given by Lacombe [94]. See Pour-El-Richards [123] for some 
history. 


Note for any recursive continuous real function, F(x) is recursive real for 
any recursive real x. 
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Functions of several variables are treated similarly, thus a uniformly re- 
cursive sequence of functions {f,}new and a recursive function v represent a 
continuous function F : [0,1]? — [0,1] if lim fi(qepi, yi) = F (x,y) for any 
reals x,y and if | fin(q1, 92) — fn(T1,72)| < 27* whenever m,n > v(k) and both 
lq. —ril, |q2—re| < 27"). For example, the standard distance function |a—y| 
may be represented by taking f,(q,r) = |q—r| for all n and p(k) =k +1. 


We say a function F : {0,1}” — {0,1}% represents a real function G 
provided y = F(x) whenever r, = G(rz). 


Lemma 9.7 If F is a continuous (respectively recursive) map on {0,1}” 
such that F(x) = F(y) whenever rz = r,, then F represents a continuous 
(respectively recursively continuous) map on [0,1]. 


Proof. Given the representation function f for F’, let f;(q>) = qj(c) for all 7 
and let v(k) be the least n such that |f(o)| > & for all o € {0,1}". Oo 


We remark that not every recursively continuous real function may be 
represented by a recursive function on {0,1}; the distance function |z — r| 
for any fixed rational r € (0,1) is a counterexample. For 2xample, suppose 
that r = 4 and G(r) = |x — }|. Now suppose that F : -0,1}¥” + {0,1}” 
represents G and that f : {0,1}<* — {0,1}<* represents I’. Now G(2) = 3 
which has two representations x; = 1~0” and zp = 071%. Let r2 = (10)” 
so that x3 represents 3. Then either F(x2) = 2, or F(x2) = to. Suppose 
first that F(a22) = ro. Then for some n, 0 ~ f((10)"). But then (10)"~ 1” 
is a number greater than 2 so that 1 < f((10)"1*) for some k which is a 
contradiction. Similarly if F(22) = 2, then for some n, 1 ~ f((01)"). But 
then (10)"~ 0% is a number less than 2 so that 0 < f((10)" 0*) for some k 
which is again a contradiction. 

A recursive metric on the Baire space is defined by 6(x, y! = 1/2" = 0" 1%, 
where n is the least such that x(n) # y(n), and d(z,y) =0 =0" ifr =y. 

For a closed set A’ of a metric space (X,6), the distance dx (x) from a 
point 2 to the set A’ is defined to be min{d(z,y):y € A}. It is well-known 
that dx is always a continuous function. We will see below “hat 6x need not 
be recursively continuous even if A’ is a II? class. 

The graph of a function F : X + X is defined as usual to be gr(F’) = 
{(z, F(z)): 2 € X}. For X =w, we can view the graph as a subset of X by 
associating the pair (x, y) with the element z = r®y, where z(2n) = x(n) and 


2(2n+1) = y(n). For any class P and any x € X, let 7,(P) = {y: r@y € P}. 
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For a function F from [0, 1] to [0,1], the graph may be represented by a subset 
of {0,1}”, namely {2 @y: f(rz) = ry}. 

A classical result says that a function on the interval is continuous if and 
only if the graph is closed. We give the effective version here. 


Theorem 9.8 
(a) The graph of a recursively continuous function on w” is a If? class. 


(b) Let X be etther {0,1} or [0,1]. Then a function F : X > X is 
recursively continuous if and only if the graph of F is a U9 class. 
Furthermore, the graph of any recursively continuous function may be 
represented by a tree with no dead ends. 


Proof. 


(a) Suppose first that F : w” — w” is recursively continuous and is 
represented by f : ws” — wS”. Define the recursive tree T with [T] = gr(F) 
by putting o @7 € T if and only if 7 is consistent with f(c). 


(b) Given a recursive F’ : {0,1} — {0,1}, define the recursive tree T 
with gr(F’) = [T] as in (a). Then Ext (T) is 5°, and therefore recursive, by 
the following easily verified claim. 


CLAIM: o0 @7 € Ext (T) <> (do'succo)t ~ f(o’). 


Given a recursive tree T so that gr(F’) = [T], define the recursive repre- 
senting function f by letting f(a) be the common part of {r:0 @7 € T}. 

Next suppose that F is a recursively continuous function on [0,1] and 
let the recursive sequence f; of dyadic rational functions and the recursive 
modulus function v be given as in Definition 9.6. We can assume that v(k) > 
k for all k. In this case, we can define our desired recursive tree TJ with 
gr(F) = [T] to be the set of pairs o @ 7 of length 2n — 1 or 2n such that 
lfn(qo) — ar] < 2'-* for all k such that |o| > v(k). Again it is easy to see 
that Ext (T) is recursive. 

Suppose now that gr(F’) is a II? class and, by Lemma 9.1, let T C {0, 1}<” 
be a recursive tree so that [T] represents gr(F’). T may not be the graph of 
a function, since each dyadic real has two representations. However any two 
representations of length n differ by 2~". Thus, for any 7 and any o of length 
n, we let fi(qco) = qr for the lexicographically least 7 of length || such that 
ao ®t € T, and let v(k) be the least n such that, for all o of length n and 
any 71,72 with ¢ @ 7% and o ® 72 both in T, 6,(™1, 72) < 27*. Qo 
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We next examine the complexity of the image of a II? class under a 
recursively continuous function. The classical results are that the image of 
any compact set under a continuous function is compact and that the image 
of a closed set is an analytic set. 


Theorem 9.9 Let F be a recursively continuous functior. on a I? subclass 
P ={T] of w” or [0,1], and let F[P] = {F(x): 2 € P}. Then 

(a) F[P] is a St class, 

(b) if P is bounded, then F[P] is a strong I} class, and 
(c) if P is recursively bounded, then F[P] is a recursively: bounded II} class 
and, furthermore, if there ts a recursive tree T with no dead ends such 


that P = [T], then there is a recursive tree S with no dead ends such 


that F[P}] = [S]. 
Proof. 
(a) This part follows immediately from the fact that 


y € F[P] => (ae)[re P & (2, y) € gr(F)I. 


(b) Suppose that T is a finitely branching, recursive tree and let S be a 
recursive tree such that gr(F’) = [S]. Then it follows from Koénig’s Lemma 


that F[P] = [RA], for the finitely branching L? tree R defined by 
TER <=> (Ao)[oET& c@reE Sh. 


(c) Now suppose that T is recursively bounded and let F' be represented 
by the recursive function f : w<” + w<”. Then it is easy to see the definition 
above in (b) becomes recursive. 

To find a bound for the possible value of r(n) for 7 € R, compute the 
least m such that |f(o)| > n for all o € T of length m. Then we compute 
the maximum value A(r) of f(o(n)) for all o € T of lengsh n. Thus R is 
highly recursive. 

If T has no dead ends, then it follows from the fact that f(o) < f(p) 
whenever o < p that R likewise has no dead ends. 

For P C [0, 1], the result now follows from Lemma 9.1 and Theorem 9.8. 0 


Our next results may be viewed as partial converses of part (c) of 
Theorem 9.9. 
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Theorem 9.10 


(a) A II° subclass P of {0,1}” is the recursively continuous image of 
0,13” af and only if it can be represented by a recursive tree with 
; y P y 
no dead ends. 


(b) A II? subclass P of [0,1] ts the recursive image of [0,1] if and only if 


P =[r,s| for some recursive reals r < s. 


Proof. 


(a) Let P = T where T is a recursive tree with no dead ends. Define the 
recursive map F : {0,1}” — {0,1}% so that y = F(x) is some element of 
P which is nearest to x by letting y(n) = x(n) as long as e[n +1 € T and 
letting y(n + 1) be the least 7 such that y[n + 1-7 € T otherwise. 


(b) If r and s are recursive reals, then [r,s] is the image of [0,1] under 
the recursively continuous map F(z) =r+(s—r)z. 

Suppose that A’ is the image of the recursively continuous map F’. It 
follows from the Intermediate Value Theorem that A’ = [r,s] where the reals 
r and s are the maximum and minimum elements of P. It follows from 
Theorem 9.9 that A’ may be represented by a tree with no dead ends and 
then from Theorem 9.4 that r and s are recursive. | 


Corollary 9.11 Let F be a recursively continuous function on w”, {0,1}”, 
or [0,1]. Then the mazimum and minimum values of F on P are recursive 
reals (if they exist). 


Theorem 9.12 Each of the following sets is a MI? class for any recursively 
continuous function F : X — X, where the space X may be {0,1}”, [0,1], w” 
or R. In case (3), the class always has a recursive member when X = [0,1]. 
In case (4), the class is always bounded when X =R. 

(a) The set of points x where F(x) = xo for any fired recursive z9. 

(b) The set of points where F attains its maximum (minimum). 

(c) The set of fired points of F. 

(d) The Julia set of F where X =w” or R. 

(e) The complement of the basin of attraction of a recursive periodic point. 
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Proof. 
(a) This is immediate from Theorem 9.8. 


(b) It follows from Corollary 9.11 that the maximum and minimum are 
recursive if they exist. The result now follows from part (b). 


(c) This is easily reduced to part (b). For R, z is a fixec point of F if and 
only if F is a zero of G(x) = F(x) — 2. For {0,1], take G(x) = |F(x)- |. 
For {0,1}* or w”, define z = G(x) by z(n) = |F(z)(n) — 2(n)|. 

A recursive fixed point r may be found for a recursively continuous func- 
tion on X = [0,1] by the standard procedure. If F has a dyadic fixed point, 
then there is nothing to do. If not, then repeatedly split the interval in two 
and choose the subinterval with F(z) < z on one end and F(x) > x on the 
other. Then r is the unique element in the intersection of tihese intervals. 


(d) This is immediate from the characterization of the Julia set as 
{x : (Vn)|F"(z)| < c} for a fixed recursive point c. Note that in w*, 
{x : © <r Zo} is not a bounded II? class in our sense of being the paths 
through a finite branching tree. 


(e) Given an attracting point c for F’, there is some recursive interval 
(a,b) C B(«) containing c. Then the complement of the basin of attraction 
may be characterized as 


{x: (Wn) (F(x) <aV F"(2) > d)}. Oo 


As usual, we give a few immediate corollaries from the results of Section 2. 


Theorem 9.13 Let F: X — X be a recursively continuous map, where X 
is either {0,1}, [0,1] or R. 


(a) If F attains a mazimum M, then there are two points x, and x2 with 
F(a.) = F(x2) = M such that any function recursive in both x, and 
@q Is recursive. 


(b) If F has only countably many zeroes, then F has a recursive zero. 


(c) If F has only finitely many fixed points, then every fized point of F is 


recursive. 


(d) Ifthe Julia set of F : R + R has no recursive member, then it contains 
a continuum of pairwise Turing incomparable elements. 
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(e) If the basin of attraction B(xo) of a recursive fixed point xo of F is not 
all of X, then there is a point x of r.e. degree which is not in B(x0). 


Proof. We just note that in each case, a function defined on R may be 
restricted to a finite interval and thus be treated as a map on the interval. 
For example, if F has a zero, take a recursive interval [a, 6] on F' has a zero 
and let [c,d] be the image of {a,b] under F. Then F’ may be composed with 
maps between [0,1] and the two intervals to obtain a map G : [0,1] > [0,1] 
so that the set of zeroes of G is homeomorphic to a subset of the set of zeroes 


of F. O 


Theorem 9.14 Let F': w’ — w” be a recursively continuous map. 


(a) If F attains a maximum M, then F(x) = M for a point x which is 
recursive in some Sj set. 


(b) If F has only countably many zeroes, then F has a hyperarithmetic 
zero. 


(c) If F has only finitely many fixed points, then every zero of F is hyper- 
arithmetic. 


Next we give the collection of converses to Theorem 9.13. The first three 
parts are due to Nerode and Huang [115] and may also be found in Ko [88]. 


Theorem 9.15 Let P be a II? subclass of the space X, either {0,1}”, [0,1], 
w” or R. 


(1) There is a recursively continuous function F such that P is the set of 
zeroes of F. 


(2) There is a recursively continuous function F with maximum value M 


such that P = {x: F(x) = M}. 


(3) (a) If X is either {0,1}, w” or R, then there is a recursively con- 
tinuous function F such that P is the set of fixed points of F. 


(b) If X is [0,1] and P has a recursive member, then there is a re- 
cursively continuous function F such that P is the set of fixed 
points of F. 
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(4) If P is bounded and has both a recursive mazimum and a recursive 
minimum element, then there is a recursively continuous function such 
that 


(a) P is the complement of the basin of attraction of a recursive 
periodic point, where X = [0,1] or R. 


(b) P is the Julia set of F where X =R. 


Proof. 
(1) First suppose P C w and let T be a recursive tree such that P = [T]. 


Define the recursive function F' by 


0", for x € P 
F(z)= 


0"~170", if nis the least with x[n ¢ T. 


If P represents a subset of [0,1], then the function F is modified when x 
represents a dyadic, so that F(a~17~ 0") = F(o~07 1”) for all o. Thus when 
r; = Ty is dyadic, we let 


0”, forze P 
0"~170", if nis the least with z[n ¢ 7 and y[n¢ T. 


F(z) = Fly) = 
For a subset P of R, let Q be the image of P under the isomorphism G 
with (0,1) together with the point 0, if P has no lower bound and the point 
1, if P has no upper bound. Then let H be the recursively continuous map 
with set Q of zeroes. It follows that P is the set of zeroes of H oG. 


(2) Let F' be the function defined in the proof of (1) and observe that 0 is 
the minimum value of F in each case. For the maximum argument on (0, 1] 
or R, just take G(x) = 1 — F(z). For the maximum argument on w”, note 
that the range of F is a subset of {0,1} and take G(z)(n) = 1 — F(x)(n). 


(3) (a) Let F be given by (1) so that P is the set of zeroes of F’. Now let 
G(x) = F(x) +2 for the real line, and, for w* or {0,1}%, let G(x)(n) = x(n) 
if F(x)(n) = 0 and G(z)(n) = 1 — x(n), if F(x)(n) £0. 

(b) Let zo be a recursive member of the II? class P and let F be the 


function given by (1) so that z € P if and only if F(z) = 0. Define G(x) to 
be z+ (to — x) F (2). 
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(4) (a) Let P be a II? proper subclass of [0,1]. Then there is some 
recursive element x9 ¢ P. Let F be the recursive function given by part (1) 
such that F(x) = 0 for z € P and F(x) > 0 for zc ¢ P. Let P, = P/N (0, xo] 
and P, = PN {[zo, 1]. Let M, be the maximal element of P, and let M2 be the 
minimal element of P:, so that both M, and Mp are recursive. Now define 
the function G by cases. 

G(x )=M,4+ F(z \(vo -— M1), forz < M,, 
G(r) =x+(x—M,)(xo— 2), for My < 2 < zo, 
G(x) =x —-(Mz—-—2x)(x— 29), for ro < x < Mo, 
G(x) = M, — F(x)(M2 — 2x0), for Mz <2 
Then xo, M, and Mp) are all fixed points of G. We claim that P is the 
complement of the basin of attraction of zo. The following inequalities are 
immediate from the above definition. 
M, < G(r) < 20, forxz << M, 
x< G(x) <2, for M, <x < 20, 
to < G(x) <2, forr9< 24 < Mo, 
ro < G(x) < My, for Mz < cz. 
First we show that the basin of attraction of zo for G includes [M,, M)]. 
Given M, < x < Zo, we see that x < G(x) < ap. It follows that G"(z) is 
an increasing sequence with limit 2 such that G(L) = L and M, < L < ao. 
Thus we must have L = zg. A similar argument works for to < x < Mj. 

Next suppose that « ¢ P and either x < M, or x > Mp. Then either 
G(x) € [Mi, Mo], so that x is in the basin of attraction of G. 

Now suppose that z € P, so that either z € Po or xe € P,. For x € Py, we 
have F(x) =0 and x < M;, so that G(x) = M, and thus G"(r) = M, for all 
n > 0. Thus z is not in the basin of attraction of G. Similarly for x € P,, 
G"(x) = M2 for all n > 0, so that z is not in the basin of attraction of G. 

For X = R, just identify X with a subclass of (0,1) as in (1) above. 


(b) Let P be a bounded II} class of reals with a recursive minimal element 


m and a maximal element M and let the recursively continuous function F' 
be given by (1) so that F(x) =0 for all e € W and F(z) > 0 for all z ¢ XK. 
Now define the function F' in the following cases. 


G(z)=m+M-—x, forrz< 
G(z) = M+ F(x), form<r<M. 
G(r) = 2x4 -—M, forr >M. oO 
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Since any countable I? subset of [0,1] and any IT? subset which may be 


represented by a tree with no dead ends has a recursive member, we have 


the 


following immediate corollary. 


Corollary 9.16 


(a) If the nonempty I? subclass K of [0,1] may be represented by a tree 


with no dead ends, then K is the set of fixed points of some recursively 
continuous function from [0,1] into [0,1]. 


(b) Any countable, nonempty II? subclass K is the set of fixed points of 


some recursive function from [0,1] into [0,1]. 


As usual, we have a number of immediate corollaries, of which we state 


only a few. 


Theorem 9.17 Let X be {0,1}, w”, R, or [0,1]. 


(a) For any r.e. degree c, there is a recursively continuous function F on 


S 
— 


X such that the set of r.e. degrees which contain zeroes of F equals the 
set of r.e. degrees >7 C. 


There is a recursively continuous function F on X which has a fixed 
point and such that any two distinct fired points ave Turing incom- 
parable if X is {0,1}”, w’, or R. There is a recursively continuous 
function F on [0,1] which has a unique recursive fired point and un- 
countable many non-recursive fixed points and such that any two dis- 
tinct non-recursive fixed points are Turing incomparable. 


(c) There is a recursively continuous function F which his a mazimum M 


on X, such that there is a unique non-recursive point to where M is 
attained and Zo is also the unique accumulation poini of the set where 
M is attained. 


) There is a recursively continuous function on R with an attracting point 
at infinity such that every recursive point is attracted to infinity but not 
every point is attracted to infinity. 


) There is a recursively continuous function on [0,1] with an attracting 
point at infinity such that every recursive point is attracted to infinity 
but not every point is attracted to infinity. 
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Proof. Note that in part (b) when X = [0,1], we may add a single recursive 
point to the I? class so that it can represent the set of fixed points. QO 


Theorem 9.18 


(a) There is a recursively continuous function on w” which has a zero but 
has no hyperarithmetic zero. 


(b) There is a recursively continuous function on w” which attains a maz- 
imum M such that F(x) # M for any hyperarithmetic point zx. 


(c) There is a recursively continuous function on w” which has a fired point 
but has no hyperarithmetic fired point. 


Ko [89] recently improved part (4) of Theorem 10.15 by showing that 
if the II? class P has either a p-time maximum element or a p-time min- 
imum element, then there is a p-time computable function f with Julia 
set P. Furthermore, Ko shows in [89] that there is such a set P which has a 
non-recursive Hausdorff dimension, which implies that there is a p-time com- 
putable function f such that the Julia set of f has non-recursive Hausdorff 
dimension. 


10 Gale-Stewart games and the 
Rado selection principle 


These two problems fall under the category of miscellaneous combinatorial 
results and are thus united in one section. The set of winning strategies for 
an effective, closed {0,1}-game of perfect information was shown in [24] to 
strongly represent any r.b. II? class. We will consider more general closed 
games here. The set of choice functions for an effective Rado family was 
shown in {70] to strongly represent any bounded II? class. We will summarize 
those results below. 


10.1 Gale-Stewart games 


For any subset C' of w”, the infinite game G(C) of perfect information is 
defined as follows. Two players, I and II, alternately play an infinite sequence 
z = (x(0), y(0), x(1), y(1), ...), and player II wins this play if z € C. 
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A strategy for Player II is a (partial) function O from w<” into w. For any 
play x = (2(0), (1), ...) of the game by Player I, the play O(z) of the game 
when 0 is applied to z is given by (x(0), y(0), z(1), ...), where, for each n, 
y(n) = O((x(0), y(0), ..., y(n — 1), x(n)). The strategy O is said to be a 
winning strategy for Player IJ in the game G(C) if, for any play z of the game 
by Player I, O(2) € C. The notion of a strategy and a winning strategy for 
Player | is similarly defined. The game G(C) is said to be determined if one 
of the two players has a winning strategy. Gale and Stewart showed in [56] 
that the game G(C) is determined if C is either closed or cpen. For a closed 
set C, we have C = [T] for some tree T, and we will sometimes refer to G(C) 
as G(T’). We say that G(T) is a recursively presented Gale-Stewart game 
if T is a recursive tree and that G(T) is bounded (respectively, recursively 
bounded) if the set [T] is bounded (resp. r.b.). 

As pointed out in [24], strategies need to be coded to avoid always having 
a perfect set of winning strategies. 

Let 7,71, ... effectively enumerate the nonempty elements of w<” in in- 
creasing order where we order the sequences by the sum of the sequence plus 
the length and then lexicographically. Thus ™ = (0), ™ := (00), 72 = (1), 

. For each t € w<”, let n(7) be the unique n such that 7 == 7,. Then an ar- 
bitrary sequence z = (z(0), z(1), ...) € w” codes a strategy O, for Player II 
in the following manner. For any play x = (2(0), (1), ...) of Player I, 
the strategy O, produces the following response y = (y()), y(1),...) by 
Player II. First, ae z(n((x(0))) and for any k, y(k + 1) = z(n), where 
T = (2(0),... , a(k)), that is, 

O.((x(0), (0), --., y(k—1), a(k)) = a(n). 
Thus z(0) = 0,((0)), z(1) = 0.(0, 0.(0), 0), 2(2) = 90.((1)), and so 
on. It is clear that the result O.(z) of applying this stategy to a play 
xz = (z(0), x(1),...) of the game by Player I can be computed from x and 
z by a recursive function. For a finite sequence z[n = (2(0),..., z(n —1)), 
6.tn is a partial strategy which, applied to any partial play z[m+1 = 
(2(0) iv si of Player I with n(z[m) < n, gives a partial response 
92tn((x ee »+++, y(m—1), x(m)) = y(m) where for all r < m, y(r) = 

2(k,) if ie : iy BEE) Shs 
Now, for any tree T C w<”, let WS(T) be the set of codes 
z = (2(0), 2(1),...) Ew” 


for winning strategies of Player II in the game G(T). 
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Theorem 10.1 For any recursive tree T, 
(a) ws(T) is a II® class. 
(b) If T is finitely branching, then WS(T) is bounded. 
(c) If T ts highly recursive, then wS(T) is recursively bounded. 


Proof. We will define a recursive tree Q such that ws(T’) = [Q], as follows. 
First @ is in Q and then for any o = (z(0), ... , 2(n—1)), o € Q if and only 
if, for all sequences v = (x(0),... , e(r — 1)) where n(v) < n, the result of 
applying the partial strategy 8, coded by o to the partial play v is in T. It 
follows from the discussion above that there is a recursive function g such 
that, for each n, the value z(n) of a coded strategy gives the play y(g(n)) of 
player II at step g(n). If T is finitely branching, then there are only finitely 
many possible choices for y(g(n)) which allow player II to win the game, 
so that only finitely many values are possible for z(n). This makes ws(T’) 
bounded. If T is highly recursive, then we can actually compute a list of 
these possible values from g(r). Thus ws(7’) will be recursively bounded. O 


As usual, we can derive a number of immediate corollaries. We state the 
following and leave the rest to the reader. 


Theorem 10.2 Let T be a recursive tree such that player II has a winning 
strategy for the Gale-Stewart game G(T). 


(a) There is a winning strategy which is recursive in some %} set and, 
if there are only finitely many winning strategies, then each winning 
strategy is hyperarithmetic. 


(b) If T is finitely branching, then there is a winning strategy which is 
recursive in 0”. 


(c) If T is highly recursive, then there is a winning strategy of r.e. degree 
and, if there are only countably many winning strategies, then there is 
a recursive winning strategy. 


(d) If T is highly recursive and there is no recursive winning strategy, 
then there ts a continuum of pairwise Turing incomparable winning 
strategies. 
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Next we consider the set of winning strategies for Player I (who is trying 
to get the play into the open set). Let ws’(T) be the set of codes for winning 
strategies of Player I. Note that for any recursively presented Gale-Stewart 
game G(C), the set of winning strategies of Player I is a ©? class. 


Theorem 10.3 For any recursive tree T, 
(a) ws’(T) is a II} class. 
(b) If T is finitely branching, then ws'(T) is an open set. 
(c) If T is highly recursive, then ws'(T) is a D8 class. 


Proof. We describe the class of actual strategies O and leave it to the reader 
to translate this into the coded strategies as in the proof of Theorem 10.1. 
In general, 0 is a winning strategy for Player I if and only if, for all plays y 
of Player II, the result O(y) of the game when Player I uses the strategy O 
is not in the set [7], that is, 


(Wy)(An) [(x(0), y(0), 21), v1), ---, 2(r), y(n) € T] 


where z(t + 1) = O((2(0), y(0), ... , e(z), y(z))) for all 2. 

If T is finitely branching, let f(n) give an upper bound for the possible 
values of a(n) for any o € T. Then we can use Konig’s Infinity Lemma as 
usual to express this in the form: 


(An) (V(y(0), y(1), --- , y(r))) 
[(x(0), y(0), (1), y(1),---, e(m), yim)) ET], (+) 
where each y(z) < f(2z), so that the (V) quantifier is bounded, which shows 
that ws’(T) is an open set. 


Finally, if T is highly recursive, then we may take the function f to be 
recursive, so that the characterization (*) above makes ws’'T’) a L} class. 0 


Theorem 10.4 Let T be a recursive tree such that Player I has a winning 
strategy for the Gale-Stewart game G(T). 


(a) There is a A} winning strategy and, if there are only finitely many 
winning strategies, then each winning strategy is A}. 


(b) If T is finitely branching, then there is a recursive winning strategy. 
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Proof. 


(a) This follows from the theorem that A} is a basis for II}, which is a 
corollary of the Novikov-Kondo-Addison Uniformization Theorem (see Hin- 
man [66, pp. 196-198] for details). 


(b) Since ws’(T’) is open and nonempty, there must be an interval of 
coded winning strategies, which of course will contain a recursive strategy. 0 


Now we consider the reverse direction of the correspondences given in 
Theorems 10.1 and 10.3. 


Theorem 10.5 For any recursive tree Q, there is a recursive tree T and an 
effective one-to-one degree preserving correspondence between the Il° class 
[Q] of infinite paths through Q and the class ws(T) of winning strategies 
for the effectively closed game G(T). If Q is finitely branching (respectively 
highly recursive), then T may be taken to be finitely branching (resp. highly 
recursive). 


Proof. Let the recursive tree Q be given. Our basic idea is that each path 
I] = (w(0), m(1), ...) € [Q] should correspond to a strategy On which acts 
as follows. Given any partial play, 


((2(0), ... 5 2(m)) 
of Player I, On will respond with 


On((z(0), y(0), tee y(m _ 1), a(m)) = y(m) 


where y(m) = 0 if x(z) > 0 for any 2 < m and y(m) = a(m) if z(z) = 0 for 
all i < m. Thus whenever Player I plays a value x(7) > 0, then ever after 
On will respond with a 0 and if Player I plays all 0’s, then Oy will respond 
by reproducing the path II. It is easy to see that when we code the strategy 
On via a sequence z = (2(0), z(1),...) that z will have the same Turing 
degree as I]. Thus the correspondence II — Oy will be an effective one-to- 
one degree preserving correspondence. Thus all we need to do is recursively 
define a recursive tree TC w<* so that 


ws(T) = {z: z is a code of Oy for some II € Q}. 


We begin with sequences (a,b) of length 2 by putting (a,6) € T if and only 
if, either a > 0 and b= 0 or a = 0 and (6) € Q. (This ensures that if Player I 
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starts with an z > 0, then any winning strategy © for Player I] must respond 
with a 0, whereas if Player I starts with a 0, then Player IJ must respond 
by starting a sequence in Q. Similar remarks will apply to the subsequent 
nodes we put in T.) Then, for each n and each 


rT =(2(0), y(0),..., a(n), y(n)) ET, 
do the following. 


(1) If z(k) > 0 for some k <n, then put 7~a70 € T and leave T~a~6 out 
of T for all a and for all 6 > 0. 


(2) If x(k) = 0 for all k < n, then put r~a~b € T if and only if, either 
a >OQand 6=0 or a=0 and (y(0), ... , y(n), 6) € Q. 


It easily follows from the definition of T that for any I] = (7(0), 7(1),...) € 
[Q], On is a winning strategy for Player II for the game G(T’). Now suppose 
that © is a winning strategy for Player II for G(T). Thea we can define a 
II = (x(0), w(1), ...) € [Q] such that © = On by recursion as follows. For 
each n, let 


n(n) = O((0, (0), 0, m(1), ..., 0, (nm — 1), 0)). 


It is easy to see from our definition of T that II € Q and that O = On. 
Thus the correspondence II + Oy is our desired effective one-to-one degree 
preserving correspondence between [Q] and ws(T). 

Suppose now that Q is finitely branching (respectively, highly recursive). 
Let f(7) be an upper bound on {s: 77s € Q}; if Q is highly recursive, then 
f is recursive. Now given a partial code o = (2(0),... , zin — 1)) € ws(T) 
for a strategy for the game G(T), we will indicate how to compute an upper 
bound g(a) for {t: o~t € ws(T)}. First compute the n-th finite sequence 
T = (7(0),..., 7(K —1)) in the enumeration described above, and use o to 
compute the partial play 


m= (7(0), y(0),..., 7(k— 2), y(k— 2), 7(& --1)). 


This can be done since for any i < k, 7[7 appears before 7 in the enumeration. 
Now there are two cases in the computation of g(a). If r(k — 1) > 0, then 
g(c) = 0 and if r(k — 1) = 0, then g(o) = f(x). Thus ws(T) is finitely 
branching and if Q is highly recursive, then g is recursive so that ws(T) is 
highly recursive. oO 
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As usual, there are a number of immediate corollaries and we state only 
a few. Note that all of the examples below are games in which player II (who 
is trying to force the play into the closed set) has the winning strategy. 


Corollary 10.6 


(a) There is a recursively presented Gale-Stewart game such that Player II 
has a winning strategy but has no hyperarithmetic winning strategy. 


(b) There is a recursively presented, bounded Gale-Stewart game G(C) such 
that Player I has a winning strategy and for any winning strategy O 
with 0! <7 O <7 0", there is a S$ set A such that 0’ <7 A <7 O. 


(c) For any r.e. degree c, there is a recursively presented, recursively 
bounded Gale-Stewart game G(C) such that Player II has a winning 
strategy and the set of r.e. degrees which contain winning strategies for 
G(C) equals the set of r.e. degrees >7 ¢. 


Next we consider the reverse direction for games in which Player I has 
a winning strategy. Here the bounded games all have recursive winning 
strategies and nothing more can be said. For the unbounded games, the 
reverse direction demonstrates the connection between II} classes and the 
game quantifier of Moschovakis. Recall that the II? class with index e is 
the set [7] of infinite paths through the e-th primitive recursive tree T.. A 
theorem of Moschovakis states that the set of indexes e such that Player I 
has a winning strategy for the game G(T.) is a universal II} set. See [114] 
for a discussion of the game quantifier and this theorem. 

Note that every winning strategy for Player I is a limit point of the set 
of winning strategies for Player I, since once the play of the game has gotten 
into the open set, Player I may play anything at all from that point on. 
Thus we cannot hope to represent even every II? class with a one-to-one 
correspondence. 


Theorem 10.7 For any II} class Q C w”, there is a recursively presented 
Gale-Stewart game G(C) and a recursive function F such that ye V => 
F(y) € ws'(C). 


Proof. Suppose that y€ Q <=> (Vz)(dn) R(x[n,y[n). Define the closed 
set C to be {(2,y) : (Vn)-R(x[n, y[n)}. For each y € w”, let F(y) code the 
strategy which simply plays y in response to any play z of Player I. Then it 
is clear that F(y) codes a winning strategy if and only if y € Q. Oo 
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Theorem 10.8 


(a) There is a recursively presented Gale-Stewart game G(C) such that the 
set WS'(T) of winning strategies for Player I is not D1. 


(b) There is a recursively presented Gale-Stewart game G(C) for which 
Player | has a winning strategy but has no hyperarithmetic winning 
strategy. 


Proof. 
(a) This is immediate from Theorem 10.7. 


(b) Let Q = {z} be a Ij singleton such that z is not hyerarithmetic and 
let the game G(C) and the recursive function F' be given by Theorem 10.7. 
Then it is clear that Player I has a unique winning strategy which consists 
of playing z(n) at his n-th turn, and that this strategy has the same degree 
as Z. O 


10.2 The Rado Selection Principle 


In this section, we summarize the results of Jockusch, Lewis and Remmel 
from [70]. A Rado Family consists of collection of finite sussets {A; : 7 € I} 
of A = Uje7A; and a collection of finite partial functions 


{yr € A® : F is a finite subset of I} 


such that for each finite subset F of I, yr(t) € A; for alli € F. The 
Rado selection problem is to find a choice function f : 1 + A such that 
for any finite subset F of J, there is a finite extension E D F' such that 
f(t) = ve(2) for all 2 € F. We call such a choice function a Rado selector. 
Rado proved in [125] that any such family has a Rado selector. A finite set 
F = {x, <--+- < zy} of natural numbers may be coded by 


ene ge Sy glee ee oc 


In this case, we write F = D,. We let 0 code the empty se. Then a family 
{Aj : 1 < w} of finite sets may be coded by a function f such that A; = Dy) 
for each 2. Similarly a family of finite partial choice functions yr may be 
coded by a single function g such that g(7) = 7 if and only f 


Dead 2 6D: fe ep le) Sy. 
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A Rado family together with the coding described above is an effective Rado 
family if A= I =w and if the coding functions f and g are both recursive. 

Given an effective Rado family F as above, let Ch(F) be the set of 
functions h : w —> w such that 


(1) A(z) € A; for each 7 and 


(ii) for each finite F C w, there is a finite extension F such that 
pr(t) = A(t) for alli € F. 


The following is Theorem 3 of [70]. 


Theorem 10.9 For any effective Rado family F, there is a bounded strong 
I$ class P and an effective, degree preserving correspondence between P and 


Ch(F). 


Proof. We can define a tree T which is recursive in 0’ such that [T] = Ch(F) 
as follows. A finite path (yo, y1,---, Yn) is in T if and only if 


(i) y; € A; for all 2 <n and 


(ii) there exists a finite set M such that {0,...,}C M and y(t) = y 
for alli <n. im 


Applying Theorems 2.7, 2.14 and 2.24, we obtain the following. 
Corollary 10.10 Let F be an effective Rado family. Then 
(a) F has a Rado selector of S$ degree. 


(b) If F has only finitely many Rado selectors, then F has a Rado selector 
which ts recursive in 0’, 


The following is Theorem 2 of [70]. 
Theorem 10.11 For any nonempty bounded strong II§ class P, there exists 
an effective Rado family F and an effective, degree preserving correspondence 


between P and Ch(F). 


We can now apply the results of Section 1 to prove the following. 


786 D. Cenzer and J. B. Remmel 


Corollary 10.12 


(i) There is an effective Rado family such that, for any degree a of a Rado 
selector for F and any § degree b >7 a, b= 0". 


(ii) There is an effective Rado family such that, for any two degrees a, b 
of Rado selectors for F, ak bv 0’. 


(iii) There is an effective Rado family such that, for any degree a <7 0" of 
a Rado selector for F, there is a ©9 degree b with O' <p b <ra. 


11 Feasible II) Classes and Structures 


In this section, we prove a strengthening of a result of Grigorieff [61] and 
Cenzer and Remmel [21] that every relational structure is recursively iso- 
morphic to a feasible structure. Our result will imply that for essentially all 
the recursive mathematical problem of Sections 3-10, if a I? class P can be 
can be represented as the set of solutions to a given recursive instance of the 
mathematical problem, then it can also be represented as the set of solutions 
to a polynomial time instance of the problem. 

We also define the notion of a feasible tree and a feasible II? class and 
show that every recursively bounded II? class P is the set of infinite paths 
through a p-time tree. We consider the problem of whether a feasible II? 
class has a feasible infinite path and give some p-time versions of the classical 
results from Section 2. These results will be applied in the next section to 
give conditions under which certain feasible mathematical problems will have 
feasible solutions. 

There are two approaches that we can take to the study of feasible com- 
binatorial problems. The first approach produces negative results, that is, 
feasible problems without feasible solutions. This approach is based on the 
observation that each of the problems considered arises from certain sim- 
ple extensions of recursive relational structures. The solution set of such 
problems is then essentially determined by the underlying recursive rela- 
tional structure. Thus we are led to the question of whether an arbitrary 
recursive structure is recursively isomorphic to a polynomial time structure. 
The fundamental theorem of Grigorieff [61] on feasible st-uctures, is that 
every relational structure with finitely many relations is recursively isomor- 
phic to a real-time structure. Cenzer and Remmel [21] extended this to show 
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that every recursive relational structure is recursively isomorphic to a p-time 
structure. We will apply this result to show that almost all the recursive com- 
binatorial problems considered in this paper are recursively isomorphic to a 
feasible problem. Such an analysis was done by Cenzer and Remmel [22] 
for the feasible graph coloring problem. It was shown that every recursive 
graph is recursively isomorphic to a polynomial-time (p-time) graph, which 
implies that every r.b. II? class can be represented as the set of colorings of 
a p-time graph, so that there are p-time 3-colorable graphs which have no 
recursive 3-colorings. Similarly, it is shown in [22] that every r.b. IT? class 
can be represented by the set of winning strategies for a feasibly closed game, 
so that there is a feasibly closed game with no recursive winning strategy. 

One particular critical difference between feasible structures and recursive 
structures is the following. Any infinite recursive structure, such as a graph, 
is recursively isomorphic to a recursive structure with universe w. This is 
because any infinite recursive subset of w is recursively isomorphic to w. 
However, it is not the case that every infinite feasible subset of w is feasibly 
isomorphic to w. Thus the fundamental result mentioned above provides, for 
every relational structure, a recursively isomorphic feasible structure which 
has for its universe a feasible subset of w. It is not generally possible to make 
the universe all of w. An example is given in [21] of a recursive linear ordering 
which is not recursively isomorphic to any p-time linear ordering on w. 

The second approach produces positive results and is based on the fol- 
lowing idea. As we have indicated, the set of solutions to a combinatorial 
problem can be presented as the recursively bounded II? class [T] of infinite 
paths through a recursive tree 7’. Cenzer and Remmel introduced in [24] the 
notion of a feasible tree and showed that for any recursive tree T’, there is 
a feasible tree T’ such that [T] = [T’]. This seems to indicate that feasibly 
II? classes might be no better than arbitrary EH? classes. However, the key to 
whether a recursive problem has a recursive solution lies in the notion of a 
recursively bounded problem and the corresponding notion of a recursively 
bounded II? class. Feasible versions of these notions are studied in [24] and 
used to obtain some general conditions which imply the existence of feasible 
solutions to feasible problems. Two positive results about the r.b. II? class 
P = {T) of infinite paths through a recursive tree T are the following. 


(1) If T has no dead ends, that is, if every finite path in T can be extended 
to an infinite path, then P has a recursive member. 


(2) P is finite, then every member of P is recursive. 
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The precise notions of feasible functions, graphs and trees depend strongly 
on the specific representation of the functions, graphs and trees as well as on 
the specific representation of the natural numbers. Several versions of feasi- 
bility are defined in [24] and used to obtain feasible versions of (1) and (2). 
These results are applied in [22], where it is shown that the set of colorings 
of a p-time graph G may be represented by a p-time tree. This implies, in 
particular, the following result. 


Suppose that G is a k-colorable graph which is p--time in tally and 
that any k-coloring of a finite subgraph of G has an extension to a 
k-coloring of G. Then G has a p-time k-coloring in tally, and an 
exponential time k-coloring in binary. If, in addition, G has only 
finitely many k-colorings, then every k-coloring of G is p-time in 
tally and exponential time in binary. 


A vertex set V C w will have a tally representation given by tal(V) = 
{tal (n) : n € V} and a binary representation bin(V) = {bin (n):n € V}. 
Similarly, a set F of edges on V will have a tally representation given 
by tal(E) = {[tal(m),tal(n)] : (m,n) € E} and a binary representa- 
tion bin(E) = {[bin(m), bin(n)] : (m,n) € E}. For a graph G = (V,£) 
such that V C w, we then let tal(G) = (tal (V), tal (F)) and let bin (G) = 
(bin (V), bin(£)). Then, for any notion of feasibility, we say that G is fea- 
sible in binary if bin (G) is feasible and we say that G is feasible in tally if 
tal (G) is feasible. A similar result is given in [24] for feasibly closed games 
and feasible winning strategies. 

A relational structure is simply a structure which has no functions. We 
will present an improved version of the theorem from [21] that every recursive 
relational structure is recursively isomorphic to a polynomial time structure. 
This theorem will be our primary tool in the analysis of recursive combina- 
torial structures. It is important to note that the polynomial time structure 
provided will have for its universe a polynomial-time set »ossibly different 
from {1}* or {0,1}*. An example is constructed in [21] which shows that the 
theorem fails if any fixed polynomial time set A is specified in advance as the 
universe of the structure. The improved version of the theorem presented 
here applies to structures with two distinct types of objects, the first type 
being the normal universe of the structure, and with functions which map 
the first type into the second type. The type of example that we have in 
mind is a function from the vertices of a graph into the natural numbers 
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which computes the degree of a vertex. The universe of the graph is now 
expanded by adding a p-time set which represents the natural numbers and 
the degree function now becomes part of the structure. Naturally, the new 
objects are not vertices and therefore are not joined to any other objects by 
edges. 


Theorem 11.1 Let 
= Cc Cc 
C > (Ci. AG Bs {R; i ’ {f; eee 
be a recursive structure such that: 


(i) A and B are disjoint subsets of C with C = AUB, and B is a 


polynomial time set. 


(ii) there is a recursive isomorphism from Bin(w) onto a subset of 
Bin (w) \ B with a p-time inverse. 


(iii) for each i€ T, f; maps C into B. 


(iv) for each 1 € S, the relation R; is independent of B, that is, for any 
(@1,--.,;%n) € C”, where n = s(t), any 7 <n such that xz; € B, and 
any bE B, 


RE (a,... ,t») tf and only if RE (a1,... (RAR Viens sen): 


(v) for each 1 € T, the function f; is independent of B, that is, for any 
(t1,.--,2n) € C", where n = t(i), any j <n such that x; € B, and 
any bE B, 


c 
fe (a1,---,2n) = f \eicks »%j-1,6, j41,--- Fn). 


Then there is a recursive isomorphism yp of C onto a p-time structure M 


such that p(b) = 6 for all be B. 


Proof. The idea of the proof is that we will replace each element x of A by 
a string y which codes z and is long enough to allow us to compute whether 
z € A in time |y| and also to compute the relations and functions on A in 
time |y| for all inputs which are less than or equal to z. These new strings 
may accidentally be in the set B, which must be kept disjoint from A™. This 
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is the reason for the p-time mapping which takes an arb trary string to one 
which is not in B. Let w be a p-time map from Bin (w) in:o Bin (w)\ B such 
that ~~" is also p-time. We can assume that A is an infinite set, since, if A is 
finite, then C is p-time itself. Let o9, 0;,... be an effective enumeration of 
A in the usual order. Let bo be the shortest element of B. For any z € A, we 
let v(x) denote the number of steps needed to run the following algorithm. 


First start to list og, 01, ... until we find an s such that o, = z. 
Next for each i < s such that i € S UT, list all sequences 
(v1,...,@n) from {bo, o0,..., 05}" for n = s(z) or t(2) and 
then, for 7 € S, compute whether Rj(x,,..., tn) holds and, 


for i € T, compute f£(21,... , 2n)- 


Observe that the algorithm is completely uniform in a because our defi- 
nition of recursive structure ensures that there is a recursive relation R such 


that Ri, (a1, ..., tyy)) => Rila.,..., tui) and a recursive function 
f such that f(z, (a1, --., tqy)) = fi(ti,..., ty). Note that in order to 
obtain the list o9,... , o5, we have to test whether a € A for all a < x. We 


then define a structure 
M= (M, {RM} 25 ¥ ie he) 


as follows. For each a € A, let y(a) = (a707 1") and, for each b € B, 
we let y(b) = 6. It is clear that y is a recursive isomorphism from C' onto a 
subset M of Bin (w), that y(B) = B and that y(A) is disjoint from B. The 
structure M is the image of C under the isomorphism y. This means that 
AM = {y(a): a € A}, BM = B, and M= AMUB™. For eachi € S and 
(t1,---,@n) € C, R™ is defined by 


RM(y(a1,..., ¢(tn)) <> RA(t1,..- 5 tn); 
where s(7) =n. For each i € T, f™ is defined by 


FM (lai), --- , P(tn)) = P(FA(21,--- 5 tn), 


where ¢(7) = n. 

It is clear that the function ¢ is a recursive isomorphism from A onto M. 
It remains to be seen that M is a polynomial time structure, that is, that 
M is a polynomial time set and that each relation R” and function f™ is 
p-time. 
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We show that M is p-time as follows. It clearly suffices to show that A™ 
is p-time, since B” = B is p-time. The procedure for testing whether an 
input y is in A™ js to compute v~!(y), check to make sure that it has a 0 in 
it, and then determine z and n such that wy} (y) = 7071". Then we simply 
run the algorithm outlined above to input x for n steps. Then y € A™ if 
and only if the algorithm terminates in exactly n steps and gives the answer 
that x € A, 

We show that the function f,“ is p-time as follows. Fix i and let f = fi, 
let n = t(t) and let ¢ be the maximum amount of time required to com- 


pute fO(z1,...,2@n) when {2,,..., an} C {bo, 00, 01,-.-, O-1}. Now 
given input (y1,-.., Yn), where each y; € M, the procedure for computing 
f(y, --. 5 Yn) is the following. 

First replace every x; € B with zi; = bo and let zi = 2; for x; € A. 
Then compute f°(2,,..., 2/,). We claim that this computation takes time 
at most c + max{ly;| : 1 <j <n}. There are two cases of this claim to 
consider. First, if {2,,..., 2/,} is a subset of {bo, 00, ..., o:-1}, then, by 


the definition of c, the computation takes at most c steps. On the other hand, 
if at least one of the x, = x; = a, for some s > 7, then by the definition 
of v, the computation takes less than v(x;) steps for some j; but of course 
U(xj) < |yj] < max{lyj| 21 <j <n}. 


The argument for the relations is similar. This completes the proof of 
Theorem 11.1. O 


It follows from the proof that M is actually a linear-time structure if 
B is a linear time set. Note that since the set B is preserved under the 
isomorphism, we can carry along any p-time relations and functions that 
apply only to B. Also, if the set B is finite, then we can omit conditions 
(iv) and (v) from the hypothesis and modify the proof by adding all of B to 
the initial segment of elements of A used in the algorithm which defines the 
function v. 

Since the set of solutions of the various mathematical problems that we 
have considered correspond to the set of paths through some recursive tree, 
we are interested in the possible complexity of recursive trees and of the 
paths through those trees. 


The binary representation bin (a) of a sequence o = (no, ... , NK-1) is de- 
fined to be (bin (no), ... , bin (nx_1)) and the binary representation bin (T) 
of a tree T’ is defined to be the set of finite strings {bin (0): 0 € T}. Then 
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we say that T is p-time in binary if bin (T) is a polynomial time subset over 
the alphabet © consisting of 0 and 1 together with left and right parentheses 
and a comma. Given an infinite path x = (x(0), z(1),...) € w”, the binary 
representation of z is the function bin (x) from Tal (w) to Bin (w) defined by 
bin (x) (tal (7)) = bin (x(z)). Then the path z is said to be polynomial time 
in binary if the function bin (z) is the restriction of a p-time function from 
{0, 1}* to {0,1}. Similar definitions can be given for the tally representations 
tal (T’) of T and tal (x) of x as well as for other notions of feasibility, such as 
exponential time and non-deterministic polynomial time (NP). See [23] for 
details. In particular, note that if T is p-time in binary, then T is p-time in 
tally, since bin (n) can be computed from tal(n). On the other hand, since 
both bin (x) and tal (2x) take tally representations as input, if the path z is 
p-time in tally, then x is also p-time in binary. 


Next we consider feasible versions of the notion of a highly recursive 
tree. Define the function h with domain T by letting h(c) be the sequence 


(t1,.--,%a) which lists in increasing order the numbers i such that 
ot €T. Then T is highly recursive if and only if A is recursive. The binary 
representation bin (h) is defined to map bin(o) to (bin (21),..., bin (tq). 


The p-time tree T is said to be locally p-time in binary if the function bin (h) 
is p-time. A tree T is said to be p-time bounded in binary if there is a p-time 
function @ such that, for all natural numbers & and allo = (no, ..., ne) ET, 
|bin (nz)| < p(1*). Finally, T is said to be highly p-time in binary if T is 
p-time, locally p-time and p-time bounded in binary. Similar definitions can 
be given for the notion of p-time in tally and for other notions of feasibility. 
In particular, if T is p-time bounded in tally, then T is p-time bounded in 
binary. On the other hand, the notions of locally p-time in binary and tally 
are independent. 


Our next theorem shows that any II? class can be realized as the set of 
infinite paths through a p~time tree. 


Theorem 11.2 Let T be a recursive tree. Then there is a polynomial time 
tree P such that [T] = [P]. Furthermore, if T is recursively bounded, then 
P is also recursively bounded and if T is p-time bounded, then P is also 
p-time bounded. 


Proof. The same argument works for both the binary and the tally repre- 
sentations. We will give the binary argument for the first part and the tally 
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argument for the second part, since these are the stronger results. Let y bea 
recursive function from w<” into {0,1} such that o € bin(T) — > y(o)=1. 
Let y*® denote the partial recursive function which results by computing y 
for exactly s steps on any input and let T° be the s-th approximation to T, 
given by 

aée€T® <> ¢*(bin(c)) = 1 or is undefined. 


Thus T° > T! D--- and, for any 0,7 €T => (Vs) (0 €T*). 
Now define the p-time tree P by letting 


oe P => (Wreo)rETiPrOl, 


Note that P is a p-time tree in binary since to compute whether 7 € T!%"(7)| 
requires | bin (o)| steps for all 7 so that to compute whether o € P requires 
roughly | bin (o)| (| bin (o)| + 1) steps. 

It follows from the definition of P that T C P, so that [T] C [P]. Now 
suppose that x ¢ [T]. Then there is some initial segment + = 2[n which 
is not in T. This means that, for some s, tT ¢ T*%. Since the sequence 
T® is decreasing, we may assume that s > n. Now let o = 2z[s, so that 
| bin(o)| > s. It follows from the definition of P that o ¢ P. This implies 
that « ¢ [P]. Thus [T] = [P]. 


Now suppose that T' is recursively bounded in tally and let p be the 
recursive function which computes, for each k, an upper bound p(1*) (in 


tally) for the possible value of n, for any node g = (no,..., me) ET. 
Suppose first that p is actually p~time. Then we can recursively define a 
tree Q such that T C Q C P by putting o = (no, ..., ne) € Q if and only 


if o € P and, for alli < k, n; < p(1'). It is clear that [Q] = [T] and that Q 
is p-time since P and p are p-time. 

Finally, suppose only that p is recursive and let p* be the usual result of 
computing p for s steps. Once again we can define a highly recursive tree Q 
such that TC Q C P by putting o = (no, ... , ne) € Q if and only ifo € P 
and, for all 7 < k, either p*(1') is undefined or n; < p*(1'). Then again it is 
easy to check that Q is p-time in binary and that [Q] = [7]. Oo 


This result can now be combined with results from Section 2. Let us say 
that a IT? class P is p-time presented if P = [T] for some polynomial-time 
tree T and that P is p-time bounded (p.b.) if P = [T] for a p-time bounded 
tree 7. 
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Corollary 11.3 There is a nonempty p-time presented TI? class P such that 
P has no A} members. 


Corollary 11.4 


(a) There is a p.b. UI? class P such that for any degree a of a member of 
P and any r.e. degree b >p a, b= 0’. 


(b) For any r.e. degree c, there is a p.b. TI? class P such that the r.e. 
degrees of members of P are exactly those >7 c. 


(c) For any degree a, there is a p.b. II° class P with ne members of either 
degree a or degree O. 


(d) There is a p.b. TI? class P such that any two members of P are Turing 
incomparable. 


Recall from Section 2 that if the tree T has no deac. ends, then 7 has 
a recursive infinite path and that if T has only finitely many infinite paths, 
then each of those paths is recursive. 

We will show below in Theorem 12.6 that the p-time versions of these 
results fail to be true. However, there are are modified versions of both 
results. The following is Theorem 3.7 of [24]. 


Theorem 11.5 


(a) Let Ext (T) be a locally p-time tree in tally (respectively binary) and let 
[T] be nonempty. Then [T] contains an infinite path which is double 
exponential time computable in tally (resp. binary). Furthermore, if 
Ext (T) is locally p-time in tally (resp. binary) and [T] is finite, then 
every element of [T] is computable in double exponential time in tally 
(resp. binary). 


_~ 
oa 
— 


Let Ext(T) be a locally p-time tree in tally (respectively binary) and 
let [T] be nonempty. Moreover, assume that there is a linear time 
function h such that for all o = (no,..., nx) € TF, h(b(c)) lists all 
b(n) such that (no,...,me,n) € T where b( ) = tal( ) if T is p- 
time in tally and b( ) = bin( ) if T is p-time in binary. Then [T] 
contains an infinite path which is exponential time computable in tally 
(resp. binary). Furthermore, if [T] ts finite, then every element of [T] 
is computable in exponential time in tally (resp. binary). 
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(c) If Ext(T) is a highly p-time tree in tally (resp. binary) and [T] is 
nonempty, then [T] contains an infinite path which is p-time time in 
tally (resp. binary). Furthermore, if [T] ts finite, then every element 
of [T] ts p-time in tally (resp. binary). 


(d) If Ext (T) is a p-time bounded, p-time tree in binary and [T] is non- 
empty, then {T] contains an infinite path which is EXPTIME in binary. 
Furthermore, if [T] is finite, then every element of [T] is NP in binary. 


We can now sharpen the contrast between recursive and p-time trees. 


Theorem 11.6 
(a) There is a p.b. II? class P with a unique element x which is not p-time. 


(b) There is a highly recursive tree T with no dead ends such that there is 
no highly p-time tree S without dead ends such that [T] = [S]. 


Proof. Let x be recursive but not p-time and let P = {x}. Then P is an 
r.b. II? class, so it follows from Theorem 11.2 that P = [5S] for some p-time 
bounded, p-time tree S. This establishes (a). 

On the other hand, P = [T] where T = {(x(0),..., c(n—1):n < wh} 
is highly recursive and has no dead ends. Now suppose that S were highly 
p-time without dead ends and that [S] = [T] = {rz}. Then it would follow 
from Theorem 12.5 (c) that x is p~time. This contradiction establishes (b). 0 


12 Feasible versions of combinatorial 
problems 


The main goal in this section is to apply the results of Section 11 to the 
mathematical problems discussed in Sections 2 through 9. 

We observe that any feasible structure is recursive, therefore the set of 
solutions to a feasible problem is also the set of solutions to a recursive prob- 
lem. Thus results such as Theorems 5.1, 6.1 and 7.1 have feasible versions. 
The reverse direction is more interesting. 

We consider recursive representation theorems such as Theorems 5.3, 6.3 
and 7.3, and corollary results such as Theorems 5.4, 6.4 and 7.4. These repre- 
sentation theorems showed that the set of solutions to a recursive problem of 
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various sorts can represent either every r.b. II° class or at least every IT? class 
of separating sets. In this section we obtain better results, in most cases, by 
improving “recursive” to “polynomial-time”. Now an infiiite recursive prob- 
lem may be assumed to have universe w, since any two infinite recursive 
sets are recursively isomorphic. (Here the universe of a graph-coloring prob- 
lem, for example, is the set the vertices.) However, it is not true that any 
two polynomial-time sets are polynomial-time isomorphic. (For example, it 
is clear that there is no p-time map from Tal (w) onto Bin(w).) Thus a 
polynomial-time structure with some p-time set for its universe may not be 
recursively isomorphic to any p-time structure with universe w. For exam- 
ple, a p-time Abelian groups with all elements of finite order is constructed 
by Cenzer and Remmel in [23] which is not even isomorphic to any p-time 
group with standard universe either (Tal (w) or Bin (w)). For most of the 
problems considered above, we will show that any recursive problem can 
be reduced first to a p-time problem and then to a p-time problem with 
standard universe. 

We illustrate the general strategy with the graph coloring problem. Re- 
call from Section 6 that, for k > 3, the set of k-colorings cf a recursive graph 
can be represented by an r.b. II? class, and conversely can represent an ar- 
bitrary r.b. II? class. Let G = (V,£) be a recursive graph. Then the set 
of k-colorings of G can be represented as the II? class [5"] of infinite paths 
through a recursive tree T. Now Theorem 11.2 constructs for us a p-time 
tree P such that [T] = [P]. Then the converse representation creates from P 
a graph whose k-colorings are in an effective degree preserving finite-to-one 
correspondence with the infinite paths through P. Furthermore, inspection 
of the proof from [129] shows that this graph will actually be polynomial 
time, since P is polynomial time. This shows that the k-colorings of any 
recursive graph can always be placed in an effective degree preserving corre- 
spondence with the k-colorings of some p-time graph, and, therefore, that 
the k-colorings of a p-time graph can strongly represent any r.b. II? class. 


However, there is no natural correspondence between the recursive graph 
and the p-time graph constructed in this manner. We can do better using 
Theorem 11.1. 


Theorem 12.1 For each recursive instance P of any of the following prob- 
lems, there is a p-time instance Q of the problem which is “ecursively isomor- 
phic to P. Furthermore, except in cases (13) and (14), if P has a recursive 
solution, then we can take Q to have a p-time solution. 
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Finding a k-coloring for a k-colorable highly recursive graph, for any 
k>3. 


Finding a marriage in a highly recursive society. 


Finding a surjective marriage in a symmetrically highly recursive soct- 
ety. 


Finding a surjective marriage in a symmetrically highly recursive soct- 
ety where each person knows at most two other people. 


Finding a k-partition of a highly recursive graph such that no set in 
the partition is adjacent to m other sets, for m > 2. 


Finding a one-way (or two-way) Hamiltonian (or Euler) path starting 
from a fired vertex for a highly recursive graph. 


Covering a recursive poset of width k by k chains, for any k > 2. 
Covering a recursive poset of height k by k antichains, for any k > 2. 


Expressing a recursive partial ordering on a set as the intersection of 
d linear orderings on the set. 


Finding a subordering of type w (or of type w*) of a recursive ordering. 


Finding an w-successivity (or an w*-successivity) in a recursive linear 
ordering. 


Finding a non-trivial self-embedding of a recursive linear ordering. 
Finding a winning strategy for an effectively closed binary game. 


Finding a prime ideal of a recursive Boolean algebra. 


Proof. For problems (1) through (12), this follows immediately from Theo- 
rem 11.1, since each of these problems can be viewed as a relational structure 
and the given solution can be viewed as a function mapping to a fixed range. 
In the dimension of posets problem, we can interpret the solution as a finite 
set of relations. For problem (13), Theorem 4.4 of [24] shows that any re- 
cursive game may viewed as a p-time game in that the set of infinite paths 
which are winning for Player I will be the set of infinite paths through a 
p-time tree. For problem (14), Theorem 2.6 of [21] shows that any recursive 
Boolean algebra is recursively isomorphic to a p-time Boolean algebra. 0 
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We note that a recursive game with a recursive winning strategy is not 
necessarily isomorphic to a p-time game with a p-time winning strategy, 
since by Theorem 4.5 of [24], there is a recursive game with unique winning 
strategy, which is recursive but not p-time. 


Corollary 12.2 For each recursive instance P of any of the problems listed 
in Theorem 12.1, there is a p—time instance Q of the problem such that the 
II? class of solutions to P is recursively homeomorphic to the II¢ class of 
solutions to Q. 


Proof. In each case, it is easy to see that the recursive isomorphism between 
P and Q gives rise to a recursive homeomorphism between the II? classes of 
solutions. 

For example, we consider the coloring problem. Recall that the II? class 
of k-colorings on a recursive graph G = (V,E) (where V may be assumed 
to equal w) is the set [T] of infinite paths through the recursive k—-ary tree 
T, where a finite sequence (a(0), ..., a(n —1)) € {1, 2, ... , k}” is in T if 
and only if o(z) # o(7) for all (7,7) € E. Now suppose that f is a recursive 
isomorphism mapping G to the recursive graph G’ = (V’, E’), so that V’ = 
{f(0), f(1), ... } and (f(z), f(7)) € E£ if and only if (¢,7) € E. Then we can 
define the tree (k+1)-ary T’ by having (7(0),... , 7(m—1)) € {0,1,..., k} 
in T” if and only if 


(1) rv) =0 => EV 
(2) r(u) # 7(v) whenever (u,v) € BE’. 


Then [T’] represents in a reasonable way the set of legal k—colorings on G’ and 
we have a natural homeomorphism from [T] to [T’] defined by H(x)(f(z)) = 
a(t) and A(x)(v) =Oifv€g V’. a 


We can now represent IT? classes as the set of solutions to p-time problems 
of the types listed above. We list only some of the results. 


Corollary 12.3 For each of the problems (1) through (9), and (13) listed in 
Theorem 12.1, 


(a) The problem of finding a recursive solution to a p-time problem can 
strongly represent the r.b. II? class of separating se's for any pair of 
disjoint infinite r.e. sets. 
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(b) There is a p-time instance of the problem with no recursive solution. 


(c) If a is a Turing degree and 0 <r a <r 0’, then there is a p—time 
instance P of the problem such that P has a solution of degree a but 
has no recursive solution. 


For problems (1), (3), (6) and (13), we have also: 


(d) The problem of finding a recursive solution to a p-time problem can 
strongly represent an arbitrary r.b. TI? class. 


(e) There exists a p—time instance P of the problem such that 


(i) P has a unique non-recursive solution y which is also the unique 
limit solution and has degree 0’ and such that any other solution 
is recursive, 


(ii) of R ts any recursive sub-problem of P and z is any recursive 
solution of R, then either (1) there are only finitely many solutions 
of P which extend z, or (II) all but finitely many solutions of P 
extend z. 


(iii) if x is any recursive solution of P, then there is some finite sub- 
problem F of P such that any solution of P which agrees with x 
on F must equal x. 


We have seen that, by changing the names of the vertices, we can trans- 
form a recursive graph into a p-time graph. However, we would prefer for a 
countably infinite graph to have the set V of vertices equal to some standard 
universe such that the tally or binary representation of the set of natural 
numbers. This would, for instance, allow us to define the homeomorphism of 
Corollary 12.2 without worrying about the set of non-vertices. The p-time 
graph constructed by Theorem 11.2 will have a rather sparse set of vertices 
and this appears to be an essential part of the theorem. 


We will next indicate how to fill out the p-time structure given by The- 
orem 12.1 to a structure with universe Bin (w) such that there is a degree 
preserving correspondence, which is one-to-one (up to a finite permutation), 
between the II? classes of solutions of the associated problems. For example, 
in the coloring problem, we add vertices whose colors will be determined, up 
to a permutation, by the coloring of the vertices of Q. 
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Theorem 12.4 For each recursive instance P of the cominatorial problems 
listed below, there is a p-time instance Q with universe Bin (w) and a degree 
preserving correspondence between the solutions of P and the solutions of Q. 


(1) Finding a k-coloring for a k-colorable highly recursive graph, for any 
k > 3. 


(2) Finding a marriage in a highly recursive society. 


(3) Finding a surjective marriage in a symmetrically hiahly recursive soci- 
ely. 


(4) Finding a surjective marriage in a symmetrically highly recursive soci- 
ety where each person knows at most two other people. 


(5) Finding a k-partition of a highly recursive graph such that no set in 
the partition is adjacent to m other sets. 


(6) Finding a (one-way or two-way) Hamiltonian or Euler path for a highly 
recursive graph. 


(7) Covering a recursive poset of width k by k chains, for any k > 2. 
(8) Covering a recursive poset of height k by k antichains, for any k > 2. 


(9) Expressing a recursive partial ordering on a set as the intersection of 
d linear orderings on the set. 


(10) Finding an w-successivity (or an w*-successivity) in a recursive linear 
ordering. 


Proof. In each case, we may assume by Corollary 12.2 that we start with a 
p-time instance of the problem which is a relational structure B with some 
universe B C Bin(w). Now it follows from Lemma 2.3 of [23] that B is 
recursively isomorphic to a p-time structure A with universe A C Tal (w). 
Then Lemma 2.6 of [23] says that the disjoint union A © i3in(w) is p-time 
isomorphic to Bin (w), where 


X@Y={(0,2):ceEeX}U{(l,y):y¥€ YH. 


Then we will create a p-time structure C with universe A ® Bin (w) which 
has a copy of A together with a copy of Bin (w), where the relations will 
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be defined on Bin(w) and between A and Bin (w) so as to determine the 
degree preserving correspondence between the solutions of A and those of 
the extension C. Since the universe C' of C is p-time isomorphic to Bin (w), 
it follows from Lemma 2.2 of [23] that C is recursively isomorphic to a p- 
time structure with universe Bin (w). Then we will let Q be the problem 
associated with this structure. It follows that there will be a degree preserving 
correspondence between the set of solutions of Q and the set of solutions 
of the original problem P. In each case, we will assume that our original 
structure is p-time and has for its universe a p-time subset A of Tal (w) and 
that there is a p-time list of Bin (w) \ A. These assumptions are justified 
by the above discussion. In each case, the correspondence will be one-to-one 
unless otherwise indicated. 


(1) Finding a k-coloring for a k-colorable highly recursive graph, for 
any k > 3. 


This is Theorem 2.1 of [22]. Here the correspondence is one-to-one, up to a 
finite permutation of the colors on the new vertices. 


(2) Finding a marriage in a highly recursive society. 


Let S = (B,G, Kh’) be a p-time society. Then we will directly extend S toa 
highly recursive p-time society S’ = (B’,G’, A’) where B’ = G’ = Bin (w). 
Let Bin(w) \ B = {bo, b:,...} and let Bin(w)\ G = {go,q1,.-.} be 
p-time lists of the new boys and girls in the society 5’. Then A” is defined 
by putting (6;, 9;) € A’ for all i. It is clear that any marriage f on S has 
a unique extension f’ to S’ defined by letting f’(b;) = g; for all z. It follows 
that f and f’ have the same degree. 


(3) Finding a surjective marriage in a symmetrically highly recursive 
soctety. 


The extension is the same as in (2). It is clear that f’ will be onto if and 
only if f is onto. 


(4) Finding a surjective marriage in a symmetrically highly recursive 
society where each person knows at most two other people. 


The extension is again the same as in (2). It is clear that if each person in S 
knows at most two other people, then each person in the extension 5’ also 
knows at most two other people. 
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(5) Finding a k-partition of a highly recursive graph such that no set 
in the partition is adjacent to m other sets, with m > 2. 


Let the p-time graph G = (V,E) be given. We define a p-time graph 
G, = (V\,, £) to be a regular (m—1)-ary tree of complete graphs. That is, 
define the regular (m — 1)-ary tree T,,_, to consist of a roct node @ together 
with the set 


{bin (0), bin(1),..., bin(m—1)} x {bin (1), bin (2), ... , bin (m— 2)}*, 


where @ has m—1 successors (bin (2) , ) for i < m and (bir. (t), 7) has m—2 
successors (bin (7), o~ bin (7)) for j <m—1. Then we let 


V, = {bin (1), bin(2),..., bin(K)} X Trt, 


and we let ((bin (z),0), (bin (7),7)) € £1, where o = (o(C),..., a(s — 1)) 
andr = (r(0),... , T(¢—1)), provided that o = 7 or either 7 is a successor of 
o or a is a successor of r. It is clear that if the graph is recursively partitioned 
into the complete k-graphs corresponding to the nodes of T;,~,, then each 
set in the partition is adjacent to at most m — 1 other sets. We see also 
that each node of T,,-; has m — 1 neighbors, so that any two distinct nodes 
have at least 2m — 4 other neighbors. Now let {A; : 7 < w} be a k-partition 
of G,. Suppose that some A; contains vertices u and v corresponding to 
different nodes of the T;,_,. Then u and v taken together have at least 
2(k — 1) + (2m — 4)k = (2mm — 2)k — 2 other adjacent vert ces in G;. Since 
k — 2 of these could belong to A;, we see that A; has at least (2m — 3)k 
adjacent vertices. Since each set in the partition has at most k vertices, it 
follows that A; is adjacent to at least 2m —3 sets in the partition. Thus since 
m > 2, we have 2m — 3 > m—1 so that the set A; is adjacent to too many 
sets. 

Now let G’ = G@Gy). It is clear that for any k—-partition of G, there is 
a partition of G’ of the same degree which is given by adding the recursive 
partition of G, into the nodes of the tree as defined above. We claim that 
these are the only possible partitions. That is, suppose {B;: 7 <whisa 
k-partition of G’. It suffices to show that for any u € V; and any 7, if u € B,;, 
then the entire node to which u belongs must be included in B;. Suppose 
that this is false. It follows from the argument above that B; may not contain 
an element of a different node of T. Thus the set B; has all k(m — 1) vertices 
from the adjacent nodes as neighbors as well as at least one vertex from the 
node of u. But this clearly implies that at least m sets of the partition must 
be adjacent to Bj. 
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(6) Finding a one-way (or two-way) Hamiltonian Euler path starting 
from a fized vertex for a highly recursive graph. 


Let the p-time graph G = (V, F) be given with V = {vp < v1 <--- } asubset 
of Tal(w). Let each edge (tal(m), tal(n)) of V with tal(m) < tal(n) be 
coded as 0"+! 1+! in Bin (w). Let bo, 6:,... enumerate the codes of edges 
in increasing order and let 6; = 0"*! 1” *1 for each 2. 

Now let V’ = V ® Bin(w) and let EF’ be defined by joining (1,};) to 
(0, tal(m;)), joining (0, tal (n;)) to (1,b:41 — 1), joining (1,6) to (1,6 + 1) 
whenever 6+ 1 4 8; for any i, and joining (1,69 — 1) to (0, tal (mo)). Note 
that other than the initial sequence of edges connecting (1,0) to (1,0 — 1) 
and then to (0, tal (mo)), this has the effect of replacing an edge (m,n) € E 
where m <n and 6b; = 1”*!0"*! by a sequence of edges 


Oma) BGO Ie 
((1, bi41 2), (1, 6:44 =a 1)) ’ ((1, bi41 — Us (0, 72)). 


See Figure 6. 


m<n b; = 17+ gmt 
m n 
a j,i, el ni tS ae i gi amt 6 
—___——-e toe e e 
(1, 5) (1, 6 +1) (1, b:41 — 2) (1, 641-1) 


Figure 6: Replacement for edge (m,n) 


Thus to test whether (1,5) and (1,¢) are joined by an edge, where b < ¢, 
we simply check that c = 6+ 1 and that, if ¢ = 0"11"*! with m <n, then 
(tal (m), tal(n)) ¢ E. To determine whether (0,v) and (1,c) are joined by 
an edge, we first check that v = tal(m) € V and that either 


(ie =e ror 


(ii) c= 08+! 17+! — 1, for some edge (tal (r), tal (s)) in G with r < s. 
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Finally, in case (i), we check that r = m and, in case (ii), we either check that 
m = mo and that c+1 = bo or else we compute the largest code 07+! 1?*1 
of an edge of G less than c+ 1 and check that m = q. If everything checks, 
then there is an edge and otherwise there is not. Thus G’ is a p~time graph. 

Now suppose that f is a one-way Euler path on G starting from f(0) = 
Vo = tal (mo). Then we can define a corresponding Euler path on G’ starting 
from (1, bin (0)) by beginning with the sequence 


(1, bin (0)) , (1, bin (1), ... , (1ybo- 1), (G,20) 


and then replacing in turn each edge (f(z), f(2 + 1)) which joins tal(m) to 
tal (n) with m < n, either by the sequence 


(0, f(z)) , (1, bin (0)) , (1, ben (b4+1)), ... 5 (1, ben (e—1)) , (0, f(2 + 1)) 
if f(z) = tal(m) < f(t +1), or by the sequence 


(0, f(i)) , (1, bin (e—1)) , (1, bin (e—2)) , ... 
(1, bin (b+1)) , (1, bin (b)’ , (0, f(i+1)) 


if f(t) = tal(n) > f(t +1), where 6 = 0"*'1™*! and c is the least code 
greater than 6 for an edge of G. It is clear that this one-way Euler path is 
recursive in f. 

Conversely, let g be a one-way Euler path in G’ starting from (1, bin (0)). 
It is clear that the path must proceed through 


(1, bin (1)) , (1, bin(2)) , ..., (1,60 —1) 


and then to (0, vo). Now let f : w > V be defined by letting (0, f(z)) be the 
i-th vertex of the form (0,2) in the path g. Then f is a one-way Euler path 
for G and it follows from the construction that g is the corresponding path 
as defined above, since there is only one way in G’ to go trom (0, f(z)) to 
(0, i +1). 

For two-way Euler paths, modify the construction by eliminating the 
finite initial sequence 


(1, bin (0)) , (1, ben (1)) , ... , 1, bin (mo) — -.) 


of vertices of G’ along with the edges through those vertices. Then the 
remaining vertex set is still p-time isomorphic to Bin (w) ard the argument 
goes through as above. 
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The Hamiltonian paths require a different construction. We assume with- 
out loss of generality that the vertices of G include 0 and that all are multiples 
of 4 (in binary) and let 4mo, 4m,... enumerate the vertices of G in increas- 
ing order. Define the graph G’ to have vertex set V’ = Bin(w) with edges 
defined as follows. For each 7, there will be two sequences of edges joining 
the set of binary numbers from 4m; + 1 up to 4m;41, as follows. 


1) 4ms41, 441-4, 4mj41-8, --., 4M +4, 4m; +2, 4m; +6, ..., 4541-2. 
me $ + 
(i) 4miaga , Amin. — 3, 4m. —7,.-.,4mi +1,4mi4+3,...,4migi1 - 1. 


These are the vertices associated with 4m,4,. In addition, for each edge 
joining 4m; and 4m; in G with m,;,m; 4 0, there are edges joining 4m; — 1 
with 4m; — 2 and joining 4m; — 2 with 4m; — 1. For an edge in G joining 
4m; with 0, there is an edge joining 4m; — 1 with 0. The procedure for 
determining whether there is an edge joining a and 6 is the following. First 
look for the largest m and n such that 4m € V and 4m < a and 4n € V 
and 4n < b. In the special case that a = 0, a and 6 are joined if and only if 
b +1 is joined to 0 as vertices in G. Otherwise there are several cases. First 
suppose that m =n; then a are b are joined if and only if, either they differ 
by exactly 4 or {a,b} = {4m+1,4m+3} or {a,b} = {4m+2,4m+4+4}. Next 
suppose that m #n. Then a and 6 are joined if and only if either a +1 and 
b+ 2 are joined as vertices in G or a+2 and 6+1 are joined as vertices in G. 
Thus G’ is a p-time graph. 

Now let f be a one-way Hamiltonian path on G starting from vp = 0 and 
suppose that f(z) = 4m,,. Then there is a corresponding Hamiltonian path 
g in G’ obtained by replacing the edge from vp to 4m,, with the sequence of 
edges joining vp to 4m,, — 1 and then on to 4m,, — 3 and 4m,, as described 
above, and for 2 > 0, replacing each edge (f(z), f(2 + 1)) with the sequence 
of edges first joining 4m,, to 4m,, — 4 and then on to 4m,, — 2 as described 
above, then joining 4m,, — 2 to 4m,,,, — 1, and closing with the sequence 
joining 4m;4, — 1 to 4m,4, — 3 and then 4m;,,. Thus for each z > 0, the 
even vertices associated with f(z) are joined to the odd vertices associated 
with f(z + 1). 

Conversely, let g be a one-way Hamiltonian path in G" starting from 
vo = 0 and define f(z) = 4m,, so that 0, 4m,,,... lists the members of G 
in order of appearance in the path g. It follows from the construction that 
f is a one-way Hamiltonian path for G’ starting from vp and that g is the 
corresponding path as defined above. 
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For the two-way Hamiltonian paths, the construction is modified by 
adding an edge joining vp with 4m; — 2 for each edge jo ning vp with 4m; 
in G. Then for any two way Hamiltonian path f in G, there will be two 
corresponding two-way paths in G’, one in which the even vertices associated 
with f(2) are joined to the odd vertices associated with f'z +1) and one in 
which the odd vertices associated with f(z) are joined wit. the even vertices 
of f(i +1). Thus the correspondence here is two-to-one. 


(7) The problem of covering a recursive poset of width k by k chains, 
for any k >2. 


Let P = (P, <p) be a p-time poset where P C Tal(w). Then define a 
p-time poset R = (R, <r) where 

R= P@ ({bin(1),... , bin (k)} x Bin (w)) 
and (0,p) <r (0,q) iff p <p q, (0, p) <r (1,7) for all p and n, and (1,m) <r 
(1, n) iff m = (bin (2), bin (r)) and n = (bin (2), bin (s)) where r < s. 


Then it is clear that any covering f of P by & chains induces a covering 
f' of covering of R by k chains where 


(i) f'((0, p)) = f(p) for all p € P and 
(ii) f’((1, (bin(z),n))) = f’((1, (bin (7), m))) for all 2, m and n. 
Thus the covering is determined by the value of f’ on the finitely many new 


points 


(1, (bin (1),0)), ... (1, (bin (1), 0)). 


This shows that f’ has the same degree as f and that f’ is unique up to a 
permutation of the names of chains. Then R is p-time isomorphic to p-time 
linear ordering S whose universe is Bin (w). 


(8) The problem of covering a recursive poset of hetght k by k an- 
tichazns, for any k > 2. 


This is the dual of problem (7). The partial order is now defined by making 


(1, (ben (i),n)) < (1, (bin (g),m)) — > (i< 7 & mM=n). 
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(9) The dimension of posets problem. 
Let P = (P, <p) be a poset and let Bin (w)\ P = {u;: 1 <w}. The partial 
order <’ is defined on Bin(w) by making p <' v; for all p € P and all: 


and making v; <' v; if and only if v1, < v; (where < is the usual ordering 
on Bin (w)). 


(10) Finding an w-successivity (or an w*-successivity) in a recursive 
linear ordering. 


Given a p-time linear ordering L, = (A, <,) on a p-time set 
A= {ao <a, <---, 


we may assume dp = 0 and that each a; = bin (4m;). Now define the p-time 
ordering Ly = (Bin (w), <2) by replacing each point a = bin(4m;) with a 
block B(a): 


bin (4m; + 1) < bin (4m; +5) <--- < bin (4mj41 — 3) 
< bin (4mj41 — 1) < bin (4miy1 — 5) < +++ < bin (4m; + 3) 
< bin (4m;) < bin (4m; + 4) < bin (4m; +8) <--- < bin (4mig1 — 4) 
< bin (4mi41 — 2) < bin (4miz1 — 6) < +++ < bin (4m; + 2) 


That is, we use the elements between 4m; and 4m,4; which are equivalent to 
1 mod 4 to form a chain between 4m; + 1 and 4m;4, — 1, then we use the 
elements between 4m; and 4m,4, which are equivalent to 3 mod 4 in reverse 
order to form a chain between 4m;4, — 1 and 4m,, etc.. 

Now suppose that f is an w-successivity in L,. Then we can recursively 
obtain an w-successivity g in Ly by replacing each point f(z) with the block 
B(f(z)). Conversely, given an w-successivity g in Lz, the w-successivity f of 
L, may be defined by making f(z) the z-th binary number in the successivity 
g which is divisible by 4 and it then follows that g is the successivity obtained 
from f as above. The argument for w*-successivities is similar. Oo 


We remark that, for the 3-coloring problem, it is possible to improve 
this result by having the 3-colorings of the the original recursive graph be 
restrictions of the 3-colorings of the p-time graph to the original recursive 
vertex set. 

Theorem 12.4 can now be applied to obtain improved versions of Corol- 
lary 12.3. We list only a few here. 
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Corollary 12.5 


(a) There exists a p-time graph G with universe Bin (w) -vhich has a unique 
non-recursive Hamiltonian path 7, where a has degree O' and such 
that any other Hamiltonian path is the unique extension to G of a 
Hamiltonian path on some finite subgraph F of G. 


(b) There is a p-time partial ordering with universe Bin (w) of width k 
which has no recursive covering by k chains. 


(c) For any x <r 0’, there is a p-time linear ordering A with universe 
Bin (w) such that there is w-successivity (respectively w*-successivity) 
of A of degree x and every w-successivity (respectively w*~successivity) 
of A is either recursive or has the same Turing degree as x. 


Theorem 12.4 and Corollary 12.5 demonstrate that the problem of finding 
solutions to feasible problems is just as difficult as the problem of finding 
solutions to recursive problems. Therefore more conditiors will have to be 
put on a problem than just feasibility if our goal is to guara:tee the existence 
of a feasible solution, or even the existence of a recursive solution. There are 
many possible approaches to this goal, some of which were explored in [22] 
for the graph-coloring problem. 


Finally, we consider the problem of finding a prime ideal of a recursive 
Boolean algebra, or more generally, of a recursive ring. 


Theorem 12.6 For any recursive Boolean algebra B, there is a p-time com- 
mutative ring R with unity, having universe Bin (w), and a one-to-one degree 
preserving map between the class of prime ideals of R and ihe class of prime 


ideals of B. 


Proof. By Theorem 12.1, we may assume that B is a p-time Boolean algebra, 
and thus a Boolean ring. Now define the ring R = B@Q. Q is chosen 
here because it has no (proper) prime ideals. The ring Q of rationals may 
be represented as a p-time ring with universe Bin (w), and it follows from 
Lemmas 2.2 and 2.6 of [23] that R is p-time isomorphic to a ring with 
universe Bin (w). For any prime ideal J of B, it is easy to check that 16 Q 
is a prime ideal of R and that these are the only prime ideals of R. oO 
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Corollary 12.7 


(i) For any degree a <7 0’, there exists a recursive commutative ring R 
with a prime ideal I of degree a such that I is the unique non-recursive 
prime ideal of B and such that any other prime ideal of B is finitely 
generated. 


(ii) There is a recursive commutative ring with unity, R, which has a unique 
non-recursive prime ideal I, such that any other prime ideal of R is 
finitely generated, and such that for any r.e. ideal J of R, either there 
are only finitely many prime ideals of R extending J or else all but 
finitely many of the prime ideals of R extend J. 
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theory!, is concerned with our attempts to understand the algorithmic na- 
ture (or lack thereof) of the universe; combinatorics — particularly finite 
combinatorics — is concerned with counting, sorting and matching argu- 
ments. These areas combine particularly well, and the resulting theory is 
quite deep. 

The main idea behind this area of computable combinatorics is the fol- 
lowing. When we deal with ‘real’ structures in everyday mathematics, we 
would deal with objects such as the integers whose existence is somehow 
concrete. Similarly if we argue that a certain feature exists — say a solution 
to an equation — it is desirable to be able to give an algorithmic proof and 
hence ezhibit a solution. In computable mathematics, this intuition can be 
formalised by asking that our structures be given in some algorithmic man- 
ner, and then examining the algorithmic content of such structures. In a 
loose sense one can view this as a theory of interactive programming where 
one feeds in an algorithm for the structure, and asks whether one can de- 
tive algorithms for various features of the structure, or else prove that this 
is impossible. Classical instances of such questions are the word problem of 
groups, Hilbert’s tenth problem, the decidability of the elementary theory of 
abelian groups, and the four-colour problem. In the word problem we are 
given a group by a ‘finite presentation’ i-e., 


Go hie, Ow, 2 tg oes jn) 


where (x1,..., %,) is a free group and y,..., Ym generate a free normal 
subgroup of (x1,..., 2). One then asks if there is an a gorithm to decide 
if a word in 2,..., 2, is the identity or not in G. A famous result of 


Novikov [178] and Boone [26] shows that it is possible to select G so that 
the answer is no. Hilbert’s tenth problem asks whether we can decide if a 
given polynomial (in many variables) over N has positive integer solutions. 
Again the answer is no (Matijasevic [152]). The question 02 abelian groups is 
whether given a simple formula y(21,..., 2) in the language of groups, we 
can decide if y(21,...,2%,) is true of all abelian groups. Here the answer is 
that an algorithm does indeed exist (W. Szmieliew [235]). Finally we know by 
Appel and Haken that any finite planar graph is 4-colourable. The question 


1The study of the effective content of mathematics has been referred to in many ways. 
Following early work of Kleene it has been known as “recursion theory.” However, we 
prefer to use the name “computability theory” which captures the original spirit and 
intentional meaning of the area. We refer the reader to Soare [233] for a discussion of 
these issues. 
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is how fast can this be done? Recently Appel and Haken have found a fast 
(polynomial time) algorithm to do this. 

In our studies we seek to understand the relative difficulty of such prob- 
lems. 

At this point we should stress that we are concerned with studying these 
problems in the area of classical mathematics and not as ‘constructivists’ 
whose philosophical outlook is to regard as not existing anything which can- 
not be ‘theoretically’ actually constructed. As we shall see, there are also 
some related questions in so-called ‘reverse mathematics’. This area seeks to 
classify problems proof-theoretically (according to how much ‘comprehen- 
sion’ is needed) rather than algorithmically. (see e.g., Friedman-Simpson- 
Smith [76]). 

In the present paper, we shall study the computability theory of linear 
orderings. There is, of course, a lot of other work on computable combina- 
torics which we shall not examine (although we do give some brief comments 
in Section 8). Bill Gasarch has a survey article devoted to this area in the 
present volume. 

We hoped to make the paper accessible to a (reasonably determined) com- 
binatorialist who was only noddingly acquainted with computability theory. 
Thus in Section | we give a brief account of the basics of computability the- 
ory needed for this article. Some proofs are sketched to give the reader a 
flavour of the types of arguments we need. This section might also serve as 
a reminder to those logicians who work in areas other than computability 
theory. Experts should jump immediately to Section 2. 

In Section 2 we analyse the notion of presentation of a structure (or- 
dering). This generalises the notion of presentation of a group (alluded to 
above) and is crucial to the remainder of the paper. The key tension is 
between the notions of effective invariant and classical invariant. Here we 
investigate results such as those of Chisholm and Moses [32], Feiner [66, 67], 
Rosenstein [208], Richter {201]. Understanding the degrees of presentability 
has been an area of intensive research and we refer the reader to Downey [51] 
for further details here. 

In Section 3 we consider how computable properties may partition clas- 
sical isomorphism types of computable orderings. We begin by leading up 
to Remmel’s [193] characterisation of computably categorical linear order- 
ings as those with finitely many successivities. We then turn to the re- 
sults of Moses [167] and Schwartz [219] on more restrictive classes such as 
l-computable and decidable orderings. 
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In Section 4 we introduce the infinite injury priority method and the fun- 
damental results of Watnick [243] and Lerman [138]. We give a previously 
unpublished proof (due to the author) of Watnick’s [243] result on finite 
condensations of order types. For those familiar with the standard ‘tree-of- 
strategy’ II, arguments, it is hoped that this will be much more accessible 
than either Watnick’s [243] or Ash-Jockusch-Knight’s [9] version. (No knowl- 
edge of IH, arguments is assumed here. The main thrust of this chapter is 
trying to understand the complexity of distinguished suborderings of an or- 
dering. For instance, Watnick’s theorem asserts that 7 is an order type with 
a Iz copy iff ¢r has a computable copy. Here ¢ denotes the order type of the 
integers). We also present in this section some related work of Fellner [71], 
Rosenstein, Moses and the author. 

In Section 5 we look at the effective content of various classical theorems, 
concentrating on embeddings and automorphisms. Here, by effective content 
we mean the following. Consider the result that every infinite linear ordering 
has an infinite w or w* sequence (here w denotes the order type of N and 
w™ its reversal). We ask is this true effectively? That is, does each effective 
infinite linear ordering have an effective w or w* sequence? An old theorem of 
Tennenbaum [unpubl.] and independently Denisov {unpubl.] says the answer 
is no in a very strong way. So in this section we concentra:e on extensions of 
the Tennenbaum-Denisov result by Watnick, Hird, Lermen and others, and 
other related questions on automorphisms and distinguished subsequences. 
Of course, if a theorem fails to hold effectively, we seek effective versions. 
For instance, as we see in this section, Rosenstein showed that if R is a 
computable ordering then R has a computable subsequence of order type w, 
w*, w+ w* or w+ ¢n + u* (here 7 denotes the order type of the rationals) 
and Lerman proved that all of these types are necessary. Another effective 
version of the same theorem is Manaster’s result that R must have a I], w or 
w* sequence. Thus there can be many effective versions of the same theorem. 
We also look at the effective content of the Dushnik-Miller theorem on self 
embeddings, and finally look at the Downey - Moses and Schwartz results on 
automorphisms and self embeddings. 

In Section 6 we look at linear extensions of computable partial orderings 
and so the effective content of Szpilrajn’s [236] result that eny poset has a lin- 
ear extension; which leads to the well-known theory of dimension for posets. 
Here we also analyse the Slaman-Woodin result of dense linear extensions. 
We look at Kierstead’s beautiful results on computable covering numbers 
for Dilworth’s theorem and the theory of computable diraension developed 
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by Kierstead, Rosenstein, McNulty, Schmerl, Trotter and others. Finally 
we also look at the Manaster-Rosenstein-Remmel theory of computable 2- 
dimensional partial orderings. The results of this section are certainly not 
well known by computability theorists and really deserve to be, as they form 
a very attractive theory with many difficult open questions. 

In Section 7 we study degree theoretical aspects of presentations, and 
arguments of the ‘worker types’ whose roots go back to work of Harrington 
on Peano arithmetic. For instance we look at the Jockusch-Soare [107] result 
that there are low linear orderings not isomorphic to computable ones and 
give a new proof of the Downey-Moses [59] result on degrees of successivities 
in linear orderings. We finish this section with the Ash-Jockusch-Knight [9] 
and Downey-Nnight [55] results on jump degrees of orderings. (The argu- 
ments here are computability—-theoretically very sophisticated and are mainly 
only very briefly sketched.) 

In the last section (Section 8) we briefly discuss other areas of computable 
combinatorics, and other areas of computable aspects of linear orderings. 

The philosophy of the paper is to give at least one example of all of the 
techniques of proof. There are a couple of exceptions where, for brevity, we 
have omitted a result that would take us too far afield (e.g., Knight’s proof 
that if A has proper 1-degree then that degree is 0’, which uses forcing) 
and in other cases we have been quite sketchy in the interests of keeping 
this paper of finite length and concentrating on the zdeas. In the case of 
the Kierstead-McNulty-Trotter-Rosenstein results in Section 6, there is also 
a very nice survey by Nierstead [120] and McNulty [155] that the reader is 
urged to read. (We have tried to avoid the game-theoretical language used 
by these authors and this makes our treatment rather different from either 
of these surveys.) 

Finally we remark that there are quite a few new results, unpublished 
results and new proofs of old results included here, and numerous open ques- 
tions scattered throughout. In the case of open questions, we have tried to 
find out exactly to whom they were due but in many cases they seem to 
belong to folklore. 

Notation is standard. We let w, w*, ¢, 7 denote the order types of, 
respectively, N , —N , Z, and Q. An order type is called scattered if it does 
not embed 7 as a subordering. We define the standard sum a+ and product 
a: of orderings via: a+ results from putting a copy of a followed by one 
of 2, and a: ( results from replacing each point in an ordering of type 3 by 
one of type a. We say that (x,y) is called a successivity or adjacency in an 
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ordering A if (Vz € A)(z ¢ (z,y)). The width of a poset, is the size of the 
largest antichain. We let ( , ) denote a standard bijectior. from N x N to N. 
We let 2<“” denote the tree of all binary sequences and 2” the collection of 
all paths through 2<”. Any other needed definitions or terminology will be 
introduced in the paper. 


1 Preliminaries 


Many mathematicians unfortunately do not have a training in recursion the- 
ory. Hopefully this section will give a reasonably self-contained account of 
some of the basics in this area. For more details the reader is referred to, for 
example, Salomaa [215], Rogers [207], Soare [232], or Davis and Weyuker [43]. 

Our concern is with functions from A > B where A, 3 CN; ie., partial 
functions on N. If A = N with the function is called total. Looking only at N 
may seem rather restrictive, but remember we are dealing with algorithmic 
structures, and all such structures (from our point of view) can be coded 
as subsets of N. For example, if we consider the rationas Q, these can be 
considered as coded in N as follows: 


Let r € Q— {0}; write r = (—1)° (2) with p,q € N in lowest 
terms and 6 = 0 or 1. Then define the Godel number of r, #(r), 
as 2°3° 5’, with the Gédel number of 0 to be 0. 


Then by the fundamental theorem of arithmetic, # describes an injection 
from Q into N and furthermore given n € N we can decide exactly which 
r € Q, if any, has #(r) = n. Similarly if o is a finite binary string, say 
O = 1, 42,..., dy then we can define #(c) = es cy (P,)°"** where 
P,, denotes the n-th prime. 

The above procedures are called ‘effective coding’ since they give an al- 
gorithm for the relevant injection. 

Speaking of algorithms, what exactly do we mean? Here we return to the 
celebrated Church-Turing Thesis. Paraphrased in moder. terminology, the 
Church-Turing Thesis states that the collection of algorithmic partial func- 
tions are exactly those that can be computed by Pascal programmes. Of course, 
neither Turing nor Church said it like this. Rather, there are many formula- 
tions of the class of computable functions — via Turing machines, A-calculus, 
Kleene schemes, etc., but they all turn out to be equivalent. We will call them 
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the partial recursive functions or the computable partial functions. If a par- 
tial recursive function is total we shall simply call it recursive or computable. 
For our purposes, it is really not necessary to describe them in detail, but we 
will need to know two very important properties of this class of functions: 


Property 1.1 (Enumeration Theorem ~ Universal Turing Machine) There 
is an algorithmic or computable way of enumerating all the computable partial 
functions. That is, there is a computable partial function f(x,y) of two 
variables such that 


f(x,y) = ely) 


where vr(y) denotes the x-th computable partial function on input y; and 
this makes sense. 


Sketch Proof. To see that property 1.1 holds, again we can return to 
Godel numbering. A programme is just a finite set of lines with a finite 
set of possible statements on each line (more or less). We can assign to 
statements such as ‘else’, ‘go to’ etc. Godel numbers, so that each line 
could be assigned a number. For example, if GO TO were assigned to 50, 


15 GO TO 25 


could be numbered as 
3#(15) 5 # (50) 7H#(25) 


We do this so that each line has a unique number and then code up the 


programme as 
g#(h) g#l2)  ( p, y#lln) 


where #(1;) denotes the Godel number of ];. 


In this way we can clearly establish property 1.1. 0 


The point of property 1.1 is that we can pretend that we have all the 
machines y; , 2, ... in front of us; to compute 10 steps in the computation 
of the 3rd machine on input 20, we can pretend to walk to the 3rd machine, 
put 20 on the tape and run it for 10 steps (we write this as y}°(20)). In 
many ways, property 1.1 is the platform that makes undecidability proofs 
work since it allows us to diagonalise over the class of computable partial 
functions without leaving the class. For instance 


830 R. Downey 


Property 1.2 (Unsolvability of the Halting problem) There is no algorithm 
which given x,y decides if y.(y) |, that is, if the x-th programme on input 
y halts. Indeed there is no algorithm to decide if p(x) |. 


Proof. Suppose such an algorithm exists. Then by property 1.1, it follows 
that the following function g is (total) computable: 


Wake { if po(x) t (i.e, Yx(x) does not halt) 
yr(t) +1 if yr(x) } 


Again using property 1.1, there is a y with g = yy. As g’y) 1, py(y) | and 
hence g(y) = yy(y) + 1 = g(y) + 1, a contradiction. Oo 


Note that we can define a computable partial g via g(a’) = yz(x) +1 and 
avoid contradiction as it will follow that, for any index y of g, yy(y) = g(y) ft. 
(In fact such a g has no computable (total) extension (exercise).) Also the 
reason for the use of partial computable functions in prcperty 1.1 is clear. 
The argument above will show that there is no computable procedure to 
generate all (and only) the total computable functions. Actually the result 
above can be used to show many problems are algorithmically unsolvable by 
‘coding’ the halting problem. For example 


Proposition 1.1 There is no algorithm to decide whether dom ¢, is empty. 


Proof. We code the halting problem into the problem of deciding whether 
dom y, = @. That is, we show that if we could decide whether dom y, = 
@ then we could solve the halting problem. Define a computable partial 
function via, for all y € No, 


, if y2(x) | 
9(t,y) = 
{ afese)Ts 


To see that g is computable partial, compute g(x,y) using the flowchart 
below. 

Now we can consider g(z,y) as a computable collect.on of computable 
partial functions (this is called the s-m-n theorem). The s-m-n theorem 
asserts there is a computable s(x) such that, for all z,y 


Ps(x)(¥) a g(2, y). 
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ge y)=l 


no 


Then 
N ifpe(z) 4 
dom( ys) = | 
® ify(x)t. 
So if we could decide for a given x if y,(z) has empty domain, we could solve 
the halting problem. o 


The reasoning used in proposition 1.1 can be pushed a lot further. First 
we can regard problems as coded by subsets of N. For example, the halting 
problem is coded by A = {x : (x) |} (or, for example, A* = {273 : 
rly) {}). We need some terminology. 


Definition 1.1 A set A € N is called 
(i) computably enumerable (r.e) if A= dom y, for some z. 


(ii) computable if A and A(= N— A) are both computably enumerable. 


We will let W. denote the e-th computably enumerable set. That is, we 
let W. = dom y, and let W.,, = {x < s : yi(x) |} constitute s steps in the 
enumeration of W,. 

The name computably enumerable comes from a notion of ‘effectively 
countable’ via the following characterisation. 
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Proposition 1.2 An infinite set A is computably enumerable iff there is a 
(total) computable injective function f with f(N) = A. 


Proof. (=) Suppose A = dom y,;. Compute f in stages. To compute f(0), 
find the least s and then the least z for s such that z < s aid y’(z) |. Define 
f(0) = z. To compute f(1) find the least s; > s and the least z 4 2; < 5, 
such that y!(z1) |. f(s1) = 21, and similarly we define f(j) at step 7 to 
the the least element of dom yy not yet in the range cf f. Clearly f is 
computable and injective. 

(<=) Let f(N) = Aas in the hypothesis of the theorem. Define g*(r) = 1 
iff f(s) = 2. Then g is clearly computable partial and dom g =ra f = A. O 


Thus we can think of an computably enumerable set as zn effective infinite 
list. (But not computably in order.) Note that computable sets correspond 
to decidable questions; for if A is computable, then to decide if x € A, let 
f(N) = A and g(N) = A. Now enumerate f(0), 9(0), f(1), g(1), ... until x 
occurs (as it must) in the A or A list. Note also that property 2 states that 
K= {xz : yr(x) |} is a computably enumerable but not computable set. 

An indez set is a set A such that if z € Aand y; = yy then y € A. Most 
of the sets we have looked at are index sets (e.g., {z : dom y, = 9} is an 
index set). Generalising proposition 1.1 we have 


Theorem 1.3 (Rice) An index set A is computable (and so the problem it 
codes is decidable) iff A= N or A=@Q. 


Proof. The proof of Rice’s Theorem is very similar to the proof of 1.1. 

Let A #N, @ be an index set and without loss of generality, e € A where 
dom y. = g. Fix z € A. Then for some g, y.(q) {. By the technique of 
proposition 1 (s-m-n theorem), there is a computable s(x) such that, for all 
y EN, 

g:(y) if pe(x) 1 
Ps(x) ) = 


t if yo(x) ft. 


Then y,(x) | implies yz) = yz and so s(x) € A, anc. y,(x) tT implies 
Ps(z) = Ye and so s(x) ¢ A. So if A were computable, A’ would also be 
computable. O 


Of course many decision problems are not coded by index sets and so can 
have decidable solutions. 
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The idea used in these proofs is that of reductbility. Namely, we use the 
strategy of “if we can do A then it allows us to do B”. We can formalise this 
as follows. 

We can regard one problem as being at least as hard as another by at- 
taching to our computer an infinite read-only memory. We then say A <7 B 
(A is Turing reducible to B) if we can compute A given that B is put in 
order into the memory, and we are allowed to ask for each z, a finite number 
of questions of the memory during the computation that decides whether 
a particular x is in A. This is a partial ordering. In the example above 
(proposition 1.1) let F = {x : dom vy; = 6}, we showed that A <r FE by 
showing that 2 € A iff s(x) € E. Indeed Rice’s theorem demonstrates that 
a nontrivial index set J will always have K <7 I. We will write A =r; B 
if A<y; Band B <y A. The equivalence classes give a notion of equicom- 
putability and are called degrees (of unsolvability). If A <r B we say A is 
B-computable. We let 0 denote the degree of the computable sets. We call 
machines with the infinite memory attached oracle machines. We can regard 
normal machines as oracle machines with empty memory. 

We get the analogue of propositions 1.1 and 1.2 for oracle machines. 
That is 


Property 1.3 There is an enumeration of all oracle machines {®, : x € N}. 


Notation 1.1 We will let ®, ,(C; 2) denote s stages in the computation of 
®, with oracle C and input z. 


Property 1.4 [f A is any set and ©,(A;y) denotes the result, if any, of 
computing the result of input y on the x-th oracle machine with oracle A 
(i.e., A in the memory), then K4 = {x : ®,(A;z) |} is not A-computable. 


We refer to A“ as ‘Ky relativised to A’, and the process of generalising a 
fact about computably enumerable sets to all oracles as relativisation. Note 
that A <p K4 (see below). 


Remark 1.1 As we will see, we can also put resource bounds on our pro- 
cedures. For example if we count steps and ask that computations halt in a 
polynomial (in the length of the input) number of steps we arrive at the poly- 
nomial computable functions, and the notion of polynomial time reducibility. 
We will discuss this more fully in Section 8. 
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If A is a set, A4 is a standard operator on A called tle jump operator. 
We write A’ for A’, if the degree of A is a then we write a’ for deg(A’) (we 
use boldface letters for degrees). Since B’T > B for all B. consequently we 
have defined a hierarchy of degrees 


0,0',0’, 


If a < 0!” for some n, we call a arithmetical. Note that sit.ce each degree is 
countable and has only countably many predecessors (only countably many 
machines), there are uncountably many degrees but only countably many 
arithmetical ones. 

The name arithmetical comes from the following alternative methods of 
defining (e.g.) 0’. We define the notions of ©,, II, and A, as follows: 


We say a computable set is A,. A set B is called ©, if ¢ € B holds iff 


there is a computable relation R(x1,..., @n, ©) with 
agi Vaedine UR tian yay) 
———=—$——"” 


n alternations of quantifiers 


We similarly say that a set Q is II, as we did for B except we now have 
the leading quantifier V followed by n alternations of quantifiers. Note that 
we can always collapse two quantities of the form dz, dr2 nto a single one 
of the form Jx3 using Gédel numbers, which is why it makes sense to only 
look at alternations of quantifiers. Finally, we say a set R is A, if it is both 
x, and II,. With these notions we get the arithmetical hierarchy of Kleene 


LOZ 
Oat a 


Here lines mean inclusion (rightward along the page), and all inclusions 
are proper. There is a strong relationship between the above and degrees. 
For instance 


Theorem 1.4 (Kleene) A set A is computably enumerable iff A is %). 
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Proof. Suppose A is computably enumerable. Then A = dom y, for some z. 
Then y € A iff (Ss)(y~8(y) {). Conversely, if A is £1, then for some com- 
putable R we have y € A iff (4z)(R(z.y)). Define a computable partial g by 
setting g(y) = 1 at stage s iff s > y and dz < s with R(z,y) holding. Oo 


In terms of degree, A’ = @’ is the most complicated computably enumer- 
able set. To see this, let Ay = {(r,y) : « € W,} where (, ) is a computable 
bijection from N x N to N. Note that if W is computably enumerable then 
W <r Ko since x € W iff (x, y) € No where W = W,. As an example 
of a typical reduction, we show that Ao =r A. First A <7 Ko since K is 
computably enumerable. Now to see that Ao <r A, use the s-m-n theorem 
to define a computable class of functions: 


(1.1) 


Cie 
aS) t+ otherwise 


' if y.(y) | (ie. 2 € Wy) 


Then (x,y) € Ao iff ye(y) | iff Ps((z,u))($(@, y)) J iff s((z, y)) € A. 
Hence Ao <7 K. 

It can be shown that a set A <r A iff A is Ay and, more generally 
A <7 o™ iff A is An+1- The arithmetical sets are those you ‘get from Peano 
arithmetic’ (roughly speaking). 

To finish this section we will discuss a very important problem in the 
degrees: Post’s problem. By the above we see that all index sets are of degree 
> 0’. Post [185] observed that in 1944 all known computably enumerable 
problems had the property that they were either of degree 0 or 0’. He asked 


Question 1.1 (Post’s Problem) Does there exist a computably enumerable 
degree a withO<a< 0’? 


Post’s problem was finally solved by Friedberg [72] and Muchnik [172] 
using a new and ingenious method called the priority method that we shall 
meet in Section 2. They showed that 


Theorem 1.5 (Friedberg, Muchnik) There exist computably enumerable 
degrees a|b. That is,a gb andba. 


There have been many extensions of the Friedberg-Muchnik theorem. Some 
notable extensions due to Sacks [213]: the computably enumerable degrees 
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are dense, and Lachlan [133] and Yates [244]: there exist computably enu- 
merable degrees a, b 4 0 with aN b = O and c, d with cM d not existing. 
Thus the computably enumerable degrees are a dense upper semilattice that 
is not a lattice and is not homogeneous. Soare [232] contains a lot of infor- 
mation on the computably enumerable degrees, computablvy enumerable sets 
and related structures. 

We will not prove any of these results, and will look at the priority method 
later. There is however one crucial ingredient of the proof of the Friedberg- 
Muchnik theorem that we will use in some of the work to follow and which 
we will look at in this section. 


Lemma 1.6 (Use principle) Suppose ®(A; x) |. Let u(®(.4; 2)) denote the 
maximum element x such that the question “is x in the memory?” is called 
during the computation of ®(A; x). Let B be any set such that Blu] = Alu], 
where for any set C, C[z] = {p : p < z and p € C} and u = u((A; z)). 
Then ®(A; x) = ®(B; 2). 


Proof. Both A and B give the same answers to the question in the compu- 
tations, hence the result must be the same. Oo 


One use of Lemma 1.6 is an important characterisation of A, sets (i.e., 
sets A <7 A). 


Lemma 1.7 (Shoenfield Limit Lemma) A ts A, iff there is a computable 
function g( , ) such that 


(i) lim, g(z, s) exists, i.e., [{s : g(x, s) Fg(a,st 1)}| <0. 


(ii) lim, g(z,s) = A(x) where we identify sets with their characteristic func- 


tions, i.e, A(x) =0 ife ¢ A and A(z) =1 ifxe A. 


Proof. (=) Suppose A is Aj. That is A <r @’ so that for some procedure 
©, we have ®,(K’) = A. Define g(z,s) = 0 if © .( Ay; 2) f 07 ©. 5(Ks; 2) LA 
1 and g(z,s) = 1 otherwise. 

(Here K = U,k,, is some computable enumeration of f’.) Given z, let 
u=u(®,(K; z)). Let s = s(x) be the stage where A,[u] = A[u]. Let t > s 
be the least stage such that ®..(A; 7) |. As A;[u] = A’,[u] := A[u] we have, 
by the use principle, ®,.(A; 2) = ®.1(Ay; rz) = ©,,,(A; 2) = ®-(K; x) for 
all g >t. Then for all g >t, g(x,t) = g(z,q) = A(z) by definition. 
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(<=) Suppose such a function g exists. We construct an computably 
enumerable set B and a reduction [ so that [(B) = A. Then A <r @’ since 
A is computably enumerable (and so A <r @’ by the fact that Ao <r A in 
equation (1.1)). 


We define [(B; x) and B in stages, for all z. 


STAGE 0: 
Let y(x,0) = (z, 0) and define [9(Bo; x) = g(z, 0) and Bo = @. 


STAGE s +1: 

We have defined y(z, s). If g(x, s+ 1) = g(x, 5), then keep y(z, 5) = 
y(z7,8+1), Bsr = By and Uy41:(Bsyr; 2) = [5(B,; 2). If g(z,s+1) F 
g(x, s), enumerate 7(x, s) into Byy1. Set Ps44(Bs4i3 2) = g(x, $41). It will 
be the case that 7(2, s) = (x, 7) for some 7 € N. Set y(z, s+1) = (2, 941). 


The construction succeeds as we now see. Note that lim, 7(2, s) = 7(z) 
exists since y(z, +1) # (2, s) iff y(z,s +1) 4 ¥(z, 5). Furthermore 
y(a,s+1) # 7(2, 8) iff y(v, s) € Bea — Bs. 

Also, lim, T,(B,; 2) = [(B; 2) since T,(Bs; 2) A Us4i(Bsy1; x) iff 
y(z, 8) € Bsy, — B;. It follows that [ is B-computable. B can decide 
['(B; x) (= A(x)) as follows. Given x and B, compute the least s such 
that y(z,s) ¢ B. Then [,(B,; x) = [(B; x) = A(z) = g(z,s) = g(x) by 

0 


construction. 


Remark 1.2 Intuitively in the (<) part of the above proof A’ can answer 
(4s)(g(z, s) # g(x, s+1)) and hence computably in A’ we can compute the 
limit of g(x, s) and hence compute A(z). 


2 Presentations 


Before we go any further we need to clarify what we mean by presenting a 
structure. First, all universes are identified with N under some coding, and 
hence we need only worry about the complexity of the ordering relation. We 
will write A = (N, <,) for an ordering and will write < for <4 when the 
context is clear. 


Definition 2.1 A linear ordering A = (N, <4) is called computably pre- 
sented if <4 isa computably relation (on N). {Equivalently, the open diagram 
(or a computably ordering) of A is computable.] 
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‘Effectivising’ the proof often attributed to Cantor, we see: 


Theorem 2.1 A is computably presented iff A is computably isomorphic 
to a computably subset of Q (under the usual ordering). We call this a 
computably subordering of Q. 


Proof. Fix some Godel numbering of Q which we denote ty #. Label A as 
{ao, a, ...}. At stage s + 1, we will have already defined f(ao), ..., f(as). 
Now find the appropriate 7 and/or j such that a; < ds4, < a; and for all 
k<s,ifk #7, 7 then a, ¢ (a;, a;). We can compute a rational r,,, with 
#(rsti1) > $4+1, and f(ai) < rs41 < f(a;). Define f(as41) == rs41- 

It is easy to see that f is an embedding, and furthermore raf is a com- 
putably set (as raf = B is increasing so x € B iff x is a :nember of B by 
stage (z)). oO 


For the purposes of our investigations we’d like to extend Definition 2.1 
and Theorem 2.1. We say A is a U,,- (resp. A,-, ,-, a-) presented linear 
ordering if < is a U,- (resp. A,-, II,~, degree a-) set. 

If we relativise Theorem 2.1 we see that if A is a-presented, then A 
is isomorphic to a subordering of Q of degree a. Suppose that A is ¥4- 
presented. We claim that A is isomorphic to a II, subordering of Q. If A 
is ©, then z < y iff (4z)R(z, y, z) holds. Since < is linear we know at least 
one of zg < yory < z hold. By searching, given z and y we can decide one of 
x <yory<-z holding. The problem is that we can’t decicle if z = y holds 
(i.e., if both hold). Note that z = y is 41, so there is a computably relation 
R such that x = y iff ds R(a, t, s). Write ¢ F, y if aR(z, y, S). 

Now follow the proof of Theorem 2.1. In 2.1, at stage s, we need to work 
out all the a; < a; relationships for 1,7 < s. Now, if we follow 2.1, the 
problem we need to resolve is that we see a; < a; and a; #, a; so we define 
fs(a;) = 1, and f,(a;) = ro, say, with r,; # ro. Now at some stage ¢t > s it 
may be that a; =; a; (and hence for all q >t, a; =, a;). Let 2 <j, then our 
action is to delete r2 from raf by defining f;(a;) = fi(a;) = m1. Choosing 
t <j ensures that (V7)(lim, f,(a;) exists) and by extensions of embeddings, 
f is a monomorphism. We have thus proven: 


Theorem 2.2 [f A is %,-presented, then A is A 2-isomorphic to a Il, 
subordering of Q. 


Relativizations and similar arguments give: 
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Theorem 2.3 (Feiner [66], essentially) 


(i) If A is %,-presented then A is An41-isomorphic to a I, subordering 
of Q. 


(ii) If A is I,~presented then A is A,41,-isomorphic to a “i, subordering 
of Q. 
And hence 


(iii) If A is A,-presented then A is A,-isomorphic to a A, subordering 
of Q. 


We remark that Theorem 2.3 can be extended to all the computably 
ordinals using either a ‘worker argument’ (see Section 8) or some other scheme 
using the uniformities involved at limit stages. 

Thus we can (more or less) restrict ourselves to studying suborderings of 
Q (certainly up to Turing degree). 


Definition 2.2 Henceforth we shall call a linear ordering II, (©, An, etc.) 
if it is a IL, (Ln, An, etc.) subordering of Q. 


Note 2.1 It is important that the reader note that a ©,-presented linear 
ordering is different from a ©, linear ordering. Indeed, a ©,,—presented or- 
dering is isomorphic to a II, linear ordering by Theorem 2.3. 


Using a very similar argument to that used in Theorem 2.1 it is possible to 
show that a Yj linear ordering is isomorphic to a computably linear ordering. 
By relativization this means that a »,, linear ordering is isomorphic to a A, 
linear ordering. By the limit lemma, we know that if A is a A» subset of 
Q then there is an approximation g( , ) such that g(z, s) # g(z,s+4+1) 
only finitely often, and with lim, g(r, s) = A(x). Using this fact, again we 
can use a modification of Theorem 2.1 to show that a A, linear ordering is 
isomorphic to a I; linear ordering. By relativization it follows that a Ans; 
linear ordering is isomorphic to a II, linear ordering, and hence a U4; linear 
ordering is isomorphic to a II, linear ordering. We now give an alternative 
proof of this result. 


Theorem 2.4 (Feiner [66]) /f A is a 41 linear ordering, the A is iso- 
morphic to a II, linear ordering. 
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Proof. (Rosenstein [208, p. 431]) Recursively partition Q into half open 
intervals {I(r) : r € Q} so that if r <g s then J(r) is all left of I(s), and 
so that given q we can compute the unique r, if any, with g € I(r). We 
can suppose there is a computably function p such that {»(z, r) : « € N} 
enumerates I(r). Now let A be a ©,4; linear ordering. [t is not difficult 
to show there is a Il, predicate R such that r € A © (dr)R(z,r) and 
furthermore ifr € A there is a unique x with R(x, r). Defire Bviagqe Bo 
(q = p(x, r) and R(z, r)). Then B is I, and evidently B 22 A. O 


It follows that the arithmetical hierarchy of order types for subordering 
of Q looks like 


A, Cl CM, € Ts -:- (2.1) 


and again continue through the computably ordinals. 
We now show that all the inclusions of (2.1) are proper. 


Theorem 2.5 (Feiner [66, 67]) For all n, there exists a In41 linear order- 
ing not isomorphic to a II, linear ordering and a Il, linear ordering not 
isomorphic to a computably one. 


Proof. By theorem 2.3, it suffices to construct a © -presented linear ordering 
not isomorphic to a computably one, and then relativise the result. 

Given an ordering A, define the (n-) block relation as B(n): there is a 
set of n elements 21, ..., 2p with 21 < 22 < +++ < @, such shat (2;, r;41) Is 
a successivity (i.e., (7dy)(ai < y < vi41)) and for no y is (y, x) or (tn, y) a 
successivity. 

Then it is easy to see that B(A) = {n : B(n) holds} is 24. The relevant 
definition is 


n € B(A) iff (4ey, ... 5 tn)(Vy)(A2) 
n-1 
((t1<+++<an) and (\ 7(a; <y <ai41) and 
t=1 


(y<ajty<z<2) and (tn<yor,<2z<y)). 


The reader should note that B(A) is a classical invariant. 

In particular if A is computably the B(A) is %3 but if A is ©,-presented 
and hence A2-presented, then B(A) is apparently only © (since to assert 
(e.g.) 71 < 22 we need to say that (Vs)(x1 <, £2) of A is U.-presented). 
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In view of Theorem 2.3, it suffices to show that, given any set A we can 
construct an A-computably linear ordering A with B(A) a set that is 
complete (i.e., of degree A”). Let D be any 4 set. If D is ©4 then for some 
A-computably relation R we have 


n € D iff (dr)(Vy)(sz)R(a, y, z, n). 
The ordering A we construct will have order type 
CtrtCtngt+¢+ngt+--: 


where the reader will recall ¢ denotes the order type of the integers Z and 
we will use the n; to represent D via B(A). Since we can relativise to 
arbitrary A, we might as well take A = @ so D is ¥3. 


We begin the construction with w copies of ¢ and construct a computably 
ordering of order type w.¢. The x-th of the w copies of 77 is labelled zx. Fix z. 
We regard this ¢ as being split as 


wi +1424344454--: 


During the construction, we will add new points to the left and right of 
some of the blocks 1, 2, 3, ... above. Below we will have a notion of n being 
infinitively often “verified”. This verification machinery will select certain n 
to be ‘built around’. Without this machinery, the idea is simple. At stage s, 
put a point on each side the block we are building around each original n 
block (as well as at the end of the w* sequence). So at stage s we will have 
made the n block into a s + n+ block. 

So at stage 1 we’d put 


* 
@ e r) r) e e e e 


At stage 2 we’d get: 


Thus, without the verification machinery, at the end we’d get a sequence 
of w blocks of type ¢ = w* +w. 
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Now at stage s of the construction, we say (n, x) is verified (for y) if 
(i) for all z < y, (n, 2) is verified for z, 
(ii) (n, x) is not yet verified for y, 

(iii) R(x, y, t, n) holds for some t < s. 


At stage s, for each n, if (n, x) becomes verified for some y, we define 
(n, ) as now verified and then in the x-th copy of ¢ we also add a point 
immediately to the left and to the right of n (i.e., the orig'nal distinguished 
n~block). So, for instance, if (2, 2) were verified for all y but neither (3, 2) 
nor (1, x) were, then at the end of the construction we’d have the z-th copy 
of ¢ looking like: 

w+uwt+2+u*+wt+-:- 
as the 1 and 3 would be absorbed into the w* + w’s. Now asn € DO 
(Ar)(Vy)(Vz) R(x, y, z,n) then we see that the only n which survive are 
those in S (namely those for which there is an x such that (n, 2) is verified 
infinitely often). Hence B(A) = D. 


To finish the proof we need only choose some A <r @ with D4 gr @. 
This is a standard result from classical computability theory. Indeed for any 
A there is a D4-complete S (so that D =r A”). Qo 


Remarks 2.1 


(i) Feiner [66, 67] also proved that there were &,—presented boolean alge- 
bras not isomorphic to computably ones. This a much harder argument. 
involving simultaneously coding 0) for all n. Since every computable 
boolean algebra can be represented as the boolean algebra of left closed 
right open intervals of a computable linear ordering, this result implies 
the linear ordering one. These ideas have been pushed further by Rem- 
mel, Goncharov, Thurber, Jockusch and Soare and others. We refer 
the reader to Downey [51] for further details. 


(ii) Define a set to be low if A’ =7 @’. It is known that there are low non- 
computably sets. The argument above shows that there are II, linear 
orderings not isomorphic to low linear orderings. To a certain extent 
this is a drawback of the coding techniques used, since it is not clear 
if there are low linear orderings not isomorphic to a computably one. 
There are, as we shall see later. 
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(iii) Feiner’s techniques were quite novel at the time since nobody had ever 
coded anything except computably enumerable non-computably sets 
previously. The first significant simplification and systemisation of 
Feiner’s theorem was in John Thurber’s Thesis [237] and also can be 
found in Downey [51]. 


(iv) For those interested in classical computability theory, the above results 
allowed Feiner to: 


(a} show that the lattice of computably enumerable sets € is not com- 
putably presentable (using Lachlan’s results on boolean algebras 
and hh-simple sets) and 


(b 


wa 


solve the strong homogeneity conjecture. This asked if, in the 
language of degrees with jump, whether the cones above any two 
degrees were isomorphic. The answer is no, using the above and 
initial segment results. (See Feiner [66, 67].) (Nowadays we use 
distributive lattices to get this, see Lerman [139].) 


—_~ 
< 
YS 


It is not difficult to completely characterise the computably presentable 
well orderings: indeed if A is any arithmetical subset of Q that is well 
ordered, then the order type of A is a computably ordinal and hence 
computably presentable. (Rice [200] and see Rosenstein [208, Theorem 
16.37]. For related results we refer the reader to Pinus [184], Hay, 
Manaster and Rosenstein [92], Watnick [242] and Rice [200].) 


One might wonder as to what complexity we might give an order type, 
rather than a specific presentation. One suggestion of Jockusch was: if A is 
a structure then the degree of the isomorphism type of A is the minimum of 
the degrees of all the presentations of A. Unfortunately this is not a useful 
definition for linear orderings. 


Theorem 2.6 (Richter [201]) /f A is an order type with a degree, then that 
degree is 0. In fact, if A is a given subordering of Q, there isa B= A such 
that the degrees of A and B have infimum 0. 


Proof. The argument is an easy diagonalisation of a type called the finite 
extension technique. Suppose A is a linear ordering not isomorphic to a 
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computably one. We build B & A with B a subordering of Q via an isomor- 
phism f : B & A in stages such that the degree of B and the degree of A 
has infimum 0. To do this we need to meet the requireme ts (for e € N): 


Rei): O(B)=%(A)=g => gis computable. 
At stage s + 1 we attend to R,. Let s = (e, i). 


Construction 


STAGE 0: 
Define bp = 0 and f(0) = ao (where A = {ao, a), ...}) and n(0) = 0. 


STAGE s +1: 
Suppose we’ve defined bo, ... , bas) and f(b;) = a; for all i < n(s) so 
that this isomorphism from {bo, ... , On(s)} = Bs to Ag = {ao, ... , n(sy}- 


Furthermore for all i and j, if (6;, 6;) is a successivity in B,, then either 


\(f(0:), f(0;))| = 00 (in A) or (f(6;), f(b;)) is a successivity (in A). 


STEP 1: Regard B, as a string by identifying it with its characteristic 
function. Define a string yz to be acceptable if, whenever p(k) = 1, and 
k € (b;, b;) (in Q) then (f(0;), f(b;)) is not a successivity in A (so that 
(f(6:), f(6;)) is infinite in A). Find the least string y, if any extending B, 
such that one of the following holds: 


(i) there is a z such that for all acceptable 7 extending ~, ®.(7; z) t 
(ii) for some z we have ©,.(y; z) | and # ©,(A; z). 


If + does not exist then ®;(A) would be computably, since to compute 
©;(A; z) for any z, we need only find some acceptable p > B, such that 
®.(p; z) | (one must exist). Then we know ®,(p; z) = ®,(A; z). (We will 
only use acceptable extensions of B, at each s.) 

Our action is to set B3,, = 7 if 7 exists, and B3,, = B, otherwise. That 
is, for each z with y(z) = 1 put z into B},,. 


STEP 2: Now suppose Bt,, = {bo,..., bm}. For those j > n(s) with 
3 <m we extend f in the obvious way. We put 6; into the correct position in 
B*,, determined by Q and find a, in A to map these 6; to This is possible 
as the string y is acceptable. Now for each interval (6;, 5;) in B3,, with 
(f(b;), f(0;)) finite (in A) add new elements to make B,,; with the property 
that if (b;, b;) € Boy then |f(b:), f(6;)| = 2 or oo. End of construction. 
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Evidently the construction succeeds since nothing we do at stage t > s 
injures any action we did for R,. Thus we diagonalise all the R(e, 7) and 
hence deg(B) M deg(A) = 0. Clearly we have made f an isomorphism. O 


Actually the argument above holds for quite a wide class of structures and 
only relies on extensions of embeddings. Richter proved a general structure 
theoretical result which has the linear ordering result as a particular case. 


Definition 2.3 (Richter [201, 203]) We define the computable embedding 
condition as follows. Given a structure A, a finite structure B and an em- 


bedding f : B+ A, define the class Ac, to be 


{D : Disa finite structure 
extending C embeddable into A via a map extending f}. 


Then A satisfies the computable extension property iff for all structures C 
isomorphic to a finite substructure of A, and for all functions f embedding 
C into A, the class Ac,; is infinite and computable. 


Theorem 2.7 (Richter (201, 203]) For any countable structure A satisfying 
the computable extension property, there is a countable structure C isomor- 
phic to A such that deg AN degC = 0. 


The proof of Theorem 2.7 is similar to that of the Theorem 2.6. Fur- 
thermore, one can show without too much difficulty that Theorem 2.6 is a 
consequence of Theorem 2.7. 


We remark that some structures can have degrees # 0, for example groups 
and lattices (see Richter [201]). We will look at the results there in more 
detail in Section 8. 

The most fundamental question concerning presentations of linear order- 
ings is 


Question 2.1 (Open) Classify the order types p such that p contains a com- 
putably member. 


Of course in Question 2.1 we’d like to have a classical classification. Cer- 
tain things are obvious. For instance if A and B are computably presentable 
sois A+B, A-B, etc.. It might appear from the above that we’d need to 
use n—-blocks to make bad isomorphism types. Even here the answer is no. 
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Definition 2.4 Call a linear ordering A discrete if A contains no limit 
points. 


It follows from a result of Watnick that there are II, discrete linear or- 
derings not isomorphic to computably ones. Watnick’s theorem is: 


Theorem 2.8 (Watnick [243], Downey [48]) A ts a IIn42 linear ordering iff 
CA is a II, linear ordering. 


Watnick’s theorem has an interesting history in the sense that it has 
been rediscovered several times in different contexts (e.g., Downey [48], Ash- 
Jockusch-Knight [9]). To get a discrete II, linear ordering not isomorphic to 
a computably one, one takes Watnick’s theorem and applies it to a H3 linear 
ordering A not isomorphic to a Iz one. Then ¢A is a discrete I], linear 
ordering and not isomorphic to a computably one. 

We will look at the proof of Watnick’s theorem in Sect'on 4. 


Along similar lines, Downey and Knight proved a “l-jump” version of 
Theorem 2.8. 


Definition 2.5 Let A be a linear ordering. Define y(A) = (7 + 2+ n)A. 


Theorem 2.9 (Downey and Knight [55]) A ts a Ing: linear ordering iff 
(A) ts a Il, linear ordering. Furthermore, A ts a'—presentable iff y(A) is 
a-presentable. 


Proof. Let n = 0 and then relativise. Let A be a II; I'near ordering so 
that A is a II, subset of Q (identified with N via a II, sibset of Q using 
Godel numbers). Hence z € A iff (Vs)( R(x, s)). Begin with a copy of 
B=(n+2+7)n. We can identify the c-th member of Q (i.e., under Gédel 
numbering) with a canonical successivity in (7 + 2+ 7)7 is the obvious way. 
Now perform a construction of “densifying” the ordering B by making the 2 
in the z-th position become dense at stage s if ~R(z, s) holds. So the only 
remaining points at the end will correspond to the x € A. QO 


Corollary 2.10 There evists a I], linear ordering A not isomorphic to a 
computably one with and A having order type (7 +2+%)7 for some r. In 
particular, A has no n-blocks for n #2, 1 and no w or w* intervals. 


Chapter 14 Computability Theory and Linear Orderings 847 


We remark that Downey and Moses [59] have proved that every low dis- 
crete linear ordering is isomorphic to a computable one. 

One quite natural approach is to look at increased levels of effectivity. 
An important notion is that of a decidable structure. This is one whose 
whole diagram is computable. That is, given any sentence we can effectively 
compute its validity in the structure. Along similar lines one can define a 
structure to be n-computable if we can decide effectively an n quantifier 
sentences. It is not hard to construct a computable ordering that is not 
l-computable. We warm up with such a result. 


Theorem 2.11 (Folklore) There is a computable linear ordering A of order 
type w with S(x), the successor function, not computable. Hence A is not 
1-computable since the adjacency relation is not computable. 


Proof. We give this result as a simple introduction to the priority method, 
and for this reason we don’t give the simplest proof. 

We shall build our computable order A = U,A, in stages. We label the 
points {ao, a), ... } for convenience. To make A have order type w it suffices 
to satisfy, for each e € N, the requirement 


N.: @e has < oo many predecessors. 


To make sure that S(z) is not computable in A, we diagonalise over all 
possible algorithms for S(x). To do this we satisfy for each e € N 


P.: Qe is not the successor function on A. 


Here {y-}eew lists all p.r. functions. To meet P. the basic idea is this. We 
pick a follower x = x(e) and wait for a stage s where y,,,(x) |. If this never 
happens, then we win as ¥, is not total. If y., (2) | we make sure that »,(z) 
is not the successor of x by placing, if necessary, a new point (s +1) between 
x and ye(z). 

This action gives potential conflict with N; since if y.(x) = a; it may be 
that we put a new point to the left of a;. If infinitely many P. together were 
allowed to do this to a szngle a; then we would fail to satisfy N; : a; would 
have infinitely many predecessors. 

The idea then is to have a priority ranking 


No, Py, N,, Pi, us 
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of the requirements. We then only allow P; to “injure” 7; if i < 7. Here 
‘injury’ means ‘add a point to the left of a,;’. If we ensure that the total 
action we perform for each P; within 7 < 7 only injures N; finitely often, 
then N; will be happy since after a certain stage sg no new predecessors of 
a; will be added. Note that we can’t predict s 9 but when this finite injury 
priority method is used one argues by simultaneous induction that all the 
P; ‘require attention’ only finitely often and therefore all the N, are injured 
only finitely often and are (hence) met. 

The device that ensures we can do this is called the coherence strategy 
and the action we perform for a single requirement is called the basic module. 
We have described the basic module above. The coherence strategy here is 
very simple: we only pick followers z of Py, (k > 7) is x is not a predecessor 
of a;. Then P, will never add a predecessor to a; (if k > 7). 


The formal construction looks as follows. We say P. requires attention at 
stage s+ 1 if e is the least such that one of the following options holds. 


(i) P. has no follower. 


(ii) P. has a follower x and y.5(x) | and e,5(x) is the successor of z. 


Construction 


STAGE 0: 
Set Ao = {ao}. 


STAGE s+ 1: 
We are given A, aS dg , ... , @s in some specified order. Find the e < s 
with P. requiring attention (there will be one). 


If (i) pertains it will be via some zx = a;, with y.,s(z) = S(x) = au4i), 
for some ayj41),- Put a@s41 between a;, and ay;41), (killing y,,, forever). 
Go to stage s + 2. 


If (ii) pertains, put a,4, to the right of A, (i.e., a; < a.41 for allt < s), 
and declare a,4, to be a follower for P.. End of constuction. 


It is not difficult to see that each P, requires attention at most twice, and 
all the P. and N. are met so that A has the desired properties. Oo 
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We spent a long time with the easy result above in the hope that the 
reader will understand the more elaborate uses of the machinery (and its 
extensions) later. In the future we will only sketch such proofs by specifying 
the basic modules and the coherence strategies. 

Sometimes the concepts of n-computability and decidability are more 
closely related than the obvious fact that A is decidable iff it is uniformly 
n-computable for all n € N. For instance, the old result of Langford [134], 
shows the following. Recall that L is called discrete iff L & 7.L for some L. 


Theorem 2.12 (Langford [134]) A discrete linear ordering is decidable iff 
it is 1~computable. 


The proof of Langford’s Theorem uses quantifier elimination. We illus- 
trate this technique in the next result which completely classifies 1-comput- 
ability for computable linear orderings. 


Theorem 2.13 (Moses [167, 168]) A computable linear ordering is 1-com- 
putable iff the collection of adjacenctes of L is a computable set. 


Sketch Proof. First one shows that if y is a quantifier free sentence on 
variables z,,... , 2n then y is equivalent to a disjunction of formulae of the 
form 1 A --- Av, where each y; is of the form xxi) < Lr(i¢1) OF Lr(i) = Luli 41) 
for some permutation 7 of {1,..., n}. We call this the standard form of ¢. 
It follows that an existential formula y is equivalent to a disjunction of the 
form 


37 (0) V + V 3F¥m (9), 


where each y; is in standard form. Thus to see if y is satisfiable, we need 
only look at each 4¥w;(7,¥) = %, say. 

It is easy to see that each 4; is equivalent to a finite set of statements of 
the form “y; = y;”, “yi < y;”, “there are at least k (< n) elements between 
y; and y;”, “there are at least k elements > y;”, and “there are at least 
k elements < y;”. These are decidable iff the collection of successivities is 
computable. a 


Moses [unpubl.] has a classification hierarchy akin to the above for general 
orderings. We remark that Moses [171] has constructed for each n an n- 
computable ordering not isomorphic to an n + 1-computable one. Chisholm 
and Moses have also proven the following. 


850 R. Downey 


Theorem 2.14 (Chisholm and Moses [32]) There exists a linear ordering 
L which is n- computable for each n € N but with L not isomorphic to a 
decidable linear ordering. 


Here are some related questions. 


Questions 2.2 


(i) Are there n computable boolean algebras not isomorphic ton +1 com- 
putable ones for each n € N? What about a boolean algebra which is n 
computable for each n € N but is not isomorphic to «a decidable one? 


(ii) For eachn EN, ts there a finitely presented group wiich is n-comput- 
able but not n+1 computable? Can we construct a nondecidable finitely 
presented group which is n-computable for each n € N? 


Sketch Proof of Theorem 2.14. We sketch the proof of Theorem 2.14 
particularly since it illustrates Ehrenfeucht-Fraisse games. The argument 
is a finite injury priority argument. For structures P anc Q we will write 
P =xo @ to mean that P and Q satisfy the same 9 sentences. The idea is 
to build a sequence 


Lo, ee eee 


of decidable linear orderings with limit L so that for each n and each m > n, 
we ensure that for all @ € L we can effectively find a b € Lm such that 
(L,a) =so (Lm,6) and conversely. This will ensure that L is n-computable 
by the decidability of Z, and playing an Ehrenfeucht-Fraisse game between 
L and Dy. 

To ensure that L has no decidable copy, we will ensure that L, is one 
of Lt or LZ. (As usual, we are building all the orderings in stages, and at 
each stage they are finite.) We begin by building L, = L7, and only change 
when we see an opportunity to diagonalise. We will have a specific sentence 
Yn used to distinguish between L* and Lz, so Lt - yy arid Lr KK yn. We 
ensure that the theory of L is not computable and hence L cannot have a 
computable copy. Thus the process and the switching is simply controlled 
by an opponent trying to enumerate the theory of LZ and we wait till the 
opponent enumerates 7Y, to switch. 


Let T,,..., Tj, be orderings. Then 
STi ons TD) 
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denotes the shuffle sum of T,,..., T;, which is defined by taking a copy of 
Q and densely putting copies of each of the T;’s in. (So between T; and T; 
there is always a copy of T, for any 7, j,q.) 

Now Loy = o(1, 2,3). For sequence 1,...,&, let 1,... Ds ... , k denote 
the subsequence obtained by leaving out j. We define ZL? = o(1,2,3), and 
define L! = o(2,3), L? = o(1,3), and L} = o(1,2). Finally define 


DO Sok edt. BF) and LP eo Eh ht ole), 
More generally, we will know that 
bya = el Tix sooo Tels 
We will let L° = L,_1, and 
Be Salicylate Te 
Then, as above, 
Eee ete and | Oe Seen BP 


Notice that in a stage by stage construction we can switch from Lz to Lt 
easily. Also note that each L/ misses an L?_, for some p. (This is what the 
T;’s are.) However, each L7,, has all the L?,’s appearing in arbitrary order. 
One now proves by induction that each L? with n > 1 satisfies a certain 
Il,41 sentence y?, that is not satisfied by any L‘ for k # 7 nor any shuffle 
of them. (For instance, yj says that there is no maximal block of size j.) 
Second, one proves by induction that all the Z? are =y0_, to each other or 
any shuffle of each other. The result will then follow by the diagonalisation 


of the construction, and these two facts. Oo 


Corollary 2.15 (Chisholm and Moses [32]) There ts a structure that is in- 
trinsically n-computable for each n € N (i.e., each computable structure 
isomorphic to it is n-computable) yet is not isomorphic to a decidable struc- 
ture. 


Proof. Take the ordering L above and add constants c; for each member of 
the ordering. Oo 
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3 Computable Isomorphisms 


A natural suggestion would be to look at ‘effective’ order types instead of 
classical order types. That is, since we are, after all, lcoking at effective 
procedures on computable orderings, surely the ‘correct’ c assification would 
be to consider those computable linear orderings computzbly isomorphic to 
a given one. Does this make a difference? As we shall see in this (and later) 
sections, it certainly does. We have already seen that ccmputable proper- 
ties are not, in general, invariant. For instance, the natural presentation of 
w= {0<1<---} has the property that the successor function S(zx) is com- 
putable. However in Theorem 2.11 we observed that there is a computable 
copy of w with S(z) not computable. It follows that there are two isomor- 
phic computable linear orderings that are not computably isomorphic (as S(x) 
being (non) computable would be preserved by a computable isomorphism). 
Consideration of this example leads to the following basic definition. 


Definition 3.1 We call a computable linear ordering A conputably categori- 
cal (sometimes autostable in the literature) if any computa le linear ordering 
B isomorphic to A (B & A) is computably isomorphic to .4 (B comp A). 


Clearly all finite linear orderings are computably categorical. Some infi- 
nite ones are too. 


Example 3.1 (Folklore) 7 is computably categorical. 


To see this, we effectivise Cantor’s back-and-forth argument. Let A = 
{ao, a1, ...}, B = {bo, b1, ... } be two dense computable orderings without 
end points. We define fo(ao) = bo. At stage 2s we ensure that a, € domf. 
To do this we will have defined domf, = do, -.. , @s—1, @ig, --- » @i,_, IN some 
order with f, a partial isomorphism. Now assuming a, ¢ domf,, we see 
where a, lies relative to the points in domf,. If, for instaace, a; < a, < a; 
we simply use the density of B to find some 6; with f,(a;) < b, < f,(a;) and 
define f.41(a,) = b,. At odd stages 2s + 1 we similarly ensure that 6, € raf 
by using the density of A. By extensions of embeddings, f: A =comp B. UO 


The computably categorical linear orderings were classified by Remmel. 


Theorem 3.1 (Remmel [193]) A computable linear ordering A is comput- 
ably categorical iff the (classical) order type of A has only a finite number 
of successivities. 
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Proof. If A is a computable linear ordering with only finitely many succes- 
sivities then A has order type (>> ie +) +741 with n; < co for all 7. To 
show that A is computably categorical, suppose B & A with B computable. 
then B must also have the same type and hence if we match the n; in B to 
those in A we can extend to a computable isomorphism by the technique of 
Example 3.1. 

Conversely, suppose A has infinitely many successivities. We build B = 
A with B 4.omp A. To do this, we use a priority argument and meet the 
requirements (e € N): 


N: BEA 
P.: % is not an isomorphism from B to A. 


We will build B in stages as B = U,8B, and will ensure that f: B—- Aisa 
(A2—) isomorphism by ensuring that we meet (for all e € N): 


Ne: lims fs(be) exists 

(i.e., we have f,4i1(b.) # f.(-) only finitely often), 
M.: f(be) is defined (i.e., f is a function) 
M. : (4y)(F(y) = ae) (i.e., f is onto). 


Additionally we ensure that f in injective. The key to the construction is 
the basic model for P,. 

The idea is as follows. If we ever see y, not 1-1 (or if for some z, 
~e(xi) tT, although we can’t know this) we need not worry about y,. As- 
suming these don’t happen, we really need to do something to meet P.. 
At stage s we will have ensured that f, is a partial isomorphism taking 
Bye £5 suing Dey Dies aaa Dig) tO tas oases BS on gill) Age TT his 
meets M. and M. provided we meet N,.) 

Suppose in A, we knew that (a;, aj) was a successivity. Let f,(d.) = a; 
and f,(bn) = a;, say. For the sake of P, we need do nothing until we see a 
stage t > s such that for some b, , b, we have 


(i) vi(bn) | and gi(b-) 4 
(ii) Pe(bn) = a; and ye(b-) = a; 


(iii) (6, , 6) is a successivity in B;. 
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Now we can force y, to be wrong at stage +1 by putting a new element 
by between 6, and 6,, since then (6, , },) is not a successivity in B yet (a;, a;) 
is a successivity in A. 

Obviously, if we are to keep f = lim, f; an isomorphism, the strategy 
above will entail us redefining fi41. For instance, we may rave fi41 (bn) = Gy 
and fi41(b,) = a,. When we put b, between b, and b, unless a new element 
appears between a, and a,, we’d need either to define fi41(b,) = ay or 
fr4i(b,) = ay and hence either make fi41(bn) F fr(bn) or fr4i(b-) F firlb-) (as 
we need f injective). Indeed, it is possibly the case that we will need to reset 
fi4i(6) either for all 6 € Bi4, with b> 6, or for all b€ By... with b < by. 

Here is where we use a priority argument. We do not allow this action 
for P, to take place if it injures N; for 7 < e. That is, we don’t let P. make 
frai(O;) A fir(b;) for any 7 < e. Now this causes the fcllowing problems. 
Suppose that we have points 6; and 6; both with 7, 7 < e and it happens that 
b; < bn <b, < b;. Now it may be that we have defined both f,(0;) and f,(0;). 
Since 2, 7 < e they have higher priority than P, and so we cannot add a new 
point b, between f,(b;) and f,(b;) at any stage > t. Of course, if such a new 
point appears at some stage t, > t we are free to pursue the strategy of the 
basic module and still keep fi, 41(b;) = f:(b:) and fi,41(b;) = fr(b;). That is, 
only change f;, on the open interval (6; , ;). 

The trouble is that we cannot know if another point will appear, but we 
now have an obvious strategy: while we wait for some such new point to 
appear we begin a new strategy on a new successivity in A. If the interval 
f(6:), f(0;) is finite, after a finite number of such tries we will get a pair 
of points (b;,, b;,) outside of the finite interval (b;, 6;). If the interval is 
infinite, then eventually we will see a new point appear and can return to 
the old strategy. In this way we can make the Nj and P, strategies cohere 
since we will get to meet P, on some pair. 

The final problem not addressed in the above is the following: we may not 
be able to computably identify the successivities in A. Being a successivity is 
only II, and it is not clear that A may be isomorphic to a computable linear 
ordering with computable successivities. Indeed this is not always the case: 


Theorem 3.2 (Remmel, Goncharov, after Feiner) There is a computable 
linear ordering A such that if B is computable and B= A then B does not 
have computable successivities. 


Proof. (Downey) One way to get Theorem 3.2 is to use the following. Take 
a II, linear ordering C not isomorphic to a computable one. Now apply the 
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Downey-Knight [55] construction 2.5 to get A = (7 +2 + 7)C computably 
presentable. Then the order type of successivities of A are isomorphic to C 
and if they were computably presentable so would C' be, which it is not. O 


Proof of Theorem 3.1 concluded. To overcome this final problem, we 
guess if (a;, a;) is a successivity. If it is not, as we will find out, we abandon 
it and try another pair (a;,, a;,). The trick is to list all the pairs (a;, a;) 
by Godel numbers, and let P. always use the least pair. Clearly we will 
eventually settle on a real successivity. To complete the proof one simply 
formalises the above, and the result will follow by a standard application of 
the finite injury technique. This concludes our sketch of the proof of 3.1. O 


It is not difficult to interweave other ‘finitary’ requirements with the above 
argument. For example, if L,, L2,... is any computable list of isomorphic 
linear orderings one can diagonalise against each of them simultaneously. 


Corollary 3.3 (Remmel [193]) 


(1) A classical order type of a computable linear ordering contains either 
one, or infinitely many computable order types. 


(ii) Zf L is a computable linear ordering with infinitely many successivities 
then there is no computable list Ly, L2,... of all computable linear 
orderings isomorphic to L. 


Corollary 3.3 seems an appropriate place to mention another recurrent 
theme in computable combinatorics: the effective content of classical theo- 
rems. We will look at this theme in more detail in the sections to follow, but 
will confine ourselves here to some brief comments on Corollary 3.3. 

A famous and deep combinatorial theorem is Laver’s theorem [136] on 
the better-quasi-ordering of countable linear orderings under embeddability. 
One form of this result is: 


Theorem 3.4 (Laver [136]) Let p1, p2,... be a countable collection of count- 
able order types. Then there is some 1 < j with p; embeddable into p;. 


Corollary 3.3 says that the obvious computable analogue of Theorem 3.4 
fails for computable order type. That is, if p,, p2,... are computable or- 
der types they may all be pairwise computably nonembeddable. (Although 
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Corollary 3.3 (i) only speaks of nonisomorphism, the proof of Theorem 3.1 
actually gives computable nonembeddability.) 

Since we know some p; embeds into p; one might ask exactly how com- 
plicated such an embedding would be. For example, must there be an arith- 
metical embedding? Richard Shore [221] has the decisive material here. He 
has shown that it is possible to choose the collection of crder types so that 
there is not even a hyperarithmetical witnessing function. 

At this point I cannot help but mention some beauti/ul recent develop- 
ments related to Theorem 3.4. One of the great achievements of the twentieth 
century is Gédel’s famous incompleteness theorem which roughly states that 
in any sufficiently strong system with an computably enumerable set of ax- 
ioms, there is a formula statable within the system, true of the system, but 
not provable within the system. Unfortunately, whilst Gédel’s theorem has 
a major impact on the foundations of mathematics, many ‘working’ mathe- 
maticians regarded it as irrelevant to their studies, since the formulae found 
by Gédel were ‘not interesting’ and were ‘things one would not wish to prove’. 

First Paris and Harrington [182] and then Harvey Friedman and others 
(see Simpson [223]) destroyed this thesis by producing ‘unprovable “mathe- 
matical” theorems’ in a number of systems. We will con ‘ine ourselves to a 
single example. 


Let T, and T> be finite trees regarded as lattices. We say T, embeds 
into Tz if there is an injective function f : T; — T> preserving meets (i.e., 
f(a Ay) = f(x) A fly)). See the example in the diagram delow: 


Tt 


Kruskal [121] proved that if T,, 7), ... is an infinite collection of finite 
trees, then there is some z < j with T, embeddable into 7;. This statement is 
not provable in ‘finite combinatorics’ (i.e., Peano arithmetic (PA)) but neither 
is it statable in PA. Friedman found the following finite form of Kruskal’s 
theorem: 
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Theorem 3.5 (H. Friedman) Let n be given. There exists a number k = 
f(n) so large that if T,,..., Ty are finite trees with |T;| <n-i, then there 
exists 1 <j with T; embeddable into T;. 


Whilst Theorem 3.5 is clearly statable in PA, Friedman proved that 3.5 
cannot be proven in PA and any proof of 3.5 necessarily involves infinite sets. 
(Indeed Friedman found variations of 3.5 that need uncountable sets.) The 
way to prove this is to show that the witness function n > f(n) grows so 
fast as to not be provable in PA. The reader is referred to Simpson [223] 
and Friedman-Simpson-Smith [76] for further results. These logical inves- 
tigations have had some fine consequences in classical combinatorics. For 
example, Friedman’s result above was a crucial ingredient of the Robinson- 
Seymour theorem that the set of all finite graphs is well-quasi-ordered under 
the relations ‘H is minor of G’, and as a consequence there is a ‘Kuratowski’ 
theorem for surfaces. 

Returning to our story, Remmel’s theorem 3.3 has been generalised in 
several ways. First we could ask the more general question of classifying 
when a computable linear ordering is A,,—categorical for some n. That is, try 
to classify (by order type p) when, given any two computable linear orderings 
A and B of type p there is a A,-isomorphism from A to B. Similarly we 
might ask when every isomorphism is A,. This latter property is called 
A,,-stability. For instance it is easy to see that w is A,—stable and (hence) 
A>2~categorical. 

This leads to the powerful recent techniques developed by Chris Ash and 
by others. We will look at these in Section 8, when we will be able to sketch 
the technical machinery needed for Ash’s results. 

A second method of generalisation is to look at linear orderings as merely 
an example of a more general class of structures. This approach was taken 
by Ash-Nerode [13], Goncharov [83], Barker [15], Harizanov [88, 89, 90] and 
others using Model Theory. Since we are trying to keep this account relatively 
‘nonlogical’, again we give only a bare outline. A model is a structure 


(AR ake Si dase Pg east Pees Cin nines asd) 


where A is the universe, the R; are relations on A, the F; are functions of A 
and the C; are distinguished constants. For example, a group is a structure 
of the form G = (G, - , 1). In the language of the structure we can write 
sentences and study all of the structures obeying those sentences. The class 
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of models of the sentences 
(Va, y, a) (w@-(y-2) =(x-y)-2) 
(Va, y) (tw-y=y-a) 
(Vr) (Sy) (t«-y=y-2=1) 


(V2) (e7b=a) 


is simply the set of abelian groups and a model of these sentences is an 
Abelian group. A model is computable if A = N and the R;, F; and C; are 
a computable collection of computable relations, functions and constants re- 
spectively. Dzgoev and Goncharov [62] discovered a condition called branch- 
ing and showed that if A is a computable model which branches, then Q is 
not computably categorical. This result has applications including Remmel’s 
theorem and similar results classifying the computably categorical boolean 
algebras (La Roche, Goncharov) and p-groups (Smith). The only problem 
with Dzgoev and Goncharov’s (and other) results is that it is often quite 
difficult to verify that a given structure branches. (Sometimes this is much 
more difficult than a direct proof.) One open question here is: 


Question 3.1 (Open) Develop a generalisation of branching for A, -cat- 
egoricily. 


A very attractive result here is due to Moses. If R is a relation on a 
computable linear ordering A, we call R intrinsically computable if in every 
computable linear ordering B classically isomorphic to A via FF: A= B we 
have f(R) computable. (The notion is due to Ash-Nerode [13].) 


Theorem 3.6 (Moses [167]) [f A is a computable linear ordering, then a 
computable relation R on A is intrinsically computable iff R is equivalent in 
A to a quantifier free formula 0(21,...,%n,41,---,4n) with a,,...,4n 


in A. 


The final generalisation of Remmel’s theorem we will look at is to study 
the ‘fine structure’ of isomorphism types of computable orderings and see 
what can be preserved. In the remaining sections we see several of these 
types of results. For this sections we will only look at the situation where we 
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equip the linear orderings with additional computable properties. First we 
know that not all linear orderings have copies with computable successivities. 
Remmel [188, 191, 192] has a number of results in this area as corollaries to 
his results on boolean algebras. These investigations are related since as we 
mentioned earlier any computable boolean algebra can be represented as the 
boolean algebra of the left closed right open subintervals of a computable 
linear ordering (similarly A, , £,, II,). Here is a quick proof. 


Theorem 3.7 (The Representation Theorem, folklore after Stone) Every 
countable boolean algebra is isomorphic to a interval algebra Intalg(L) of a 
linear ordering of the same degree. 


Proof. This is just an effective version of Stone’s theorem. We represent 
a given B as an algebra of sets. Thus let B = U,B, with Bo = {0,1}, and 
Bsi1—B, = {bs}. We will define at each stage a subalgebra B, containing By. 

Define Lo the ordering with two points labelled 0 and 1. (Then Intalg(Lo) 
consists of the two sets @ and [0,1).) So we have the induced mapping go 
with 0++ @ and 1 ++ [0,1). At stage s+ 1 we will have a set of Atoms, = 
{as,,-.- 5 @s,} listing the atoms of the subalgebra of B, together with the 
linear ordering L, = 0, %5,,..., 2s, = 0 so that g,(as,) +> [@5,_,,@s,) in- 
ducing an isomorphism from the subalgebras B, to Intalg(Z,). 

At stage s +1 if 6, is in B, we need to do nothing. Otherwise, for each 
a = a,, such that 6, splits a (i.e., both rb, and 2 Ab, are nontrivial), add a 
new point y to L,,; between z,_, and rs, to split the interval [Pac ,Zs,) into 
[vs,.,y) U ly, 2s,). Naturally we map a,, A 6, to one of them, say, [z5,_,,y) 


and map a,, A b, to ly, Ls, ). Note that this generates two new atoms for B,41, 


also of Intalg(L.41). Let c1,..., Cm denote the atoms of Beat below 6,. 
Clearly we have ensured that the induced map g(b,) = g(c1) U... U g(em) 
works. The result follows. Oo 


Notice that in the above, atoms correspond to successivities, so when 
Remmel studied computable boolean algebras with computable atoms he 
had corollaries about computable linear orderings with computable succes- 
sivities. Unfortunately there is no direct transfer the other way, since many 
nonisomorphic linear orderings give rise to the same boolean algebra. 


Question 3.2 (Open) Determine the relationship between the degrees of lin- 
ear orderings and the boolean algebras they generate. 
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If a linear ordering has computable successivities, then we can sharpen 


Corollary 3.3. 


Theorem 3.8 (Remmel [193]) [f A is a computable linear ordering with an 
infinite computable set of successivities, then 


(i) There is a computable collection By, Bz, ... of computable linear or- 
derings, each isomorphic to A, such that if 1 # Jj then the sets of 
successivities of B; and B; are Turing incomparable. 


(ii) We can arrange that the sets of successivities S; of each B; are immune 
(that is, there is no infinite computably enumerable subset of S;). 


As we will see in Section 6, Theorem 3.8 (i) does not hold if we drop the 
computable successivities’ hypothesis. The proofs of Theorem 3.8 (i) and 
(ii) (and similar results) come from finite injury arguments blended with the 
techniques used in Corollary 3.3. See Remmel [193] for details. 

Another variation comes from restricting the sorts of structures we look 
at. A nice question here was asked by Nerode, Remmel and others: classify 
the order types of computably categorical linear orderings with computable 
successivities. That is, we want order types p such at if A and B have types 
p and both have computable successivities then A comp B. This question 
proved quite hard and was finally solved by Moses. 


Theorem 3.9 (Moses (167, 168]) The computably categorical linear order- 
ings with computable successivities (in the sense above) are precisely those 
with order types )>*_. (kit gi) +kn4i where k; is finite ana g; € {w, w*, C}U 
{d-n : dE N} for all i. 


Moses’ proof of Theorem 3.9 is not obvious and involves a surprising inter- 
mediate step. Recall from the last section that a linear ordering is called n- 
computable if the ©, formulae uniformly denote computable relations. Note 
that ‘(z, y) is not a successivity’ is an example of a %, relation so to say A 
has computable successivities is to assert that a particular %,-relation on A 
is computable. However, we recall from section 2, Theorern 2.13: 

A computable linear ordering A is 1-computable iff A has 
computable successivities. 


Define a linear ordering to be good if it has the order type described in 
Theorem 3.9. We need the following definition. 
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Say that B is weakly good if B has order type (> nd ki +9:)+kn41 with 
each fk; finite and g; € fF, for some n = n(z), with F, denoting the class of 
linear orderings with no block of size > n. 


Definition 3.2 


(i) The block relation B(x, y) is defined to hold if there are only finitely 
many elements between zx and y. 


(ii) The relation M,(x) holds if the block containing x has exactly k ele- 
ments. 


Moses proved Theorem 3.9 using Theorem 2.13 and the following sequence 
of results. 


Theorem 3.10 (Moses [167, 168]) 


(i) If A is a 1-computable linear ordering with the block relation com- 
putable, then the order type of Z is weakly good iff every 1--computable 
linear ordering isomorphic to A has the block relation computable. 


(ii 


— 


If A is a 1~computable linear ordering with M;(x) for 1 € N all com- 
putable, then A has order type ee + gi) +kn41 with each k; finite 
and g; € {q-n : q € N} iff every 1-computable linear ordering has 
M(x) for 1 € N computable. 


(iii) If A is a computably categorical 1-computable linear ordering, then it 
has B(x, y) computable. 


(iv) If A is a computable linear ordering with no blocks of infinite length 
and B(x, y) computable, then the isomorphism type of A contains a 1- 
computable linear ordering with B(x, y), the predecessor relation P(z) 
computable and the successor relation S(x) computable. 


To finish the proof, Moses assembles the facts above. First suppose that 
A is of good order type. Then a standard back and forth argument like 
that used in Corollary 3.3 shows that A is computably categorical for 1- 
computable linear orderings, then by Theorem 3.10 (iii), A has computable 
block relation and hence A is weakly good by Theorem 3.10 (i). We can then 
partition A by a finite number of points Py < --- < P, with each interval 
(—o0, Po), (Po, Pi), -*, (Pm, 00) of order type in Fry U {w, w*, Ch. 
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Let B be the result of deleting from A all orderings of type w, w*, 
or ¢. Then B is computably categorical, 1-computable and has by 3.10 (iv) 
B(x, y), S(x) and P(x) all computable, as B has no infinite blocks. This 
makes M;(x) computable for all 7 and hence by 3.10 (ii) B has order type 
es asih +i) + kn41 with k; finite and g; € {q-7 : q € N}. It follows that 
the order type of A is good, and we are done. oO 


We should note that the proof of Moses’ theorem is gr2atly complicated 
by the analogous result that complicated Remmel’s theorem 3.3. Recall that 
this was that there are computable linear orderings A with no recursive 
linear orderings in the order type of A having computable successivities. 
Here Remmel [193] used a coding argument (i.e., like Feiner’s argument) to 
construct a l1-computable linear ordering A with the proverty that if B is 
a computable linear ordering isomorphic to A then the block relation is not 
computable in B. Moses and Hingston (see Moses [167]) used another coding 
argument to construct a 1-~computable linear ordering no: isomorphic to a 
2-computable linear ordering. The above result classifies the computably 
categorical 1-computable linear orderings. Naturally the following question 
suggests itself. 


Question 3.3 (Open) Classify the computably categorical 1-computable lin- 
ear orderings (i.e., amongst n-computable linear orderings). 


Schwartz (219] investigated the computable categoricity amongst linear 
orderings with the block relation computable. He used a finite injury priority 
argument to show: 


Theorem 3.11 (Schwartz [219]) The linear orderings with the block relation 
computable that are computably categorical in this class are exactly those of 
order type 

fotko+fithit o> tha that fats 


where each f; is finite and k; € Usen qn. 


Proof. We follow Schwartz’s thesis [219]. (Actually there is a slight flaw in 
the proof in Schwartz’s thesis which is not difficult to repair, but Schwartz 
has not published this.) A routine back and forth argument shows that the 
above order types are sufficient. Conversely, suppose A is an order type not 
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of the above form. Then we must build B = A such that B has a computable 
block relation and B Y,.. A. So we must ensure that 


Re: ye(B)#A ify, is the e-th computable partial isomorphism. 


There are two cases: 


CASE |: 

For some a € A, the block of a is infinite. So a lies in a block of type w, 
w”* or w* +w. In this case it is not difficult to see that we can build B = A 
by using the identity outside of a’s block and the Remmel strategy on a’s 
block to kill all the y,. Note that the block relation is computable as a’s is. 


CASE 2: 

Otherwise. Each block in A is finite. It is not hard to see that as A 
is infinite the order type of A is )> {h(q): ¢ € Q} + h(+00) where h is a 
function from QU {—o0, co} to N. 

The strategy is to diagonalise against all the y,. The basic idea is to play 
Ye on blocks. That is, for two points x and y in B, ensure: 


l[z, ein B) F I[e(x), Pe(Y)I lin A)’ 


There are two subcases. 


CASE 2a: 

rah is unbounded. The strategy here is quite simple. In A wait till we see 
two points a and 6 in the same block and wait till y.(2) = a and y,(y) = 6b 
for some x and y. Now we can use a Remmel strategy. Wait until we see 
some block [a;, 0] occur in A with more that |[a, 6]| many elements so that 
we can also add elements and move [z, y] to map to [a, |]. We may need 
to do this several times as we do not know |{a, 6}|. Actually, this argument 
can be simplified by the following result of Moses. 


Theorem 3.12 (Moses [167]) [f A is a computable linear ordering with com- 
putable block relation, A is isomorphic to a 1-computable linear ordering. 


Sketch Proof. Let A be a computable linear ordering with a recursive block 
relation. Build 1-computable B = A. In view of Theorem 2.13 it suffices to 
construct B with computable successivities. Now at stage 0 we map apo to bo. 
Suppose at some stage s we see x in dg’s block with x < ag, say. Map 6, to z 
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and declare 6, to be bo’s predecessor. If we see at some t > s some z occur 
with x < zg < ap we change the maps and set b, 4 z and b; > x. Since z is 
in the same block as ao we’ll need to do this at most finitely often, and the 
above can be assembled to give a A» isomorphism from B to A. Oo 


[Technical aside re Theorem 3.12: As we mentioned previously it is pos- 
sible to construct a 1-computable A not isomorphic to any computable B 
with recursive block relation (Moses). Furthermore, although A is isomor- 
phic to some 1-computable with recursive block relation, A itself may not 
have computable successivities. Of course if A is computably categorical it 
must be 1-computable.] 


Proof of (3.12) continued. The result above clearly simplifies case 2a 
since we can assume A is a 1-computable linear ordering and hence know 
the size of the interval [a, 6]. This fact similarly helps with case 2b below. 


CASE 2b: 

rah is bounded. Suppose rah = {no,..., x}, where these all occur 
infinitely often. Here we can take nop < ny < +--+ < ng. Since A is not of 
the correct order type, there must be either an w or w* sequence of pairs 
of blocks (p;, q;) with |p;| < |q;|. Using this fact we can azain use Remmel 
‘isomorphism changing’ to start with a block we assume to be of size p; in A 
and then kill y, by making its pre-image of size g;. Using the usual priority 
methods means that we will settle down on the correct size. a 


We remark that Schwartz’s result can be obtained by using Theorem 3.10 
together with Theorem 3.12. 

Another area some authors have examined is that of discrete linear or- 
derings. The reader will recall that these are the linear orderings where each 
element has a successor and a predecessor. From section 2 the reader will 
recall that discrete linear orderings have special properties since a discrete 
linear ordering is 1-computable iff it is uniformly n-recursive for all n and 
hence decidable. 

We shall further examine discrete linear orderings later, but for this sec- 
tion concern ourselves with only one set of results. 

Let D denote the class of (order types of) decidable discrete linear or- 
derings, BD the subclass of D with (additionally) the block relation com- 
putable and SBD the subclass of BD with the relation “x and y are in 


Chapter 14 Computability Theory and Linear Orderings 865 


adjacent blocks” computable. We can use Feiner-type coding arguments to 
show D ¢ BD ¢ SBD. However, as we shall see, they have a much more 
precise relationship. 

If A is a discrete linear ordering then A = Cp for some order type p. We 
call p the finite condensation of A (Rosenstein [208]) and write Cr(A) = p. 
It is easy to see the following: 


Observation 3.1 (Moses [170]) 
(i) 7 € BD iff Cr(r) has a computable copy. 
(ii) 7 € SBD iff Cr(r) has a 1-computable copy. 
The main result of Moses [170] is 


Theorem 3.13 (Moses [{170]) 7 € D iff Cr(r) is isomorphic to a Tl, linear 
ordering. 


Proof. We prove this in some detail, as we will need to modify it for the 
more difficult arguments to come. The nontrivial direction is to show that if 
Cr(r) is I then 7 € D. 

Let A be a II, linear ordering with x € A iff (Vz)(R(z, s)) and A<Q. 
We use the amalgamation of blocks technique. We have A = ,A, with each 
A, computable. This follows since we can regard x € A, iff (Vt < s)(R(a, t)). 
Let A, = {ao,s, 41,5, --- } in order of Godel numbers. 

We begin the construction at stage 0 by putting a point z on each side 
of a;,, for all? € w. This defines a block B(a;,,, 0) = za;,,z. (To avoid 
confusion, we will call such new points z-points. An a;—-point can become a 
z-point but not conversely.) The rough idea is that at stage 1 we add another 
pair of z—points to each of these blocks to get (roughly) B(x, 0) = zz with 
B(x, 1) = zz xzz and so forth to give w + w* around z. 

The only trouble at some stage s is if dies. That is we see —R(z, s) 
hold. Now we want to stop building around z and get rid of what we have 
done. We can’t exactly do this, but we can incorporate our work for x into 
an adjacent block. (Pick the closest and if there is a choice pick e.g., the 
right one.) So 


zeznzzze zeza' 222 


z-block —_z’-block 
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at stage 3 perhaps becomes the amalgamated block 


gzzzzzz zzzal zz2zZz 
z’-block 


at stage 4. Note that x has become a ‘z’ point. 

To see that the resulting ordering is decidable, it suffices by Langford’s 
result to see that the successivity function is computable. But this is easy. 
For a pair zx, y present at stage n (x, y) is a successivity zt stage n + 1, iff 
(x, y) is asuccessivity. Evidently the order type that results is correct, giving 
the proof. qo 


4 Theorems of Watnick and of Lerman 


In this section we shall introduce a quite fundamental proof technique: the 
infinite injury (II,—) priority method. We will do so via a proof of a theo- 
rem of Watnick [242] which evolved from some earlier and simpler work of 
Lerman [138]. We will look at the exact context of Watnick’s and Lerman’s 
original results later in Section 5, but here we will be concerned with ex- 
tending the Moses results of the end of Section 3 (e.g., Theorem 3.13) to 
computable orderings. 

First we shall begin with some (possible obscure) general comments. In 
the finite injury priority method we must build an object C to satisfy certain 
conditions which are arranged in a priority list 


Lo, I, L2,... 


The problem is that we don’t know if we ever need to act for the sake of L; 
and that an L,;-action can injure all L;—actions for 7 > 7. However if we can 
arrange matters so that each L; only acts finitely often the L; will eventually 
reach an environment where it can be met since it will be protected by the 
priority orderings. 

In a typical infinite injury argument, the situation is more complex. Now 
we have a priority list 

Lo ‘4 Ty ge’ scabe 


where some £,’s can act infinitely often. Hence at no stage in the construction 
can we afford to pretend L; has finished acting. Usually we will have several 
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versions of L;, for 7 > 7, guessing L;’s behaviour. We can also do this for a 
finite injury argument as follows. Here, for simplicity, suppose that if L; is 
not injured, it will act at most once. The strategy for the L; can be thought 
of as a binary tree: 


We interpret | as ‘L; does not act’ and 0 as ‘LZ; acts’. Thus the string 17170 
encodes ‘Lo and L; don’t act’ and ‘£2 acts’. In the course of the construction 
we have a path 6, withlim, |é,] > oo and 6, moving left. For instance, if the 
construction appears as 1717071 at stage 3 and then L, acts, the correct next 
string would be 170717171. Note that we have | not 0 in the L position 
since Ly has not acted in a manner consistent with the guess 170 (i.e., after 
L, acts). This corresponds to L2 being ‘injured’ by L, acting. The finite 
injury method is often nowadays called the I,;—method since we only need a 
II,-oracle to figure out exactly how we meet the L;, that is, to figure out the 
true path (TP) of the construction on the tree. This is defined as the left most 
path visited infinitely often: if ao C TP then o 0 C TP iff (A%s)(o, C TP), 
otherwise o 1 C TP. 

In the II, method, the requirements are such that (using the tree model 
above) the path 6, can move both left and right. We must ensure that the 
versions of the L; on the tree path have the correct environment to be met. 
Plainly this only works with certain requirements. The keys are to get 


(i) the ‘wrong guesses’ not to interfere too much, and 
(ii) an environment where the ‘correct guesses’ all cohere. 


The following example will hopefully clarify these vague points. It is not 
difficult to see that if y has a computable copy then C'r(y) has a II2 copy 
(i.e., is a sub-ordering of (Q, <)) by counting quantifiers (compare with 
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Theorem 3.13). Rosenstein [208] asked if the reverse implication held, i.e., 
if Cr(y) has a II, copy does y have a computable copy? The following is 
due to Watnick [243] but was independently and subsequently rediscovered 
by Downey [48], and Ash, Jockusch and Knight [9]. (Sze also Roy and 
Watnick [212].) 


Theorem 4.1 (Watnick [243]) If y discrete then Cr(y) hus a Iz copy im- 
plies y has a computable copy. That is, p is HW presentable iff Cp is com- 
putably presentable. 


Proof. The proof uses the ‘amalgamating blocks’ strategy of Theorem 3.13, 
but uses Ig-guessing to control how we amalgamate blocks. The proof is 
thus an infinite injury argument. Before we give the formal construction, we 
shall give some motivational remarks to indicate how our construction works. 


Let A C (oo, <) be a I2-copy of Cr(y). Without loss of generality, 
we may suppose A is infinite. We let Q = {x1 , 22, ...} be a computable 
enumeration of Q. 


A nice representation of A. First we take a nice representation of A 
as follows. By standard representation of a Iz set, we may suppose without 
loss of generality that A = {f(2) : yyiy is total} where {y, : 7 € w} lists the 
partial computable functions. We replace this representatior. by a better one 
(given by a tree which controls strategies). Define a stage s to be a o-stage 
(for o € 2<”) as follows by induction of Ch(a) (the length of o): 


(i) Every stage s is a O-stage. 
(ii) If s is a r-stage and fh(r) = 7 = f(z). 


then if p¥y(y) | where y = pz (z ¢ domy},(y) : ¢ is a T-stage and t < s) 
we say s is a T Q-stage. Otherwise s is a rT 1-stage. 

This gives us our best representation of A. Namely, A is the ‘true path’ of 
the above tree: let 3 be the true path, that is, G is the leftmost path visited 
infinitely often so that @ C @ and ifo C B we haveo 0C P iff I”s (sisa 
o 0-stage), otherwise 0 1 C 6. Then 


A={j : thio) =j anda 0C B}. 


One nice property of this representation is that if 7,,..., jn is any finite 
subset of A then 7;, ..., jn all ‘appear to be in A’ together infinitely often. 
The above representation trick was first noticed by Jockusch [101]. 
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Intuitively, we say that x; appears to be in A at stage s if s is a o-stage 
and ¢h(a) = j. We define o, = the unique string with h(o,) = s and s isa 
o,-stage. Then we say that A appears to be {j7 : 70 Ca, and €h(r) = 7} 
at stage s, and formally define A, to be this. For simplicity, we shall also ask 


that Vs (to € As). 


A good model for (B, <) =(Cp'(A), <)- We must perform three basic 
tasks: 


(i) Around those points 2; € A we must build w* zw, 
(ii) we must ‘incorporate’ all those ‘bad’ x; ¢ A somehow into such blocks, 
(iti) we must not, ourselves, build anything else. 


A good model for B is given as follows: at stage s we have a set of balls 
with various markings on them, arranged in a line. We have a supply of new 
balls we must add to this line, either inserted or added to the ends. These 
new balls will be z—balls, y—balls, or x;-balls. The intention is that z—balls 
are attempting to be part of an w*-block, y~balls part of an w—block and 
z;-balls part of A. Later we may change our minds and convert y to z or 2; 
to y or z. However, if an x;-ball turns into a y-ball it can’t change back. 

The line of balls we refer to as the ‘surface’. An z; ball on the surface 
will be marked with a guess o € 2“” where fh(o) > i+ 1. If there is a stage 
s where this guess ‘proves wrong’ we turn this z; ball in to a y or a z ball 
(with no guess). 

The z;-balls we must place on the surface at stage s are simply those 
that appear to be in A at stage s. Roughly speaking, we must place the y’s 
and z’s around the z;’s that appear in A at s. 


The strategies. ‘To satisfy our three aims we must have a reasonably 
complicated strategy dictating where to place our new balls at each stage. 
This strategy must overcome several problems whose solutions we outline 
below: 

Incorporations. As a first approximation let us suppose that we have three 
points which appear in A at stage s in the order 


Li Uj_< Lk. 


Now suppose that really x;, 3, € A and x; ¢ A. What we shall know is that 
z; and x, appear in A together infinitely often, but z; only appears to be in 
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A finitely often. For simplicity let us suppose that x; and zr, are successors 
in A. Thus Vp (2; < p < 2% and p € A + p= 2; or p = zx) we then see 
that locally B = C;'(A) should be one copy of w* +w at 2; and w* +w at 
zr, with x; not there. To achieve this, we shall incorporate <:; into z;’s block. 
(The entire construction is ‘left justified’). We do this as “ollows. At stage 
s, when 2; appears to be in stage s, we must add one z before x; and one y 
following z;. As it stands, we put z immediately before z; but put y as far 
right as possible to be consistent with our current picture of A at stage s. 

That is to place y for the sake of x; we go as far right as possible until 
we see an zr, also appearing in A (or get to the end of A,) we then repeat 
the process to Zp. 

For example a typical situation might be 


222 Xj YZ LT; YZ Lp +++ Lp -> at stage s — 1 
Z2ZZUL; YSU; YZU_ +++ Lp YZ LX, -+- at stage s 
ee 
no change 


Here, at stage s it appears that x; € A, and z, is the next ‘apparent member’ 
g Pp j Pp 


of A,. Now this idea will work since it will ensure that since ic; and z, appear 
in A together infinitely often we build infinitely many z’s before z; and 
similarly before z;. Also, since x; appears in A only finitely often we build 
only finitely many y’s and z’s between x; and z; and thereafter almost always 
incorporate x; in z;’s w—block whenever z; and z; appear in A together. Thus 
this builds 


w" 2; yy eee Y22 see Z2XLiYYyY eee y eee w* Lk ee 
SS” 
finite w 


and so w* x; ww* rz, as required. We call this strategy ‘incorporation’ as in 
Theorem 3.13, since we try to ensure that if 2; doesn’t appear in A infinitely 
often, then x; gets incorporated into somebody’s block. 


The problem. Thus far we have discussed how we attempted to place the 
y~ and z-balls. The crucial property that will allow this strategy to work 
is that between any two successive points of A (e.g., like (aj, x,)) we must 
ensure that the wrongly placed ‘false points’ like z; can be turned into an 
w-ordering (i.e., incorporated into our blocking). 

Now perhaps infinitely often there will be new z; occurring where perhaps 
Lj < 2 < 2, in the Q-order and z;, z;, x, all appear in A when 2; appears 
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in A, say at stage s (a) = s;. Since, at such a stage s; it appears that 
Lj, Cz, Ty € A, it seems reasonable that we should put z; between x; and xx. 
The crucial idea now is how we can relate such x; to 2;. 

From some point on it will never seem that z; € Aso it seems unreasonable 
that we should put anything between x; and z;. That is, although in the 
Q-order perhaps 2; < x; < 2;, if it doesn’t seem that 2; € A at a stage when 
we must place an x;~-ball on the surface, we shall place z; beyond z; in the 
following order 2; < 2; < x, < x, (as 2, appears in A at the same time). 

Thus assuming we are working to the right of xo, our guiding principle is 
that we always try to put new 2z;’s as far right as we can. 

This brings us to a minor point. When a new 2; appears on the scene, 
we first determine if 7; < 29 or to < 2;. If x; < rq we work as above but 
everything goes left. Thus, without loss, we shall assume that xo is the least 
member of A, and only work right of xo. This simplifies presentation. 

Summarising so far, our key idea is that we don’t build between any zp 
and x, if x, is z,’s current successor and x, doesn’t appear to be in A at 
stage x. This idea helps us to overcome the problems induced by our strategy 
above. 

The next situation we must consider is the situation when x, , 7; , Uj, 2% 
above are all in A but infinitely often it appears that x; € A, 2; ¢ A and 
zr, € A, and infinitely often it appears that 2; € A, 2; ¢ A and x, ¢ A. 

Following our strategy above, perhaps at stage so when 2; appeared for 
the first time we set down the balls in the order 


Lj LiL, Ly (at stage so) 


when their ‘real order’ is 2; x; x; xz. We do so since it appears that 7; ¢ A 
at stage s. But later we see that x; € A and we see also z;, z; and zy € A at 
some stage 5; > 59. We now realise that our initial guess as to z;’s position 
appears wrong and now put 


Lj Ly Li Lp Lr. 


Here z, denotes a group of balls around z;’s ‘old position’. Now we can’t 
remove these balls but also don’t wish to build an w* + w block around 24, 
so our solution is to relabel the #,-balls as y- or z—balls. 

This then gives rise to another problem. Later we again see z; € A but 
now x; ¢ A. We can’t use the x; position between x; and z; since we really 
only put it there in the first place since z; and z; appeared in A. Perhaps 
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in another triple z; ¢ A and x; € A but infinitely many such 2, get inserted 
between 2; and z;. We really should put new z, as far right as we possibly 
can consistent with our current picture of A,. If, later, i; appears that 2; 
and 2; are in A, we again build around the z; we put between x; and 2; last 
time and cancel its current position. This leads to the furrdamental idea of 
the section. 


Labelling. | Whenever we put an z; on the surface into a new position for 
the first time we give it the label o C o, with £h(o) = t-+1. Thus we are 
saying: here is where z;’s correct position is, should o be correct. Now, if 
we must move z;, we do so because some x; encoded in this guess, which 
appeared to be out of A, now appears to be in A, andi < t. (Of course, in 
o, this will appear as 71 with £h(r) =7.) The condition i < ¢ is simply to 
sort out which ball to move. When we move 2;, we give i:s new position a 
‘better’ label. The correct position for x; is a stable position corresponding to 
the leftmost label visited infinitely often. The reader should note that, at any 
particular time, z; might have several positions labelled on :he surface. Only 
one (at most) is correct. Here we need another notion. Let <,; denote the 
lexicographic ordering on the tree. Thus o <, 7 iff o C 7 or (Sy) (yY 0 Ca 
and y 1 Cr). The reader should read o <; T as 9 = 7 or of is stronger 
than r. Note that only those 0 <, 7 will always have there apparent positions 
uncancelled. Those 7 <, o only get visited finitely often znd so only move 
o finitely often. Hence we shall argue that o reaches a stable position and 
so does z;. We now give the formal details of the construction, although we 
hope that readers can see them for themselves. 


Construction, stage s+1. 
Construction of Cz'(A) = B, say stage s +1. 


STEP 1 (Cancellation): | Compute o,. Cancel all positions marked 7 for 
T £1, os. Regard these now as y-balls and similarly any z-balls associated 
with them become y~balls. 


STEP 2 (Placing x;-balls): In order of j, for each r with £h(r) = 7 and 
Tt 0 Cag, proceed as follows: 

If there is currently an (uncancelled) position marked 70 on the surface, 
do nothing. If there fails to be such a position, establish one by placing an 
z;—-ball marked 770 as far right as possible. This will be on the right of B,_; 
unless there is an x;-ball marked y"0 C 70 and 2; < 2;. In this case, for 
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the <g-least such x;, we place z; immediately left of 2; and put s z—balls 
immediately preceding 2;. (aj zzz --+ 224). 


STEP 3 (Placing y-, z-balls): | Now place y- and z-balls as indicated in 
the discussion. That is place another z—ball before x9. Now go right and 
find the first 2;—ball, if any, marked y~0 C o, for some y. If there are no 
y- or z~balls between z; and its predecessor, add a y— followed by a z-ball. 
If there are, already, a block of y’s and a block of z’s preceding z;, add one 
further y to the y—block and one further z to the z-block. Now continue 
until we get to the right end. Here, add one y-ball. End of construction. 


Verification. For the sake of the following lemmata we shall adopt the 
following definitions: 


Definition 4.1 We say a ball n appears to be in an x-ball g’s w*-block at 
stage s if nis a z~ball and, if m is any ball with m between n and g then m 
is a z-ball. 


Definition 4.2 We say a ball n appears to be in an x-ball g’s w—block at 
stages if g has guess o for some o C a, (and g is not cancelled at s), g <n, 
and one of the following conditions is satisfied: 


(i) (a) there exists an x-ball g in domB, with g < n < g such that g has 
guess C o, such that 


(b) there does not exist an zr-ball in domB, with guess C o, and 
g<r<n, and 


(c) there exists a y-ball p in domB, such that n < p < G, or 


(ii) there does not exist an x—ball g in domB, with g < g. 


Remark 4.1 The intuition here is that either n occurs beyond the largest 
apparent member of A at s (in 4.2 (ii)) or n occurs before the z~block of two 
apparently consecutive (at s) elements of A at stages. 


We also say that position g (an x-ball) receives attention at stage s if the 
number of elements in g’s apparent w*—block at s increases. 


Let 6 denote the leftmost path. That is, as in the discussion, @ is the 
leftmost path visited infinitely often. 
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Lemma 4.2 (Stable position lemma) Every z; reaches a stable position. 
That ts, etther x; € A in which case x; receives attention finitely often (in 
total) or x; € A in which case there is a unique 2;-ball that receives atten- 
tion infinitely often (and is, of course, never cancelled). This ball is marked 
o 0C PB with Chic) =1. 


Proof. By induction. Suppose for all 7 < 7 the lemma holds. Let s9 be a 
stage such that Vso (0 0 <; a,). 

Let 31 > So be the least o” 0-stage exceeding so. Now at stage s,, choosing 
So Minimal, we may suppose that we place an z;-ball h, marked 070. We 
claim that this is z;’s stable position. 

First, this position cannot be cancelled, we only cancel positions when 
their guess appears wrong (in step 1 of the construction). By Definition 
4.2 (i) above this cannot occur. Hence this position is never cancelled. 

Second, this position receives attention infinitely often since o 0 C f and 
so J°s(a0 C og) by definition of £. 

Finally h; is unique. To see this let g be another zx; >all that receives 
attention infinitely often. This ball g must have guess y, for some y with 
fh(y) =i+1. There are three possibilities: either y <, @ and y Z 8, y C B 
or 3 <z y. In the first case, there are only finitely many y-stages. We only 
add to this z;-ball’s z-block at y-stages (by construction) and so such an 
zx;-ball can receive attention at most finitely often. 

If y C @ then y = o 0. There are two possibilities. Either g was ap- 
pointed at a stage t before z; (i.e., before s,) or g was appoir:ted after h, so at 
a stage s2 > 5. In the first case our assumptions concernir g the minimality 
of s; mean that there is a n-stage i with t <i? < so, with n<_yandn #7. 
Such a stage cancels g. If g is appointed after stage s; then g was appointed 
at a 0 0-stage. We only appoint new positions if there is not already a 0” 0- 
position available. There is, of course, namely the one occupied by h. Thus 
we wouldn’t have appointed g after all. 

Finally, if 8 < y then 00 Z y. By step 1, at each o 0-stage we cancel 
any z-balls marked y. Hence g gets cancelled and so wouldn’t have received 
attention after all. oO 


Lemma 4.3 (True z—ball lemma) Let x; € A. Let &%; denote 2;’s stable 
position (given by Lemma 4.2). Suppose n is an w*—ball cf 2; at stage s,. 
Then n is a z-ball of 2; at every o 0-stage, where 0 0 C 3 and th(o) =2. 
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Also if z(n, s) is the number of balls between n and &; at stage s then for 
all s > s,, 2(n, 8) = 2(n, 51) (= z(n), say). 


Proof. Let n, 2; be as above at stage s,. By definition of w*—ball, n is 
a z-ball and there are no balls between n and 2; save for z-balls. The 
construction (in step 2) specifically ensures that when we place new z~balls 
xz; < &; we do not disrupt any currently placed z-balls. In particular, no 
new y; balls can be placed between n and 2#;. This, of course, means that 
2(n, s) = z(n, s;) = z(n) since new z~balls are always placed on the left end 
of z,’s apparent w*-block. Oo 


Lemma 4.4 (True w*~block lemma) Let 2; € A and &; as in Lemma 4.3. 
Then in B there appears an w* &;-block. 


Proof. By Lemma 4.3 and the fact that 2; receives attention infinitely often, 
and hence we add infinitely many z-balls before 2;. Qo 


Definition 4.3 Suppose n is a z-ball of some z;. Then we say n is a stable 
w*~ball, and we say n adheres to @; (as an w*—ball). 


Lemma 4.5 (w-adherence lemma) Let m be any ball and suppose m is not 
a stable x;-ball or a stable w*—ball. Then there is a stable x;-ball %; and a 
stage s(m) such that 


(i) m appears to be an w-ball of x; at each o 0-stage > s(m) where 


og 0CB with th(c) =1. 


(ii) If d(m, @;, s) denotes the number of balls between m and &; at stage 
s then Vs > s(m) (d(m, 2;, s) = d(m, £;, s(m)) = d(m, #;)). 


(In the case above, we say m adheres to x; as an w—ball.) 


Proof. This is the main lemma that our machinery — discussed before the 
construction — is meant to achieve. Now whether m is an unstable z-ball, 
an unstable x;—ball for some j or a y-ball. All of the cases are similar and 
can, roughly speaking, be treated simultaneously. Let s be the stage when 
m was placed on the surface. If m was an z;-ball let c(m) = m. If m was 
a y~ball, find the <-greatest x-ball z; alive at stage s with 2; < m and 
set z(m) = 2;. (Note: x; doesn’t need to be apparently in A at s. Also x; 
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may later die or 2; may be #;.) Finally if m was a z~ball, find the <-least 
z-ball x; with m > 2; and set c(m) = z;. Note that m appears to be in 
z;’s z-block at stage s. Since there are no dormant z—balls between m and 
c(m), as in Lemma 4.3, we cannot place more balls between c(m) and m after 
stage s by the way we place balls. It therefore suffices to argue the lemma 
for (m) = x; instead of m. 

Without loss, 2; = c(m) is unstable, and either x; is eventually cancelled 
or x; is never cancelled but only appears in A finitely ofte:. 

Now let #; be the <-greatest stable position < x; in B at stage s. 


Claim 4.1 After stage s we can’t add a stable position &, vith £3 < X14 < 2;. 


Suppose not, and @; is such. Let 00 be the guess of 2;. ‘The only time we 
place such a ball £; between balls already on the surface is because the guess 
forces us to. That means there must be some ball x, with guess y~0, say and 
i < &, < a, < x; forcing 2, < x;. Since this is so, by prior ties of movement 
it must be that q < t. 

For suppose otherwise, and t < g. Now z, must be already present on the 
surface at the stage s when 2; enters. Since this is a new position for 2; there 
must be no position marked 00 on the surface at stage s. Hence it cannot 
be that the guess 70 of x, extends o0, because if this was so we would 
already have put down a z;,-ball g marked o70 by the time we put 7-0 down 
for zg. But then this ball g cannot have been cancelled in the intervening 
stages since if g were cancelled, so too x, would have been cancelled. (g 
would be cancelled since 0 0 £1 o, but then aso 0 C 70, y0 £ as.) 
Hence we see q < t. 

Now as q < t and &; is a stable position we must have that z, is also a 
stable position. (Remember, in this case 0 0 C y 0 and 70 C @. If z,’s 
position is cancelled, so too is anything, in particular @,, marked 070.) 

In either case we see that no such x, (and hence #;) car exist. 

Thus we have Claim 4.1 that there are no stable positions between c(m) = 
z; and £;. We now show that z; adheres to Z;. 

Let z;,,..., 2, list those xo-balls alive at stage s with %; < tj, <--- < 
ri, = t;. Let s(m) be the least stage such that for all 7 with 1 <7 <n we 
have 


(i) either x;, is cancelled at stage s(m), or 


(ii) Vs > s(m) (7; Zo, where 7; is the guess of 2;,). 
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Such a stage must exist by Claim 4.1 and the definition of stability. As 
the notation suggests, we claim that this 2; (s(m)) is correct, namely that 


Claim 4.2 
(i) x; appears to be an w-ball of %; at each o0-stage > s(m). 
(ii) d(xj, &;, s(m)) = d(aj, £;, s) for all s > s(m). 


By construction, Claim 4.2 (ii) = (i) because of the way we place y—balls and 
the fact that #; is stable. We argue that Claim 4.2 (ii) holds in a similar way 
to our argument that there are no stable x—-balls between x; and @;. Suppose 
d(x;, ;, s(m)) < d(z;, £;, s) for some least s > s(m). 

There are two ways we might insert new balls between x; and 2;. Either 
the new ball n is a y- or a z-ball placed between #; and x; because we see 
that x, appears in A at s (i.e., its guess appears correct) for @; < ty < 2; 
(notice that a, < 2; and q # %& for any 1 < k <n by choice of s(m)) or the 
ball is a new x-ball ra, say, placed there because again we see x, whose guess 
appears correct with £; < zy < z;. Again x, # x; or a, for any 1 <k <n. 
We claim that in either case no such z, can exist. 

Now, using the reasoning of Claim 4.1, z, which did not exist at stage s 
must have appeared at a stage where some of the z;, for 7 < n looked correct, 
since otherwise we’d placed it beyond z;. Also using the same reasoning as 
Claim 4.1 it must be that q exceeds those z;, that forced it in (otherwise 2;, 
would be cancelled first) and so since z,’s guess extends such 2;,’s guess, 24's 
guess appears correct at best only when 2;,’s does too. But now, choice of 
s(m) means that 2z;,’s guess never again looks correct. Thus z,’s guess also 
never again looks correct. Hence stage s can’t exist after all. This clinches 
Claim 4.2 (ii), and hence Claim 4.2 and the lemma follows. QO 


Lemma 4.6 (Truth of outcome lemma) Let n be any ball. Then etther n is 
a stable x~ball or n adheres to a stable x-ball. 


Proof. By Lemmas 4.4 and 4.5. QO 
Lemma 4.7 C'p(A) = B. 


Proof. The desired isomorphism is induced by the injection from A > B 
given by #; > z;. The lemmata and addition of y points achieve the rest. 0 
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As we see in Sections 5 and 7, Watnick’s theorem has a number of impor- 
tant extensions and generalisations. Along related lines, Lerman [138] also 
used an infinite injury argument controlled by a tree to show: 


Theorem 4.8 (Lerman [138], Theorem 2.2) If A is an injinite U3 set, then 
there is a computable linear ordering B of order type 


C+not¢C+n+-:: 
with no, n,,... listing A in order of magnitude. 
(Here, and henceforth, we assume 0 ¢ A.) 


We shall call the representation of A in Theorem 4.8 a strong ¢-represent- 
ation. If this representation is not in order and perhaps has repetitions, we 
shall call it merely a ¢~representation. Note that by Theorem 4.8 and count- 
ing quantifiers, A has a strong ¢-representation iff A has a ¢-representation 
iff Ais U3. 

We can similarly define (strong) 7-representation. These have been in- 
vestigated by Lerman [138], Feiner [67], Fellner [71] and Rosenstein [208]. 


Theorem 4.9 


(i) (Feiner [67]) [f A has an n-representation the A is %3 (see Theo- 
rem 2.5). 


(ii) (Rosenstein [208]) If A has a strong n-representation then A is Az. 
(iii) (Rosenstein (208]) Every L2 set has a strong n—representation. 


(iv) (Fellner (71]) Every Iz set has a strong n-representa'ion. 


Proof. 

(i) and (ii) come from looking at the quantifier form. For instance, for 
(ii), by (i) we know if A has a strong n-representation L then A is 43. So it 
suffices to show that it is also 3. We need only show A is Sz for this. Now 
n € A iff there are 21, ... , ng with (z;, xi41) a successivity if i # 7 such 
that for all distinct y,,..., Yn with all the y; < x, for all z there is an 1, 7 
and a z with y; < z < y;. Clearly this is ©3 and defines A as L is a strong 
representation. 
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(iii) Let A be ©2. So for some computable R we have z € A iff (Sy) (Vz) 
(R(x, y, z)). By a standard trick we can choose R# so that there is X € A iff 
there is a unique y such that for all z, R(z, y, z). We then construct intervals 
Ip < I; < +--+ so that the desired ordering is )>, [,. We subdivide J, into 
intervals {Jcri> : 1 € w} so that I, = D0) Jery>- Then Jezr,y> will either 
have order type z or 7. We start with Jz,,45 of type x until we see some z 
with ~R(z, y, z). We then make Jez,y5 have type 7. This evidently works. 


The proof of (iv) can obviously be assembled along lines similar to Wat- 
nick’s or Lerman’s by taking a II, A represented by a tree and then using 
this to place points. We sketch this below. 

Let A be Il, so that n € A iff (Vr)(dy)( R(x, y, n)) with R the relation 
representing the true path on a tree. Without loss of generality |A| = co. 
We sketch the argument for two numbers. Suppose 2 and 4 are the least two 
numbers in A. The construction begins by trying to build an w sequence 


S$ WS WS 
Uo U, Lg °° 


When we see n appear to be the least number in A we must chop the above 
down to n. That is, we will ensure that a dense piece follows a block of n 
things. As 2 = yz (z € A) we need to construct this so that the final type is 


Qtynte 


Now | may appear in A finitely often. Each time it does so, we can cancel any 
work we have done based on the belief that 2 = yz (z € A). In particular, 
we may cancel the block x§, cj and put points between 23 and z{ building 
the beginning of an 7-sequence. However at some stage t we will have that, 
for all zc > t, 1 ¢ Ay. Then at t we will ensure that (Vt; > t)(2) = x¢ 
and 2) = 2{'): 

Now (after t,) suppose we next see a stage tz where 2 € A;, and 3 € Aj,. 
Then we will have to attempt 


Tol * 20 %1 22 
To do this we block off zo, 21, z2 and agree that 


(a) this will be part of a block based on the guess 2 € A 
and (Viz > t2)(1,0 ¢ A:,), and 


(b) this will be a complete block if additionally 3 € A. 
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To make (a) and (b) compatible, we need only ensure that if 3 ¢ A then 
29 21 Z2 is incorporated into some larger block. 

Later, as stage u, we may see 2 € A,, 3 € Ay, 4 € Ay. Then we would 
densify between zo 7, and the zg 2; z2 blocks regarding the point currently 
following z2 as part of a 4-block. A typical situation is 


Lol] PPPPP Zo 21 229994 


becoming 

totyr Pr pr pr pr pr pr zo2i,2aqraqrqrar 
where r represents the new points. Then if later we see 3 < A,, we’d add a 
new point between z2 and q. 


In this way we will build the correct order type correspcnding to the true 
path of T. o 


A classification of the 7—-representable A seems quite hard. The depth of 
the problem was revealed by the following result of Lerman. 


Theorem 4.10 (Lerman [138]) There is a A3 A such that A is not n- 
representable. 


Proof. The technique here is rather different from previous arguments and 
is an ‘oracle’ construction. Let D be A3 complete and [y9, 1, ... list the 
computable linear orderings. We ensure that A <r D so that A is A3. The 
requirements we meet are 


R, : L, does not n-represent A. 


Let [a, |). = {cx € Le|a< ax <b}. At stage s, of the construction we perform 
the following steps: 


STEP 1: For each i < s which is active via an interval [a?, 6%] at the end 
of s — 1, ask D if [{a%, 62] is a complete block of cardinality s. If the answer 
is no for all 7 < s, put s into A. If the answer is yes for some 7 let 7 = 2(s) 


and put s in A. Declare 7 as inactive. 


STEP 2: If z(s) is defined in step 1, cancel the assignment of [a?, 67] to L; 
for all 2 > i(s). 


STEP 3: Fix the least 7 with L; active, yet no interval assigned to L;. Ask 
D if L; is total. If L; is not total declare Z; as inactive (and go to step 4). 
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Ask D if L; has points a, 6 with s+1 points between them. If not, declare L; 
as inactive and go to step 4. If the answer is yes, fix a finite interval [a?, 5°] 
that is not a complete block and has cardinality s and assign it to L;. 


STEP 4: For eachz < s, if there is an interval currently assigned to L; that 
is not maximal, use D to construct [a$*?, b§*"]; 2 [a?, 68] of L; of cardinality 
s+ 1. This is now assigned to L; in place of [a’, 5%]. 


By construction A <7 D. Note that if i(s) is defined then 7(s +1) < i(s) 
and hence |A| = oo. To see that L; does not n-represent A, for an induction 
let so be a stage where the L; for 7 < 7 are not activated after stage so. 
Then if [a?, 6%] is assigned to L; after so (choosing so least) we see that as 
this assignment is not cancelled, if L; is not inactivated then U,,,, [a?, 67] is 
an infinite block in £;, so L; cannot represent A. On the other hand, if 7 is 
inactivated at t > so then L; has a complete block of size t, yet t ¢ A. The 
result follows. oO 


Lerman did note that although not all 3 sets can be realized by n- 
representations, all such degrees can be. 


Theorem 4.11 (Lerman [138]) Let A be X3. Let 
B=A@w= {2rx: rE A}U{2x4+1: 2 Eu}. 


Then B is n-representable. Since B =r A it follows that all %3 degrees can 
be n-represented. 


Proof. The argument is a simple coding one. If A is }3, we know for some 
computable R that z € A iff (dy)(Vz)(St)( R(2, y, z, t)). For each e € w we 
construct an interval J, and then the required ordering will be L = de Ie, 

Let e = (x, q). We build [(,,,) as follows. If x is odd we simply make 
Iz,q) of type 7 +x +7. If x is even we begin by having the interval of type 
n+z+1+n7. If we see R(z, g, 0, s) hold for some s, we say that 0 is verified 
for (x, q) and absorb the 1 into an 7 piece so that for one stage, I(z,4) has 
typen+zr+n. At the next stage, we put a new 1 back in and have 7 +2+1+7 
again until 1 is verified i.e., R(x, q, 1, t) also holds for some t. It is easy to 
see that [ has the desired properties. oO 


Lerman notes that Theorem 4.11 can easily be modified to work for any 
&3 set B that is not immune. (That is, B has an infinite computable subset.) 
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Question 4.1 Is there a similar classification of strong'y n—representable 
Az degrees? In particular, is each Az degree strongly n-representable? 


We close this section with a brief look at another special class of order 
types. Let f : Q + N— {0}. We shall say an order tvpe A is n-like if 
it has the form S7{f(q) : ¢ € Q}. We shall say A is strongly n-like if 
the range of f is finite. Because of their simplicity and because they turn 
up in many contexts (as we will see and have seen) 7-like orderings have 
attracted quite a bit of attention. We restrict ourselves in this section to 
studying the complexity of f if A is a computable (strongly) n-like ordering, 
and conversely. The first result here is 


Theorem 4.12 (Rosenstein [208]) If A is computable and n-like then there 
is a Ag function g such that A =comp > {9(q) : ¢ € Q}. 


Proof. We need to build g <7 0”. We do so as follows. Let go, q, ... list Q, 
and ao, a1, ... list A. At stage s we define g(q,). Define f(qo) as follows: Ask 
the 0’-oracle if there is an a; # ao that is either the successor or predecessor 
of ao. Note that 0” can answer such questions. In this way, we know that all 
blocks are finite, and we can compute B(ao), the block coataining a9. Now 
define g(qo) = |B(ao)|. Now continue in the obvious way. If q, < qo work 
below B(ao) and if go < q: work above B(ao). If, for exan ple, q, < qo, find 
the least (by Godel number) a; ¢ B(ao) and similarly define g(q:) = |B(a;)|. 
Now the density of Q ensures that this can be extended tc an isomorphism 
and g is Az by construction. Oo 


Using an approximation argument similar to, for example, Theorem 4.9 
(iii) and essentially the tree representation of a II set, Fellner showed 


Theorem 4.13 (Fellner [71]) [f f is TI, then SO{f(q) : ¢ € Q} is com- 
putably presentable. 


Proof. Let x € A iff (Vz)(ay)(R(z, z, y)), where A = {(q, n) : f(qi) =n} 
when R((q1, n), z, y) holds. (We can suppose that ~R((q, m), z, y) for all 
m > n, and say that (q, n) looks correct at stage y.) Remember that if 
x,y € Athen z and y appear together on A infinitely ofter.. Now we define 
a linear ordering B and a partial function f, from Q to the blocks of A so 
that f = lim, fs. Define fo(go) = mo with no such that R((qo, no), 0, y) 
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holds for some least y and put down a block of ng ones, that are labelled 
(qo, 20). This label remains unless for some s > y and some n; < no we see 
R((qo, ni), 0, s) hold in which case we release the last no — n; ones (to be 
put into other blocks). If at some stage t > y we instead see R((qo, n;), 0, t) 
hold for some nj > no then we begin a block of n; ones containing the no 
ones (and have fi(qo) = 7;). It is easy to see that after a finite number of 
failures, if (go, n) is the true member of A, the n ones put down will be a 
block that will n ever be split. Of course, for infinitely many s we many build 
blocks with n;, > nm many ones, but whenever n looks correct, they will be 
split off from the n block. 


Strategies are combined in the obvious ways as in, for example, Watnick’s 
theorem, so if we have for (qi, k) guesses as to the correct (qo, n), when these 
prove wrong, elements can be released to the construction. The only care 
that is really needed is to ensure that any one that is put down eventually 
adheres to some block, and this is achieved by using the least element that 
is around as building materials for blocks. QO 


Similar arguments show 


Theorem 4.14 (Downey) Jf f is 2 then {Zf(q) : q € Q} is computably 
presentable. 


Sketch Proof. Now f(q) = n iff (Az)(Vy)(R((q, n), z, y). We map qo 
initially to the first no such that we see R((qo, 20), 2, 0) hold for some z. We 
keep go mapped to no until we see (if ever) R((qo, no), 2, $) fail to hold at 
some stage s. We then switch to the least n; such that for some least z, for 
all j < 8, R((qo, ni), 2, 7) holds. If n; < no we release those ones in ng — nj. 
If n; > no we build the block around the no block. As there really is some n 
with f(qo) = n we eventually settle on f(qo) = for some n. The inductive 
strategies combine in a straightforward way. o 


In view of Theorem 4.12, a natural question is whether the above results 
can be improved to A3. Lerman and Rosenstein [140] showed that the answer 
is no. 


Theorem 4.15 (Lerman and Rosenstein [140]) There is a Ag function f 
such that S°{f(q) : ¢ € Q} is not computably presentable. 
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Proof. The method is an oracle construction like Theorem 4.10. So let 
{L. : e € w} list all computable linear orderings. We build f computably 
in 0”. 

To show that L, does not represent f, we proceed as follows. First 0” 
can decide if L, is total. If this is not true then we need do nothing. So we 
henceforth assume L, is total. Now we will ensure that for each n there is at 
most one g € Q with f(q) =n. As we go along in the construction we will 
build blocks. Suppose we have an n block. We ask 0” if L, has two n—-blocks 
form > n. If not we define f(q) = n, and f(r) = n, scme q, r and need 
do nothing more. If LZ, has two m-blocks for m > n, we will find two such 
sets of n successivities B,,, and Be, s- We then use these as follows. At each 
future stage we ask if B,., and Bet are complete blocks. When the answer 
is no, for each that is not complete, find, for example, B.,, 41 2 Bet: 


In this way we can eventually get an infinite block in L, (and so we really 
do nothing for L,) or eventually we can find complete blocks B, and B, with 
|B.| # |B.| and we have ensured that |B.|, |B.| are not yet in raf. Then if 
B. < B, in L. we define f(q) = Be and f(r) = B, for some q <r in Q. This 
makes the order type of L, wrong. Oo 


We remark that Theorem 4.15 can be improved to construct f with 
bounded range so that }>{f(q) : ¢ € Q} would be strongly 7-like. 


Theorem 4.16 (Downey) There exists a A3 f with range {1, 2, 3, 4} such 
that SO{f(q) : ¢ € Q} is not computably presentable. 


Sketch Proof. This time the strategy is different. First we define f(q) = 4 
for all g € w with g > 1. We then define f(q) = 2 for all gq < 0 withqg€ Q. 
The intervals between these blocks, we will either make of type 7 + 3+7 on 
n, depending on how we wish to diagonalise against the .!.’s. We use the 
interval between f(e) and f(e+1) to kill L.. For Lo we ask 0”: does Lg have 
a block of 4 points? If yes, find one and ask 0” if it is complete. If yes, call 
this Bo,o. If no, forget Lo and make the interval (f(0), f(1;) of type 7. Now 
ask 0”: does Lo contain a 4—block to the left of Bo,o. 


(i) If yes, define f(r) = 1 for the least (by Godel number: r € (0, 1). Find 
such a block Bo,, to the left of Bo,9 and now repeat the process above, 
with Bo, in place of Bo,o. 
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(ii) If no, ask O” if Lo contains a 3-block to the left of Bo,o or, more 
generally, Bo,,. If yes, it must be a complete 3-block and we can 
win by making f(q) = 1 for all g € (0,1). If no, then we can pick 
some q € (0, 1), with f(g) as yet undefined, and define f(g) = 3 with 
f(r) = 1 otherwise, for r € (0,1). This kills Lo, since if the second 
option never pertains at any step n, we ensure that the interval (0, 1) 
has type 7 and Lo is wrong as it has an w™ sequence of 4—blocks. 


For L, we work similarly except now we try to find the 2 least 4-blocks 
and work between them. The extension to L, is obvious and we leave 
the remaining details to the reader. oO 


The key gap left open from the Fellner-Lerman-Rosenstein results is 
whether Theorem 4.13 has a converse; that is, can Theorem 4.12 be im- 
proved from A3 to II2? This question was noted in several places such as 
Rosenstein [208], Fellner [71], Lerman-Rosenstein [140]. 


5 Effective Content of Some Classical 
Theorems: Subsequences, Embeddings 
and Automorphisms 


In this section, we shall pursue one of the themes we mentioned earlier: inves- 
tigating the effective content of classical theorems. Here the classical theorem 
(or fact) might say: every (*) ordering of type A has a (*) subordering of 
type B. The idea is to replace the (*) by the word ‘computable’ and see if 
the result remains true. If the result is now false we might then see what we 
can salvage. 

We begin by looking at suborderings. The earliest result here is due to 
Tannenbaum (see Rosenstein [208]) and independently Denisov (see Gon- 
charov and Nurtazin [86]). It is easy to see that each infinite linear ordering 
has an infinite subordering of order type either w or w*. In contrast, we have 


Theorem 5.1 (Tennenbaum, Denisov) There is a computable linear order- 
ing of order type w+w* with no infinite computably enumerable suborderings 
of order type w or w™. 


Proof. The proof is by a finite injury priority argument. Since we have 
already looked at this technique in some detail, it will suffice to describe the 
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strategies for single requirements. We build A = U,A, in stages to satisfy 
the requirements. 


N.: ae either has finitely many predecessors, or finitely many successors. 
R.: If W, is infinite, then it is not an w sequence. 
R: If W. is infinite, it is not an w* sequence. 


To meet the requirement V,, at some stage s = s(e) we need to declare some 
finite sequence a;,,..., @;, such that either a;,,..., @:,, @e is an initial 
segment of A, or a, di,,..., @;, is a final segment of A. 

The basic module for R, is this. We wait till we see sorne unrestrained a; 
occur in W,,, (for i > e). (Note that this is a finite injury argument and we 
ensure that the N;, Rj; and R* for 7 < e restrain only finitely many elements: 
if a; fails to occur then |W.| < oo so we win.) When a;,, occurs, we declare 
a; and all of its current successors to be a final segment of A with priority e. 
For instance, we might have 


Gg @, ++* G;4;Q;, ++ ay, = As. 


Then a;a;, --- a;, is declared as restrained with priority e so that, with 
priority e we add no new elements to this set. Note that if we succeed with 
this restraint then W, cannot be an infinite w sequence as i; contains a;. The 
net effect is that a,4, would be placed on the board between a; and a; as 
would subsequent a; until some other R, (Riz) acts. The R* work dually and 
the N. simply assert ‘whatever a,’s current affiliation is (i.e., final or initial 
segment) preserve this’. The details fit together using a staadard application 
of the finite injury argument. Oo 


It is not difficult to modify the above to show that A can be constructed so 
that both initial segments and final seements of A are hyperimmune. Recall 
that B is called hyperimmune if there is no infinite disj>int collection of 
canonical finite sets {Dg(2) : x € w} such that for all x, Dy, 1B # @. Recall 
that a set D is called cohesive if there is no r.e. set Q with |['NQ| = |DNQ| = 
oo. It is also not difficult to show that we cannot improve Theorem 5.1 to 
make the w or w™* pieces cohesive (see Soare [232, ch. X, Exercise 3.12]. In fact 
we cannot make the w or w* pieces hyperimmune (Martin, see Jockusch [102, 
Corollary 4.5]). Here B is called hyperimmune if there is no disjoint r.e. 
collection of r.e. sets (a weak array) {Wy(z) : x € w} such that for all z, 
Wry BF. 
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The Tennenbaum-Denisov theorem has been generalised in many ways. 
One of the earliest was the original motivation for Watnick’s theorem, which 
we met in Section 3. Recall that there we said that Watnick showed that 
7 is a II order type iff ¢r is computably presentable. Watnick proved the 
following extension. 


Theorem 5.2 (Watnick [243]) /f + is any Iz order type, there is a com- 
putable linear ordering A of type w+ Cw+w* with no computable w or w* 
sequences. 


Proof. The idea is to take the proof of Section 3 and add a further layer of 
requirements 


R.: W, is not an w sequence. 
Ro: W, is not an w™ sequence. 


The details are a little complex, so we will only sketch how to combine the 
R,.’s above with the Section 3 construction as meeting the requirements 


M.: if a. € 7 put an w” and w sequence around a,. 


These in turn can be split into 


M.,;: if ae € 7 put at least 7 immediate predecessors 


and 7 immediate successors around Gg. 


The idea is as follows. 


To meet, for example, R, we try to force W, to contain a member of the 
final w* sequence. During the construction around (apparent) points of 7 we 
will be building partial blocks of points. For the sake of R., if we see some x 
occur in a block of a; for 7 > e ? then we can abandon totally this version of 
a; (by priorities) and if, for instance, there is no a; for 1 < e between the a; 
and the final w* region, simply add the a; block (at s) to the w* block and 
pick a new a; point around which to build a ¢ block. See Figure 1 below for 
a typical scenario. 


Naturally, in the IIz version we would look for z in the block a, with p of low priority 
than o with o the guess of Re. 
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reWas, 12,5 @10,s final w* at stage s 
Figure 1. 


Here we see x € W,,, and only the apparent positions. of aj2,, and ayjo,s 
between z and the w* portion. We’d then get, at stage s + 1, the situation 
of Figure 2. 

+ 


e e eeoseceeeeeeeeee» 
t t (= ee Se ee = 
412,541 10,341 all now inw” at stage s with p-iority 4 


Figure 2. 


The problems all stem from the fact that we could not use the idea above 
if we had a3,, instead of ay2,, or aio,, as these have higher priority than R4, so 
R, ought not to be able to erase them. The idea is then as follows. Suppose, 
for instance, we had a3,, in place of ajo,,. When we see .t in W4,, we’d do 
the best we can: we’d add the aj2,, block (including x) to the a3,, block to 
get the situation of Figure 3 at stage s + 1. 


@12,s41 z a3,s 
bt f 
e eeveveeveeesee eocce5e 
(2 = en | 
the new a3,, block w* block 
Figure 3. 


Note that since z is to the left of a3,, and part of its bleck, if W, contains 
an w sequence, infinitely many x’ > a3,, must occur in a3,,’s block. This is 
the key to the whole construction; we wait till some z’ occurs in W,,, and 
a3,,’°8 block more than (say) 3+ 4 =7 further on than az3,,, as in Figure 4. 


f 


| eta 
eoeceoevceveece eoeo50e eoeeeneeee 
a3,s = 43,t | | 
the w part of a3,,’s a new block that has the terminal w* 


block at staget > appeared since step ¢ block at stage ¢ 
but of lower priority 


Figure 4. 
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We would then add all the points from z’ onwards to the final w* block 
at stage ¢+ 1 with priority 4. 


Q3,t+1 = 43s | 
eoovcce @ e Coeeeseveeceneeene 
Lo t (ears so re 
429,t+1 
Figure 5. 


The whole point is that such actions can only affect the p block around 
a3,; further and further out (i.e., of lower and lower priority) and so only 
finitely often injure some M, ;. 

The remaining details are rather messy, but one can fit all of the above 
together on a tree and get the desired results. QO 


Another generalisation of Theorem 5.1 goes back to the thesis of Hird [96] 
which appeared in [97]. One can view the Tennenbaum-Denisov theorem as 
constructing something bad isomorphic to w+ w*. We note that w+w* is a 
convex linear ordering. 


Theorem 5.3 (Hird (96]) Let A be a computable linear ordering with end 
points with P a co-r.e. subset. Then the following are equivalent. 


(i) There ts a computable linear ordering B = A with the image of P 
not r.e.. 


(ii) The subset P does not have both infimum and supremum in A. 


Proof. Actually we prove a slight extension of Hird’s result, since he assumed 
that P was co-r.e. in A. First if (a, b) = P then P is clearly r.e.. Furthermore, 
as P is co-r.e., if P is r.e. then P is computable. So to complete the proof, 
suppose that A has a convex computable subset P with no supremum (say). 
We need to build f : B = A with f-!(P) not re. 


The basic idea is fairly familiar. We have a partial isomorphism 
fs ‘ {bo , res brs) } > {ao, Fiejin’y Onia\ hs 


We wait till we see some 6; € W.,, with f(b;) € P,. We then wish to remove }; 
from f~'(P;). This is okay since P, has no supremum. We need only redefine 
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the isomorphism so that it takes 6; (and all of its successors at stage s) to 
elements out of P (which we can do as P is computable and as A has end 
points) so that there are infinitely many elements > P in A. 

To make the argument valid we add priorities. That is, we don’t allow 
our action for W, to affect the f,(bo),... , fs(be)- Oo 


One can apply the theorem above to the set 
P = {zx : x has finitely many predecessors} 


in w+w* to make it not co-r.e.. Indeed it is again easy to make it immune of 
any r.e. degree of unsolvability (this gives the Tennenbaum-Denisov theorem) 
or similarly to show 


Theorem 5.4 (Hird [96]) Let P be a co-r.e. convex subset of A. There is 
a computable B = A via f with f-'(P) immune iff P satisfies one of the 
following: 


(i) P has order type w and no supremum in A. 
(ii) P has order type w* and no infimum in A. 


(iii) P has order type w* + w and neither infimum nor supremum in A. 


We remark that Hird obtained similar results for P being hyperimmune 
and extended Martin’s result to show that 


Theorem 5.5 (Hird [96]) No conver subset of a computaole linear ordering 
can be hyperimmune. 


Proof. If P does not have order type w, w* or w+w” and P is convex, then 
P cannot be (hyper)immune. Then we need only show the theorem for P of 
order type w, w* or w* +w. So, for instance, choose P of type w. We build 
a weak array {C, : e € w} so that for all e we meet 


he COP So: 


Let p be the least element of P and bo, :,... list {2 : e € Aand z > P}. 
At stage s choose the least e such that there is no element to the left of bs41 
in C.,, and add 6,41 to C.,,. To see that all the R, are met, assume for an 
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induction that this is so for all 2 < e and additionally assume that each C; 
is finite. Let so be a stage where C;,,, = C; for all i < e. Let 5, > so be 
the first stage where 6,, € P. Then either 6,, is added to C.,,, or there is 
already some 6; < 6s, in C.,5,. It is clear that as there are only finitely many 


b, with P < by < 6;(bs,) that [C.| < |Ce,s,| + bs,- QO 


We remark that these results were only a small part of Hird’s thesis 
which was devoted to analysing intrinsic properties of the lattice of relations 
of a computable structure under weak decidability conditions. Many known 
algebraic theorems can be deduced from Hird’s model theoretic work. 

Going back to the original observation about w and w* sequences, we can 
salvage the following effective version. 


Theorem 5.6 (Rosenstein [208]) [f A is a computable linear ordering, then 
A has a recursive subordering of type w, w*, w+w*, orw+ Cn+ur. 


Proof. If A has no w nor w™ computable sequence it must have a first and a 
last element. With the exception of these, each element must have a successor 
and a predecessor. Thus the order type of A must be w + Ca + w* for some 
a. Ifa #7, it is easy to see that A has a computable subordering of type 
w =w”, giving the theorem. oO 


Rosenstein [208] asked if w + Ca + w* was necessary in Theorem 5.6. 
Lerman answered this question affirmatively. 


Theorem 5.7 (Lerman [138]) There is a computable linear ordering with no 
recursive subordering of type w, w* or w+u%, 


Proof. The argument is a straightforward IIz argument rather along the lines 
of a maximal set construction. We will confine ourselves to the technique used 
to meet two requirements, and leave the inductive strategies to the reader. 
We meet the requirement 


R.: Either W, is infinite, or W. contains an element with 
infinitely many predecessors and successors (in W,). 


To meet Ro we specify that ao is the least element of A, a; the greatest, 
and work in (ag, a1). Ro does nothing until some x € W.,, with t # ao, ay, 
so that x € (ap, a1). Ro now freezes the interval (z, a,) and specifies that the 
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ordering is built in (ao, x) until some y occurs in W, with yo € (ao, z). Re 
will then switch to build the ordering in (2, a1) until some zp occurs in (z, ay) 
and then R, switches back to (ao, 2) etc.. Then if R, acts infinitely often 
zx will have infinitely many elements in W, on each side. So when Ro says 
‘work in (ao, z)’, Ry can only pick some z € W,,, which occurs in (ao, x). If 
R, switches to (x, a;) we leave this version of R, on hold and start Ry again 
in (x, a,). If Ro switches back, we can return to the old version of R,. So if 
Wo is infinite, Ro imposes essentially no restraint on R,. If Wo is finite then 
Ro imposes only finitely much restraint on R,. 

The inductive strategies for n > 2 requirements contain no surprises and 
the details follow as usual. Oo 


It is also possible to give an effective version different from Theorem 5.6. 


Theorem 5.8 (Manaster) If A is an infinite computable linear ordering, 
then A has a Il, subset of type w or w*. 


Proof. Assuming A has no infinite computable w or w* sequence, it has 
a least element ap. We will define collections y(t, s) and z(i, 7). We let 
y(0, s) = ao for all s. At stage 1 we let y(1, 1) = a) = 2(1, 1). We keep 
y(1, s) = a, until a stage s, occurs (it may not) such that there exists x with 
dg <@ < a; = y(1, 51). We then define y(1, s; + 1) = x and z(1, 2). Now 
continue in the obvious way. Thus either for some s,, for zll s > s, we have 
y(1, s) = y(1, sn), or for all s there is a t > s with y(1, t) < y(1, s). In the 
latter case, {z(1,7) : 2 € w} is a computable w* sequence. 

The inductive strategies are similar. We want to define y(2) = lim, y(2, s) 
(if it exists). At each stage s we assume that the correct position of y(1, s) 
is final. We must follow only two rules; we must always work right of y(1, s) 
and never let y(2, s) = y(1, ¢) for any t € w. Note that in general, either 
there is an 7 with lim, y(2, s) failing to exist (so an w* secuence) or, for all 
1 there is an s; with y(7, s) = y(2, s;) for all s > s; and so a I], w sequence 
consisting of {y(z) : 2 Ew}. q 


Actually the proof above shows that 


Corollary 5.9 (Downey) If A is a computable linear ordering, then if A 
does not have a Il w (resp. w*) sequence, it has a computable w* (resp. w) 
sequence. In particular, if A contains no computable w ror w* sequences 
then it has both a Tl, w and a II, w* sequence. 
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One can well ask what can be said of the individual suborderings in 
the ordering L. For instance, suppose that the ordering has an infinite w 
subordering. How hard can can it be to find such an ordering? The answer 
to this question is, perhaps, slightly surprising. We need a definition. The 
arithmetical hierarchy can be extended by allowing set quantifiers. 

Let R be a relation and S CN. Then we can say that R(S) holds iff for 
all initial segments 7 of S we have that R(Z) holds. Then we define a set A 
to be Uj iff there is a arithmetical R such that 


re A iff (VS) R(z,S). 


We say that A is IT! iff A is ©!, and extend to I}, A} and ¥! in the obvious 
way. We say that a set is hyperarithmetical if it is At. (Kleene was the first 
person to study such sets.) Note that II} sets are immensely complicated 
and can, in particular, compute all the n-th jumps of 0. Of interest to us is 
the following. 


Theorem 5.10 (Kleene, see, e.g., Sacks [214]) There is a computable linear 
ordering with an infinite descending sequence, but no hyperarithmetical such 
sequence. 


Sketch Proof. First one needs the classical result that there is a computable 
tree T of strings of integers with an infinite branch yet no hyperarithmetical 
branch (see e.g., Rogers (207]). J’ can be linearised by the Kleene-Brouwer 
ordering ordering <x as follows. For strings 0 we have ou <x ov ifu <u 
(note the inversion). We extend this to the whole tree by saying that 0 <x T 
if either 0 C 7 or, failing that, there exist o’ C a, r’ Cr with o’ and 7’ both 
of the same length and a’ <x, 7’. 

Note that each infinite branch of T defines an infinite descending sequence 
in the ordering L. Conversely, suppose that vo > z, > ... is a hyperarith- 
metical infinite descending sequence. Since sets of numbers of bounded length 
are clearly well ordered by <x, we may as well suppose that the sequence 
Xo, 2,,-.- has uniformly increasing length. It is not difficult to prove by 
induction on length that for all n, there is a 7 such that for all 2 > 7, x; C aj. 
One can then inductively define a hyperarithmetical branch. Oo 


Actually, the above also leads us to a nice result about initial segments of 
linear orderings. Suppose that A+ B is a computable linear ordering. What 
does that say about the complexity of the initial segment A? For instance, 
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must A have a computable copy? The answer is no in a very strong way. 
(We here assume that the reader is familiar with the recursive ordinals.) 


Theorem 5.11 Let R be a computable ordering with infinite descending se- 
quence, yet no hyperarithmetical such sequence. 


(i) (Gandy) Let Q be the mazimum well ordered initial segment of R. The 
Q is HI} — Xt, and has order type wS*, the first nonvecursive ordinal. 


(ii) (Harrison) R has ordertype wf*(14+n)+y where y is a recursive ordinal. 


We omit the proof since it would take us a little far, but refer the reader 
to, e.g., Sacks [214, page 56], for the details. 

Notice that the above leads to the slightly paradoxical observation that 
there are computable linear orderings A+ B such that the ordering A+1+B 
has no computable presentation! (For to figure out if z € A, one needs only 
compare with the point b representing the middle “1”. 

The above leads one to wonder if there are any conditions on A which 
guarantee computable presentability. In his thesis [187] Mathew Raw studied 
this question and used a variation of the Feiner technique to construct a 
computable A + B such that A is IT3 and has no computable presentation. 
On the other hand he proved that if A+ B is computable and has computable 
adjacency relation, then if A is II, then it has a computable copy. This result 
was extended as follows. 


Theorem 5.12 (Ambos-Spies, Cooper, Lempp [2]) /f A-- B is computable, 
and A is iz then A is computably presentable. 


Sketch Proof. The proof is not difficult, but is a little clelicate. First one 
proves that if J is a Xz initial segment of L then there is a increasing A 
sequence of elements of J cofinal in J. The proof is to use this sequence as 
boundaries for the A$ isomorphism that is built. We build a computable 
(M,<). We use intervals (t,-1,%,) in J and map to (Yn-1,Yn) in M. This 
will be an isomorphism unless the intervals change. We will restart the map if 
possible unless we have already put more elements into the the (yn_1, yn) than 
(€n-1,%n), before they have settled down. Of course this is only a problem if 
the intervals re finite. The idea is to first “adjust” the isomorphism slightly 
to the left of y,. If all the intervals are finite then the iritial segment has 
type w, which is fine. Otherwise, one is infinite and we can get to “catch up” 
the definition of the isomorphism. QO 


Chapter 14 Computability Theory and Linear Orderings 895 


Conversely, the following completely settles the exact quantifier level 
where non-presentability occurs. 


Theorem 5.13 (Coles, Downey and Khoussainov [34]) There is a Hz A with 
A+B computable and such that A has no computable copy. 


Sketch Proof. The proof is a diagonalisation but is rather more subtle than 
ones we have seen so far. The technique below promises more applications. 
Suppose that we wished to enumerate the blocks of a ordering, and in this 
case we suppose that the ordering is 7-like in the sense that it has no infinite 
blocks. Suppose that we had @’ as an oracle. The we could determine 
successivities, and hence could demonstrate that if DL is n-like, then B(L) 
can be computed as the range of a @’ limitwise monotonic function. Here, 
a function f is limitwise monotonic if there exists a computable function 
y(x,s) such that 


(1) y(z,s) < y(z,s +1) for all 7,5 Ew, 
(ii) lim, y(2,s) exists for all z Ew, 
(iii) f(x) = lim, y(z, s). 


The concept of a limitwise monotonic function is due to Khoussainov, 
Nies and Shore [116], and we have used the relativised notion. The crucial 
lemma is the following applied in relativised form. 


Lemma 5.14 (Khoussainov, Nies and Shore) There exists an infinite A$ set 
S which is not the range of any limitwise monotonic function. 


Proof. The proof of the Lemma is a very easy diagonalisation argument 
which is an oracle construction. We must satisfy 


R.: S€ralimy-(-,s) or y- is not monotonic. 
& 


The strategy for R, is the following. We pick a witness x and put z into S. 
At each stage s we ask @’ if there is some n < s such that y,.(n,s) = x. If 
no such n exists then go to the next stage. Otherwise for each such n ask 
if there exists a stage t > s such that y,.(n,s) |# x. If the answer is yes, 
then z cannot be the pre-image of n by monotonicity. So we simply move 
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to the next unconsidered n, and if all such n are consid2red, simply go to 
the next stage. If the answer is no, then remove z from A, and cease all 
activity on R,. Either y.(,t) ¢ for some ¢, or y.(z,t) = n for almost all ¢ 
and n ¢ A. Qo 


The proof of the theorem is complete via another coding argument. 


Lemma 5.15 (Coles, Downey, and Khoussainov [34]) J) S is any U3 set 
such that m € S -+> m > 1, then there is a computable A+ w* such that A 
is n-like and B(A)=S. 


We will not prove Lemma 5.15 in any detail as it is a relatively diffi- 
cult infinite injury priority argument rather along the lines of a combination 
of Feiner’s original argument and a Watnick type argument, and we have 
already met arguments along these lines. 


Basically, let S be given via 
xz € S iff (dn)(Vy)(Sz) R(a,n,y, 2). 


For each « as in Feiner’s original theorem, we have to try :o build a x block 
for each attempt at n. If we actually find an such that the II, condition 
VydzR(x,n,y,z) is satisfied then we build the z block. Otherwise we will 
kill the x block by either densifying it or have it incorporated in the final w* 
piece. For cz = 2 and n = 0, we would begin with a 2-block a, a. While it 
looks bad, we regard it as part of the (finite segment built so far of the) w” 
block at the right end. We would be performing the rest of the construction 
to the left of this block. If at some stage, the II, condition ‘or (2,0) becomes 
verified another time, we would densify the work done (i.e., to the left of 
the 2-block) in the intervening stages (wrong guess), and begin work to the 
right of the 2-block, building a partial densification between this and the next 
block. Note that if this condition is infinitely often verified, then the material 
to the left will be dense, and other blocks will be built right of it. On the 
other hand if it is only finitely often verified, so either 0 is wrong or x ¢ S, 
then the x will be incorporated in the w* piece. The inductive strategies 
work similarly except that we cannot densify things of higher priority than 
us. (The priority is given by putting all the pairs on a strategy tree.) The 
remaining details look like a Watnick style argument, and we refer the reader 
to the original paper for them. 
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To complete the proof, we can apply Lemma 5.15 to an S which is the 
range of no @’ limitwise monotonic function. Then A cannot be computably 
presentable as it is like. QO 


A nice generalisation of the observation that every linear ordering has a 
subsequence from {w,w*} is due to Dushnik and Miller [61] who showed that 
an infinite countable linear ordering has a nontrivial self-embedding. (That 
is an isotone f : A > A such that f is not the identity.) The proof of this 
result runs as follows. If A has an interval of order type w (or w*) then 
define f to be the identity outside of this interval and map 7 to i+ 1 in the 
w interval. If A fails to have such an interval then A embeds Q. Now we 
can use Cantor’s proof that all countable linear orderings embed into Q to 
do the rest. 

The Dushnik-Miller result is not effective: 


Theorem 5.16 (Hay and Rosenstein (in Rosenstein [208])) There is a 
computable linear ordering of type w with no nontrivial computable self- 
embedding. 


Sketch Proof. The proof is a finite injury priority argument. We build 
A=U,A, so that we meet 


N.: de has < co many predecessors 

Re: Ye is not a nontrivial computable self-embedding. 
To meet a single R,, we wait until we see for some (unrestrained) x that x # 
Ye, s(x) | and Ye, 5(Ye,s(2)) |. Note that if y, is to be a self-embedding, as we 
meet all the N., we need only worry if x < g(r) < Ye(Ye(x)) (< ++: < Y2(x) 
for all n). The idea is simple. We simply add |[y.(z), Ge(e(z))]| tl =n 
many new points between x and y,(z) and then restrain {y.(r), pe(ye(x))] 
with priority e. A typical situation is described below. 


x Po (x) Pe Pe (x)) 
becomes 
e e es tes ae et ae 5 
x p(x) Qe (p(x )) 
(= ee 


restrain 
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Then as |[z, y-(z)]| > |[ye(2), Ye(%e(z))]|, ee canr.ot be isotone and 
1-1. It is now routine to continue the obvious strategies in the finite injury 
manner to a set (Theorem 5.16). O 


Actually, using a coding argument Downey and Lempp [57] have improved 
the above to read. 


Theorem 5.17 (Downey and Lempp [57]) There is a computable linear or- 
dering L such that if f is a nontrivial self embedding of L then f can 
compute @’. 


A consequence of the Downey-Lempp Theorem is that the proof theoret- 
ical strength of the Dushnik-Miller theorem is AC Ap. 

Of course some computable order types always have non-trivial self- 
embeddings. For instance 


Observation 5.1 (Folklore) [f A is a dense computable linear ordering, 
then A has a nontrivial computable automorphism. 


Proof. Use Cantor’s back and forth argument. Oo 


Observation 5.1 points out the most natural self-embedding: an automor- 
phism. Extending earlier work of Rosenstein, Lerman and others, Schwartz 
was finally able to classify linear orderings with nontriviel computable au- 
tomorphisms. Define a linear ordering to be computably rigid if it has no 
nontrivial computable automorphisms. 


Theorem 5.18 (Schwartz [219, 220]) [f A is computably rigid, then A has 
no interval of order type n. Furthermore, if + 1s an order type containing 
computable linear orderings, and t has no interval of type 1, then T contains 
a computably rigid linear ordering. 


Proof. Again we use a finite injury argument. Let A be an infinite com- 
putable linear ordering with no interval of type 7. We construct B = A via 
f =lim, f, so that we meet (for all e € w) 


R.: e is not a nontrivial automorphism of B. 


To meet R, we ensure that either y, is not total, or ray. # w (= A) or y is 
not isotone and 1-1. Of course, as we go along, if we ever see --- 6; < 6; with 
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yelbi) £a ye(b;) then we can stop as y, cannot be isotone. So we assume in 
the discussion below that this doesn’t happen. The basic idea is simple and 
similar to Remmel’s categoricity theorem. 

Again suppose we knew the successivities of A. Then we’d wait till we 
saw some 6, b2 in B, with f,(b1) = ai, fs(b2) = a2, and y.(b1) 4 by; and 
(a), @2) successivity. So we can wait until y.(b2) # be. Now, without loss 
of generality, we can suppose y.(b:) > 6; so that ye(b2) > by. The basic 
idea is then to split (ye(b1), ye(b2)) by adding a new element 6,4, to the 
interval spoiling y. as an automorphism. To do this, as usual, we need to 
revise f,41((e(b2)), and so need to be careful — as in Remmel’s theorem — 
that we don’t move f;(bo),..-, fr(b.). Also, as in there, we aren’t able to 
identify the successivities in A, but know that each interval [a, 6] contains 
one. We simply guess then, as we did in Remmel’s theorem, choosing the 
least one each time. The remaining details fit together in a familiar way via 
the finite injury method. Oo 


Lerman and Rosenstein [140] raised the question of the classification of 
order types 7 with a nontrivial I]; automorphism for each computable copy 
in rT. Kierstead [121] used an infinite injury argument to construct a com- 
putable linear ordering of type 27 with no nontrivial [I]; automorphism. This 
was extended to any order type }-{f(q) : ¢ € Q} with f(q) € N— {0}, with 
no interval of type 7, and f a II, function of Downey and Moses [58]. In view 
of Theorem 4.16 we thus have: 


Theorem 5.19 (Downey) /f A is an n-like computable linear ordering with 
no interval of type n, then there is a computable B = A with nontrivial Tl, 
automorphism. 


Proof. By Theorem 4.16, if A is n-like, then there is a Il, f with 
Y{f(q) : ¢ € Q} Sree A. Now apply the Downey-Moses result. oO 


Most of the above were proved using (variations of) the idea of a choice 
set. A choice set for a linear ordering is a set of elements, one from each 
block. To prove Theorem 5.19 we used a variation of this idea. If A has 
only finite blocks, then a strong choice set is one where we have the first 
element from each block. Now if f is a nontrivial automorphism of LE then 
{z, f(z), f?(z), ...} is an infinite w or w* sequence in L. If L is computable 
and f is Il, this is a Y_ set. If g is a nontrivial I]; automorphism in B 
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of Theorem 5.19 and z has no predecessors, nor do g(x), 7°(x), ... and so 
{z, g(x), ...} is an infinite L_ subset of a strong choice set. 

The Downey-Moses [58] argument is to show that B can be constructed 
with no strong choice set with an infinite ©. subset. The original use of Y, 
choice sets was due to Lerman and Rosenstein [140] who showed that there 
is a computable linear ordering of type Cn with no Xi dense subset. 

This argument was extended by Downey and Moses wh> showed 


Theorem 5.20 (Downey and Moses [58]) Every computable discrete linear 
ordering has a recursive copy with no 2 choice set. 


Sketch Proof. Again we use a variation of the Watnick construction. Let 
A have type ¢r so r is a IIz order type. Let C have type r with C = 
{co, c1, ... }. We know from Section 4 how to produce B = A via Watnick’s 
construction. The extra layer of requirements this time are to diagonalise 
against all the Ly sets. If {R. : e € w} lists all the r.e. binary relations, we 
define T. via 

néeT. iff ~(AP)R(n, x). 


Then {T.}ec, enumerates all E_ sets. In the Tennenbaum variation of the 
Watnick construction we defeated w and w* sequences. Here we defeat T,’s 
by either making T. too small or make [z, y] finite for some z, y € T.. As in 
Theorem 5.2 there is no problem if z and y lie in (different) blocks with no 
blocks of higher priority between. As we did in Theorem 5.2 we might have 


z Cj,s Ck,s Cds & 

4 J 1 po: 

@eoee8 @ @oeeese ee @ 

[Per] LS L_] 

Then if e < y, k, d, we can amalgamate to get 

zr Can Y 
+ deal 
e r eecoeoeoeeee eee 
t t (Se A he 


Cjst1 Cks+1 Cdjs41 
Again we do have problems if c;,, and cx,, for instance had j, k < e. The 
point this time is that we will eventually get two we can combine if T, is 
infinite. The fact that the T. are U2 and not computable creates some prob- 
lems, but these can be overcome with the IIz method sinc? we only need 
work with {e : |T.| > e} (which is a IIz set). So the outcome that we don’t 
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need action to meet 7. is a [Iz one and hence we can guess this on a tree of 
strategies. We don’t give the details as they are quite tedious and contain no 
surprises. The reader is referred to Lerman and Rosenstein [140] or Downey 
and Moses [58). 0 


We remark that Theorem 5.20 can be proven also with orderings of type 
wT or w* 7. Kierstead [121] defined an automorphism to be fazrly trivial if 
for all 2, \[z, f(x)]| < oo. Ifa nontrivial automorphism is not fairly trivial, 
Kierstead called it strongly nontrivial. As a corollary to Theorem 5.20 we 
have: 


Theorem 5.21 (Downey and Moses [58]) Every computable discrete linear 
ordering has a recursive copy with no strongly nontrivial Il, self-embedding. 


Mathew Raw [187] independently proved the weaker result that there is a 
computable ordering of type ¢7 with no strongly nontrivial Ij automorphism. 
He has also obtained the following related results: 


(i) There is a computable linear ordering A (with uncountably many au- 
tomorphisms) such that A has a I], automorphism and which has no 
computable automorphism any other computable presentation of the or- 
dering. 


(ii) The above problem (i) (for countably many automorphisms) is equiv- 
alent to: Is there a rigid Il, initial segment of a computable linear 
ordering which is not isomorphic to a computable linear ordering? 


The results of Downey and Moses on 7-like linear orderings (Theorem 
5.19) are obtained in a similar vein to the proof of Theorem 5.20, only there 
one tried to force an element to have an immediate predecessor to stop it be- 
ing a Sy subset of a strong choice set. Finally, we remark that Theorems 5.20 
and 5.19 are quite sharp since Lerman and Rosenstein observed: 


Observation 5.2 Every computable linear ordering A has a Il choice set. 
Proof. The II, relation 
(Vz < a)(Vy)(4z > y) [(t@ << z<a)V(a<z<y)| 


defines a choice set. Oo 
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There are quite a number of conjectures regarding II, automorphisms. 
We list some below: 


Conjecture 5.1 


(i) (Kierstead) Every computable copy of type 7 has a strongly nontrivial 
II, automorphism iff + has an interval of type 7. 


(ii) (Downey and Moses) Every computable copy of Tt hs a fairly trivial 
II, automorphism iff t has elements x, y with (x, y) consisting only 


of block of type ¢. 


(iii) (Downey and Moses [58]) Every computable copy of r has a strongly 
nontrivial Il, self embedding iff + has a strongly n-l'ke interval (i.e., 
(x, y) such that (x, y) is infinite and only has block cf size < k). 


(iv) (Downey and Moses [58]) Every computable copy of r has a fairly trivial 
II, self-embedding iff tT has an interval (x, y) consisting only of blocks 
of type w or ¢ or only of blocks of type w* or ¢. 


(v) (Kierstead [121]) If a computable linear ordering has neither intervals 
of type ¢ nor n then it has a copy with no nontrivial Il,-automorphism. 


Of course the basic question is to characterise the order types of IT,-rigid 
computable linear orderings. 


Returning now to computable self-embeddings, we have t.1e following that 
was surely noticed by all workers in the area. It was probably first noted by 
Watnick and Lerman. 


Theorem 5.22 /f A is a strongly n-like computable linear ordering, then 
A has a nontrivial computable self-embedding. 


Proof. Let A = )o{f(q) : ¢ € Q} with f(g) € {1,...,n} for all q. 
Knowing n we will know that when we see (n + 1)n many elements, the 
elements 1, n +1, 2n +1, ... must all belong to different blocks. This 
clearly allows us to define the image of any block via a self-embedding. O 


Lerman, Watnick, Moses, and others have conjectured that Theorem 5.22 
characterises the relevant order types. 
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Conjecture 5.2 (Folklore) [f 7 is an ordertype containing computable lin- 
ear orderings such that all computable linear orderings of type T have a non- 
trivial recursive self-embedding, then + has a strongly n-like interval. 


In support of Conjecture 5.2 it is possible to use the techniques of, for 
example, Theorem 5.20 to show that if 7 is n-like but has no strongly n- 
like intervals then a computable order type t has a computable copy with no 
nontrivial recursive self-embedding. 

However, Conjecture 5.2 remains unresolved and, furthermore, the situa- 
tion is quite complex as we will now see. In all of the constructions we have 
seen so far, counterexamples were obtained uniformly in the sense that there 
is a computable function f such that Wy;.) is the relevant witness to W, (if 
appropriate). For instance, in Remmel’s theorem, Remmel actually shows 
that there is a computable function f such that if W. is a computable linear 
ordering with infinitely many successivities, then W,,,) is isomorphic with 
W. yet Wy.) is not computably isomorphic to W,. It is unusual (but not 
unheard of) for constructions to be nonuniform. That is, for an example to 
exist, yet no f selecting an example to exist. The first example in classical 
recursion theory of this phenomenon was due to Lachlan [133]. We have seen 
it in the proof of our extension of Manaster’s result where we don’t know 
which happens i.e., either an w or an w™ sequence. We will now see that if 
Conjecture 5.2 is correct, there is no uniform procedure to prove it. 


Theorem 5.23 (Downey) There is no uniform procedure which, when given 
a computable linear ordering A produces a computable B = A such that if 
A contains no strongly n-like interval then B has no nontrivial computable 


self-embedding. 


Proof. We build an infinite (A, <) such that A has no strongly n-like 
intervals and we meet the requirements 


R.: If W. = A then (W., <) has a nontrivial computable 
self-embedding. 


The result will then follow by the use of the recursion theorem. 
To meet R., we shall define a mapping g. = g. If we let z(e, 7) = 2(2) 
denote the 7-th member of W, in order of appearance, we must meet for all 7. 


R..;: g(z(2)) is defined. 
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To achieve (7) we make sure that either A is finite or, for almost all 9, a; 
(= the j-th members of A) is part of an w or w* or w + w* sequence. To do 
this we define B(a;, s) to denote the block containing a; at stage s. We will 
ensure that B(a;, s) C B(aj;, s +1) and hence we meet for almost all 7 


P;: lim |B(a;, s)| = oo. 
To meet the requirements above, we proceed as follows. 

We begin by enumerating aj. We win unless W, enumerates z(0). (If not, 
|A| = 1 and |W,| = 0). It is now our goal to find a 7 with z(7) < 2(0), so 
to meet R,,9 and define g(z(0)) = z(j). To do this, we define a; > ao. Now 
W. can only respond in one of 3 ways. It can enumerate z(1) < 2(0), it can 
enumerate z(1) > 2(0) or it can do nothing. In the last case we win, in the 
second case we meet R,,9. Only the first case creates any problems. 

The idea is that we continue in this way (i.e., put a2 > a1, etc.) until 
some 2(j) > z(0) occurs. Note that if no such z(j) occurs, we win as then 
W. # A. The reason is that A is an w-sequence yet W, contains z(0), a 
point with infinitely many points to the left of it. 

Note that for the above strategy |W.,,| = |As| or |We,s| = |As| — 1 for all 
s. Of course, we control the enumeration of W, to keep |W.,,| < |As| since if 
|W.,,| > |As| we can stop A, = A and force W, # A. A typical situation is 
given below in Figure 6. 


z(3) 2(1) 22) B24) 


e e e e e 
(0) 


Figure 6. 


At the end of this process (i.e., when we meet Rj,9) we then begin a 
‘clean up’ process that helps to meet the P; as we will see. The idea is 
simple. Before we meet any other R.,; we will ask that each current point 
of A is a member of block of at least one more member (i.e,, if this happens 
at stage s). Thus we immediately give each member of A s successors. For 
example, if the s, function of Figure 6 happened at stage 10 we'd have (at 
stage 11) the situation of Figure 7 below: 
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11 new points 11 new points 11 new points 
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Figure 7. 


The reason for this becomes clear later. Now we don’t do anything until 
|W.,1| = |At| again at some t > s. 

The problems that can occur are that we need to force points between 
others. A typical bad situation is described below: 


z (2) 2(5) 2(3)z (0) z(1) z(4) 


Figure 8. 


This situation in Figure 8 is not quite accurate as there would always be 
more points in the actual construction. 

We must try to get a point z(j) with z(0) < z(j) < 2(1). This is the 
heart of the construction. 


The basic action is to put a new point ag between a3 and ay. W, can 
respond in one of four ways: 


(i) no response (global win) 
(ii) z(6) < z(0) 
(iii 


) 
(iv) 


Xx 
— 
oO 


) < 2(6) < 2(1) (win R,,3). 


In case (ii) we’d put a point between ag and a, and in (iii) we’d put az 
between ag and a3. Continuing, assuming (i) and (iv) do not occur, there are 
three outcomes given by the order type of A we get 


906 R. Downey 


Outcomes 5.1 


(i) w+k: (iii) happens only finitely often and (ii) infinitely often. 
(ii) & +": (iii) happens infinitely often and (ii) only finitely often. 
(iii) w+": both (ii) and (iii) happen infinitely often. 


In case (i) we win since the order type of W. must be of the form B+(k+1); 
in (ii) it is (k +1) + B and in (iii) W. must have z(0) and z(1), two points 
with infinitely many points each side of them. In any case W, # A. 


Of course if (ii) always occurs, then we get the desired self-embedding 
and A has the good order type in the sense that all elemenss are members if 
infinite blocks. The reason, of course, is that after the clean-up action, the 
place we need to add points to force W,. to respond can always be between 
two of the added block points and so achieve the goal of adding one point to 
each block. Qo 


The technique above can be applied to Conjecture 5.1. There seems no 
clear way to combine R, strategies in the above for all R.. One possible way 
is to use a 0) or O) version of the ‘separator’ technique of Section 7, but 
at present this author can see no way to get this to work (and has tried very 
hard to do so). 

One extension of Theorem 5.23 can be obtained if we control the com- 
plexity of the isomorphisms. 


Theorem 5.24 (Downey) There is a computable linear ordering A with no 
n-like interval such that for all computable B isomorphic to Z via a Ay 
isomorphism, B has a nontrivial computable self-embedding 


Proof. We meet the following modified R,: 


R.: IfW. = Avia ye(, ) with yp. A: then W. has 


a nontrivial computable self-embedding. 


Here (W., ~e)eew is an enumeration of all r.e. subsets of Q and binary 
partial computable functions, so to meet R. we need to ensure that either 
for some 2, lim, Y-(z, s) does not exist, or ye(z, s) is not total, or vy, is not 
a homomorphism or W, has a nontrivial computable self-emtbedding. 
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Using an idea along the lines of ‘separators’ we meet in Section 7, we 
divide A into infinitely many intervals {/.}ec,. We play R, on interval J, = 
[ae, 6]. On this interval, we plan to perform the Theorem 5.23 strategy. 

The idea is simple. We replace A of Theorem 5.23 by /, and replace W, 
by W.M [~e(ae), Ye(be)]. So at stage s, we replace this by 


{z > zé€W. and Ye,s(Ge,t) SZ Pe, s(be,t) }- 


If we reach a stage where y.-(ae, t;) = Ye(a-) and similarly 6, for all t > t1, 
then we can win between y,.(a,) and ye(b.) in exactly the same way as we 
did in Theorem 5.23. If t; fails to exist, we need only ensure that [a,, be] is 
not n-like and we win as y,(a_) has no value, so y,. does not represent a A, 
function. QO 


We remark that Theorem 5.24 is of some technical interest since most 
isomorphisms we have met, or are constructed for such problems, are A>. 
There are some examples of other ones. For instance in Section 7 we have an 
example where the witness is I. It is not clear if the above can be pushed to 
A3. Personally, I feel if it can be then there is an A such that all B = A have 
nontrivial computable self-embedding, or there is a proof to the contrary 
where things are constructed at the As level. One interesting possibility is 
that we could push Theorem 5.24 perhaps for all arithmetical isomorphisms. 


6 Linear Extensions of Partial Orderings, 
Dilworth’s Theorem, and 
Effective Dimension 


In this section, we will focus upon dimension and extension theory for order- 
ings. We will be concerned with computable partial orderings, where (A, <) 
is a computable partial ordering if A is identified with w and given z, y € A 
we can decide which of c < y, y < x, c = yor rly hold. An extension 
P of poset R is one where P and R have the same domains, and such that 
x <yin P means z < yin R. If R is a linear ordering, then we say that 
R is a linear extension of P. An old result of Szpilrajn [236] says that any 
poset has a linear extension. This leads to a theory of dimension for posets. 
The dimension of a poset P is the smallest ordinal n such that P can be 
expressed as the intersection of n linear extensions. This idea has led to an 
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interesting theory which contains such interesting theorems as Dilworth’s de- 
composition theorem. We shall look at some effective aspects of this theory 
in this section. 


It is not difficult to see the following. 


Observation 6.1 (Folklore) [f P is a computable partial ordering, then P 
has a computable extension. 


Proof. The thing to note is that, with care, Szprilrajn’s proof is effective. 
Let P = {ao, a1, ... }. Godel number all the pairs from FP as no, 71, .... At 
stage s, we attend to n,. Let n, be the Gédel number of (z, y). If z < y or 
y <2 (in R,) to go stage s+ 1. If x : y declare z < y (in Ry41) and for all 
a<zandy < b(in R,) declare a < b (in Ry4,). Here Po = P and we set 
R=U,R,. 

Then R is the desired computable ordering. Note that R is computable 
as follows. Given m,; and mz we wish to decide if m, < _m), or mg < mj. Let 
nx be the Gédel number of (mj, m2). Then in Rx4, we will know which of 
m; <mj;41 holds, since either we have m; < m;4; in Ry or we will attend to 


(my, mg) in Regi. oO 


Much of the classical research about linear extensions has focused upon 
preservation. That is, if R has property Q does there exist an extension of R 
with property Q? (One could also look at the Q-dimension of R, namely the 
least n, if any, such that # can be written as the intersection of n orderings all 
with property Q. I am not aware of much work in this area.) For instance, 
we can show that if # lacks an w* sequence (i.e., it is well founded) then 
R has a well founded linear extension (Bonnet [23]). In fact, Bonnet (see 
Bonnet & Pouzet [25]) completely classified the countable linear order types 
7 such that if R is countable and 7-free then R has a 7~fre2 linear extension. 


Question 6.1 Is there an effective analogue of Bonnet’s result? 


Rosenstein, Kierstead and Statman have investigated the effective content 
of the earlier result of Bonnet. 


Theorem 6.1 (Rosenstein, Kierstead (see Rosenstein [200])) Jf P is a well 
founded computable poset, then P has a well founded computable extension. 
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Rosenstein [209] remarks that the standard proof fails to prove Theo- 
rem 6.1. The standard proof lets Ag be the set of R-minimal elements and 
A; to be the minimal elements of A — U;<;A;. Then one well orders the 4,’s 
and puts the rest together. This proof would give a IIz extension. 


Proof of Theorem 6.1. The idea is to modify the proof of Observation 6.1 
(essentially). Suppose, at stage s, we have P an ordering of {ao,... , ds-1} 
extending P on {ao, ... , @s-1}. Suppose the P-ordering is a1, < ++: < @,_,- 
Find the R,-smallest a;, such that a, <p a;, and set a;,_, <a, < a;,. If a;, 
does not exist then put a, > as_,. Then P is a linear extension, so we need 
only prove that P is well founded. 

Suppose {a;, > aj, > «+: } is anw™ sequence in R. By Ramsey’s theorem, 
we can assume that for all kh 4 m, a;,|a;,, in P since we know P is well 
founded. We can also suppose that jx < je41 for all k. 

Since aj, <r aj, but aj,|,@j, it follows that there is some cz with 
aj, <P Ck <R aj. Note that as aj, <p aj, Ck <P aj. It follows that 
if c, = a;, then i; < jo, by construction. Choose 7; least. It follows that there 
is some least d, with a;, <p d; <p aj, for infinitely many 7 and hence we 
can thin the sequence to get, without loss of generality, aj, ,> di ,> aj, for 
all i. We now continue inductively to get a sequence aj, > a;, > +++ with 
4j, p> di p> 4,4, Using the minimality argument above, it is easy to see 
that d) ,> dz ,> ++: giving a contradiction. Oo 


A couple of comments on this proof. First, in Rosenstein [209] it was 
noted that the argument gives a (new) proof that if a is an infinite cardinal 
and a £ |P|, then there is a linear extension R of P such that a < |RI. 
Secondly, the argument is very reminiscent of the ‘minimal bad sequence’ 
arguments used in well quasi-ordering and better-quasi-ordering proofs. This 
suggests that there may be some connections between computability and bqo 
theory. 


It was noted by Rosenstein [209] that a key obstacle in solving Ques- 
tion 6.1 is dealing with scattered types. 


Question 6.2 (Rosenstein [209]) If R is scattered and computable, does R 
have a scattered computable extension? 


The classical version is given in Bonnet and Pouzet [25] and Galvin and 
McKenzie (unpublished), and is part of Bonnet’s classification. 
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We remark that it is not totally clear what the correct analogue for Ques- 
tion 6.1 ought to be. As is often the case, a classical theorem can have 
multiple effectivisations. For instance, we can ask if beinz ‘computably well 
founded’ is preserved. Here we say that an ordering A is computably well 
founded (resp. computably scattered) if it has no computable w* sequence 
(resp. does not computably embed n). 


Theorem 6.2 (Rosenstein and Statman (in Rosenstein [209])) There is a 
computably well founded computable partial ordering with no computably well 
founded computable linear extension. 


Proof. Let T be the computable collection of orderings o such that T = U,T, 
defined as follows: 


o€T, iff (St)(Ay) (7 € Wo. and t < s and ¢h(y) > 2e and y Ca). 


Then T is a computable tree and is infinite by Konig’s Lemma. Define the 
usual partial ordering on T via 4, y > o iff y Co. Then *> is a computably 
well founded partial ordering on T since if Q is a branch of T then W. ¢ T 
for any e. 

Let B be a computable linear extension of 7’. Define a2 computable w*- 
sequence Q as follows. At stage s, we choose 6, from leve. s. At stage 0 let 
bop = A. At stage s let P, denote the collection of immediate predecessors of 
Qs-1 = {bo, ... , bs-1} met already in Q,-1. Let a, be the B-largest element 
of P,. Then Q is clearly computable. The claim is that as4; <g @s for all s. 
If a, <p 54; then as4, ¢ Q; for all t < s. But as4, € Qs, and hence a4, is 
an immediate predecessor of a,, So ds <4 G54 and we are done. Oo 


Question 6.3 (Rosenstein [209]) What is the situation wita computably scat- 
tered partial orderings? 


Rosenstein (208, 209] observed that one can resurrect effective versions 
using the arithmetical hierarchy. 


Theorem 6.3 (Rosenstein [209]) Let R be a computable partial ordering. 
Then 


(i) If R is computably well-founded, it has a Az compuiable well founded 
linear extension. 
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il) If Ris computabl scattered, it has a Ad computably scattered linear 
y 
extension. 


Proof. (i), for example. One constructs an extension of R ensuring that if 
W. = {ao, a,,...} is infinite then for some 2 < j that aj <g a;. Using a 
priority argument, this needs only a Ag oracle. Oo 


Question 6.4 Js A» the best we can do here? Can it be replaced by II, ? 


One can also ask in Question 6.4 what degrees such extensions might have. 
There are many other preservation properties of linear extensions for which 
one might ask the effective content (see Bonnet and Pouzet [25]). Another 
topic of interest here is: 


Question 6.5 Classify the computable partial orderings with exactly one 
computable linear extension. 


Recently Slaman and Woodin [225] considered the question of finding 
necessary and sufficient conditions for a poset to have a dense linear exten- 
sion without endpoints. (This was a question of Log.) Slaman and Woodin 
demonstrated that the problem has no simple solution by proving: 


Theorem 6.4 (Slaman and Woodin [225]) 


{ € | W, is a computable partial ordering of w and 


there is an endpoint free dense linear extension of w.} 


is Ut complete. 


The proof of the above would take us beyond the scope of the present 
paper, and involves coding a new II} set which Slaman and Woodin call 
“almost perfect well founded trees”. 


The next topic we turn to is the topic of dimension. The computable 
dimension of a poset A is the least d such that A can be computably embedded 
into Q*. This corresponds to the classical notion of dimension introduced by 
Dushnik and Miller [61] since all countable linear orderings are embeddable 
in Q. As we might expect, the Dushnik-Miller theorem has a number of 
effectivisations, even for two dimensional partial orderings (2-dpo’s). The 
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2-dpo’s have been studied quite extensively (see e.g., Kelly end Trotter [109], 
Trotter and Moore [238], Baker, Fishburn and Roberts [14]) and as the ‘next 
simplest’ poset beyond a linear ordering, their combinatorics and computable 
combinatorics are of some interest. Manaster and Rosenstein [149] initiated 
the study of computable 2-dpo’s. The notions of computable 2-dpo and 
computable poset with computable dimension two are quite different as we 
will see. 


Theorem 6.5 (Manaster and Rosenstein [149]) There is a computable 2-dpo 
that does not have computable dimension 2. 


In fact, Manaster and Rosenstein improved Theorem 6.5 to show: 


Theorem 6.6 (Manaster and Rosenstein [149] There is a computable 2-dpo 
B that is not isomorphic to a computable subordering of Q. 


Lemma 6.7 (Manaster and Rosenstein {149]) There is a sequence of finite 
2-dpo’s, none of which is embeddable in the other. 


Proof. Let n > 4 and let D, be the ordering of the 2n+1 points d,,..., dn, 
Gis -++5Qn-15 Pi, P2 ordered by the transitive closure of: 


qi < d; and q; < diz; for l <i<n 
d; <p, for 1 <1 <nand d; < pp forl<j<v2. 


It is routine to show that if D,, is embeddable into D, then m = n. oO 


Proof of Theorem 6.6. The argument is quite elegant. The plane is 
divided into a sequence of disjoint boxes B,, By,,.... Into .3, we put all of 
the points of D3n4; fori € {1,2,3} where {D; : j > 4} lists a computable set 
of 2-dpo’s of Lemma 6.7. Use the even numbers to do the Ctddelization. B; 
may contain two additional points. The only new relations are determined 
by the construction and that if <j and x € B; and y € B; then x <g y. 

Let W and V be two computably enumerable computubly inseparable 
sets. That is WN V =@ and there is no computable set R with W C Rand 
ROV =@. (These are easy to construct. At stages s, if W, 1W.,, = @ and 
there isa z € W.,,, z ¢ V, and z > 4e, put z into W,4, — W, (similarly V,) 
and let W =U,W,, V = U,V;). 


The picture of B,, is: 
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At stage s, if n occurs in W, or V, the first two odd numbers not used are 
placed in B, as marked. In detail, ifn € W,, the first point is placed above 
all points of D3n4; and D3n42 but made incompatible with D3,43 and the 
second placed above all of D3n41; and D3n43 but incompatible with D3n4o. 
If n occurs in V, the first of the two points is placed above all the points 
of Dgn42 and D3,43, but incomparable with D3n,4; whilst the second above 
D3n41, and D343 but incompatible with Dsgp42. Clearly R so construed is 
computable. Moreover it is a 2-dpo via the representation Bj < By < --- 
with B* described as follows. 


BY = Dangi < Dantj < Danse if nEWUV, i#j FE (1, 2, 3} 


Bt = with 2 #7 and 
ss 1,7 € {2, 3} ifn ew 
Bt = with 7 #7 and 


1,j€{1, 2} ifneVv 


Suppose now that B is isomorphic to a computable subset A of the plane. 
We claim that we can computably separate W and V by a set R. Search 
B until subsets D3,41, D3n42, D3n43 are found with Ds,,; = Dsn4i- These 
clearly must exist. Moreover, by the construction of B, we know that they 
must be in the orientation given by the By’s. Let P; be a point of D4,,,;. 
Determine which is left uppermost and which is right lowermost, and let P; 
be the last one. If ¢ = 1 put n € R otherwise put n ¢ R. Ris then a 
computable separator of W and V. Oo 


A similar argument will show: 
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Theorem 6.8 (Manaster and Rosenstein [149]) There is a computably enu- 
merable subordering of Q? not isomorphic to a computable one. 


(This should be compared with the corresponding situation for linear 
orderings.) While Q is not the universal object for 2-dpo's, Manaster and 
Rosenstein did manage to find one. 


Theorem 6.9 (Manaster and Rosenstein [149]) There ts a computable 2- 
dpo, U such that if R is a computable 2-dpo then R is isomorphic to a 
computable subset of U. 


Sketch Proof. Use an infinite set of boxes B; as before, now each containing 
an infinite computable set R. = {b§, bf, ...}. We split B. into two portions, 
one for ‘padding’ and one to embed L,, the e-th 2-dpo (which may be finite). 
We declare all the points in the lower portion to be less than those in the 
upper. At stage s we put 68 as part of an w-sequence in t.1e lower portion 
if no new element occurs in L,,,. If a new element occurs, put it in the 
appropriate place in the upper portion to keep it isomorphiz with L,,. O 


Manaster and Remmel [147] made similar investigations into dense com- 
putable 2-dpo’s. Since our concern is mainly with linear orderings we shall 
be rather brief here. By a dense 2-dpo we mean one that ‘s isomorphic to 
a topologically dense subset of Q?. Some special dense 2-dpo’s are Do, a 
computable subset of Q? with no 2 points collinear (this characterises D2 up 
to isomorphism (see Manaster and Remmel [146]), and Dj""" where this is 
the result of augmenting D2 by m horizontal and n verticzl lines (in some 
computable fashion). Dz is like a universal structure for computable dense 
2-dpo’s. 

The density of a 2-dpo adds quite a lot of room for manoeuvring. For 
instance, in contrast to Theorem 6.6 we have via a Cantor back-and-forth 
argument: 


Theorem 6.10 (Manaster and Rosenstein [149]) The following are equiva- 
lent for a dense 2-dpo P 


(i) P ts computably isomorphic to a computably presented 2-dpo. 
(ii) P is computably isomorphic to a computable subset of Do. 


(iii) P is isomorphic to an computably enumerable subset of D2. 
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Proof. Evidently (11) = (iii) = (i), so we need only show that (i) = (ii). 
In Manaster and Remmel [147] it is shown that the coordinate orderings 
<1, <s for dense 2-dpo’s are definable in the theory of dense 2-dpo’s via 
constants 7 and j which are interpreted as incompatible, 7|p 7 and agreeing 
1 <1 J <2 7. So we can view r <; s meaning r is left of s and r <2 s means 
r is below s. It is not necessary that <, and <2 be computable just because 
< is, but Manaster and Remmel show they are computably enumerable as 
follows. Define z <j y to mean x <; y V(x =; y and gz <2 y) and similarly 
«<j y to mean x <2 y V(x =2 y and x <, y). Then one can show that <} 
and <3 are computable using the fact that < is computable as <j} and <j are 
both computable, we can define a computable f with x <j y iff f(x) <x f(y) 
in D2 for k = 1, 2 via the density of Dz. This allows us to show that f(P) 
{in D2) is computably enumerable and hence f(P) is computable. Oo 


This proof also shows that a dense 2-dpo P is isomorphic to a computable 
subset of Dy iff P is isomorphic to an computably enumerable subset of Do. 
The technique of proof would also be able to prove that D is isomorphic to 
a II, subset of Dy iff it is isomorphic to a E44, subset of D2 (as we saw with 
the linear orderings.) 

It is not true that an computably enumerable P is computably isomorphic 
to a computable subset of Dz. Actually, here we need some care with what we 
mean by Dz. Whilst D2 is characterised up to isomorphism, it is not so up to 
computable isomorphism. The key notion is that of a decidable presentation. 
Recall that for a computable model A we say that a presentation is decidable 
if there is a computable procedure R such that given any first order formula 
y in the language of A, R can decide if y is true of A or not. Using a wait 
and see argument, Manaster and Remmel showed the following. 


Theorem 6.11 (Manaster and Remmel [147]) There is an computably enu- 
merable presentation of D2 not computably isomorphic to a computable sub- 
set of a decidable presentation of Do. 


Sketch Proof. We build a computable subset D of Q2 that is isomorphic 
with D2. Let B denote the decidable presentation of Dz. We meet for e € w 


Re: Ye is not a computable embedding of D into B. 


To aid the construction, one builds a A, isomorphic f = lim, f, from D to 
B, in a fashion similar to many of our earlier arguments. 
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The basic idea is essentially the following. If R. is 10t yet (declared) 
satisfied, we wait till there exist a, and 6. with 


(i) fP(ae) = (2e, 2e +1),  fP(be) = (2e +1, 2e), 


(ii) y(ae) | and y3(b-) | (and ¢yé is currently consistent on its domain); 
and 


(iii) Pe(ae) |B pe(be). 


The action is to then make a, 52 b. by moving the f,4, pertial isomorphism 
around, using the density of D2 to do this without disturbing our earlier work 
for any other R;. QO 


The ideas above are elaborated and used in quite a nuinber of the proofs 
of Manaster and Remmel [147], giving results such as: 


Theorem 6.12 (Manaster and Remmel [147]) 


(i) Q* is decidably categorical (i.e., any two decidable presentations of Q? 
are computably isomorphic) and so is D2. Furthermore, if P is a 
decidably presented dense 2-dpo, then P is computably isomorphic to 
a computable subset of a decidable presentation of Q?. 


(ii) Q? is not computably categorical but Dy is (so all computable presen- 
tations of D2 are decidable ones). 


(iii) Dy° is decidably categorical but not computably categorical. 


(iv) For any p and q with p+q> 0 there exists a computably rigid com- 
putable presentation of D3'*. (Note that D?'" has 2%° classical auto- 
morphisms; and D2 is not computably rigid (via Cantor)). 


We remark that the proof of (iv) requires a much more elaborate finite 
injury priority argument. The positive results above are proven by back- 
and-forth arguments. For more on dense 2-dpo’s the reader is referred to 
Manaster and Remmel [147, 146]. 


Remmel [190] and Metakides and Remmel [161] have some other work 
associated with dense 2-dpo’s. Again this is rather outside the scope of this 
paper, so we restrict ourselves to a few brief comments wih respect to the 
flavour of this work. 
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The computably enumerable sets form a lattice € which has been exten- 
sively studied. The main approach is to study the quotient lattice €*, that 
is, E/ =*, where 


A="B iff |(A—B)U(B-—A)|<o. 


One seeks to understand the relationships between the structure of € and 
the computably enumerable degrees. On the other hand, when we look for 
the analogue of €* in other computable structures, =* is often not the cor- 
rect notion. For instance, in the lattice of subspaces, the analogue of =* is 


“ = modulo a finite dimensional piece”. 


Metakides and Remmel [161] introduced a notion (in a general position 
(i.g.p.)) — corresponding to the notion of infinite/coinfinite in € which 
pertained to a wide class of decidable models M including, for example, Q 
and Dz"’" (and N). In this paper and subsequently Remmel [190] a number 
of satisfying extensions of results for € were obtained. We give only one 
example. A set A in the model M is said to be i.g.p. if for every infinite 
set X C N definable from finitely many parameters of M, both XM A and 
X — Aare infinite. A set A C M is called cohesive (i.g.p.) if A is i.g-p. and 
for any computably enumerable set W C M either WO A or A — W is not 
i.g.p. (in € a set A is cohesive if for all computably enumerable sets W either 
IW A| < oo or |A—W| < ov). 


Theorem 6.13 (Metakides and Remmel [161]) Jf M is appropriate, as 
above, then M has a co-computably enumerable cohesive set t.g.p. (this gen- 
eralises the well-known result of Friedberg {73] for €). 


Returning now to the main line of this section, we have seen that com- 
putable dimension and dimension are quite different. A famous classical 
theorem of Dilworth [47] asserts that if D is a poset with finite width n (i.e., 
the largest antichain has size n) then D can be written as the union of n 
disjoint chains (and, indeed, the dimension of D is thus < n). 


Following Kierstead, McNulty and Trotter [122], we call the least n such 
that D can be written as the union of n disjoint computable chains the com- 
putable chain covering number. The exploration of the connections between 
these notions leads to some fascinating and rather complex combinatorics. 
Kierstead et al [122] improved the Manaster-Rosenstein result Theorem 6.5 
to show: 


918 R. Downey 


Theorem 6.14 (Kierstead, McNulty and Trotter [122]]) There is a com- 
putable ordered set A of width 3 with computable chain covering number 4 
and no computable (finite) dimension. 


One of the key notions we will need is that of a comprtable realizer. We 
say that (LZ,,..., Ln) is a (computable) n-realizer for a computable P if 
P=L1,N---NL, with the L; all computable linear order'ngs. 


Proof. To prove Theorem 6.14 we must build a computable ordered set A 
of width 3 and computable chain cover number 4 to meet 


R. : A # (yep ts 


where L; denotes the i-th computably enumerable linear ordering and D, 
the e-th canonical finite set. That is, we diagonalise over all computable 
realizers. 


For a single R, we proceed as follows. We begin to build chains C; and 
C2 as described in the diagram below. 


b 
oat 2 
ag b, 
a 
ae 
e@ e 
$ . 
H 
a ae 
C; C2 


Following Kierstead, McNulty and Trotter [122] define pairs (x, y) and 
(p, q) to be pointlike (relative to D.) if  < y and p < q (in A) and for all 
1 € D. either q <; z or y <; p where <; denotes the order relation on J. 
When we add az4; and by42 we wait to see if the pair (a4, ak41), (be, de41) 
is pointlike before we define az42 and by42. The goal is to find a pointlike 
pair (ax, G41), (bs, be41). If we find such k we meet R,, as follows. We 
enumerate z € C3 and w € C4 as follows: 
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R 


ak+1 by 


ar bey 


Now suppose in some L; we have z <; w. then as the pairs are pointlike, 
either by <; ay or bg, <j; G41. If, for instance, b, <; a, we have z <; w <; 
by <; ay <; z. From this it follows that in any L; we must have w <; z and 
hence A # Nep, Li. 

It suffices to show for a single R, that a pointlike pair must exist. After 
the pair (a;, b;) is added, let m; denote the number of L; with i € D, such 
that a; ;> 6;. Then assuming we are consistent with A = Niep, L; we must 
have 1 < mj; < |D.| — 1 for all 7. This follows since a; |6; so a; ;> 6; for 
some i, but not all z. (Of course if this fails, we simply stop and win R, 
outright.) We know that aj;4, > a; and 6; > 6;4; in A. Hence if a; ;> bj, we 
have aj41 ;> 6;41. Thus m; < mj41 and hence, by the pigeonhole principle, 
for some k < |D,| we have mg = mui1. For this k, (a4, ae41), (bg, be41) is 
pointlike. 

To complete the proof, it suffices to say how to combine the R,’s. But 
this is easy. Split the construction into infinitely many levels with R, working 
(locally) at level e (which can be thought of as a box in which we meet R,). 
We declare the boxes ordered in A via box e < box f if e < f. Finally note 
that C; UC,UC3UC, = A. O 


At this stage, we remark that the results of Kierstead et al [122] and 
Kierstead [117, 120] all had proofs cast in the language of computable game 
theory. Here we choose not to do this since we would like to give an alterna- 
tive view. Most (all) of the constructions of recursion theory or computable 
combinatorics can be recast in this way, but it is not clear if such an ap- 
proach yields greater insight. There is some evidence each way. We remark 
that Theorem 6.14 leads to a fundamental question. 


Question 6.6 What are the precise relationships between W(A), the width 
of A, C(A), the computable covering number of A and d(A), the computable 
dimension of A? 
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The reader should recall that in Manaster and Rosenstein [149] produced 
a computable 2-dpo that was not even isomorphic to a computable subset 
of Q*. Theorem 6.14 leaves open the following question. 


Question 6.7 Is there a computable A of finite width such that A is not 
isomorphic to a computable subset of Q” for any n? What about computable 
ordinals n? 


Also, 


Questions 6.8 


(i) For a given n, what values can d(A) assume for A of computable width 
n? Is each m > n possible? 


(ii) What happens if A is dense? 
Kierstead et al [122] observed that the poset of Theorem 6.14 has many 


induced suborderings that are 3-crowns. Here an n-crown is a collection of 
2n points forming the following Hasse diagram. 


Using an elaboration of the idea of pointlike pairs of Theorem 6.14, these 
authors showed: 


Theorem 6.15 (Kierstead, McNulty and Trotter [122]) Het c > 1. There 
exists a computable crown-free poset A with c(A) < c such that d(A) > 


c(°; ') where t = [(c—1)/2}. 


Kierstead [120] points out that it is not clear if one neecs to exclude only 
3-crowns in Theorem 6.15. 


Question 6.9 Is there any condition we can put on A to ensure, for in- 
stance, d(A) < w(A) or d(A) < c(A) or cA) = w(A)? Also, if c(A) = 
w(A), is it true that d(A) < co? 
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One class of orderings that has attracted some attention are interval 
orderings since these form a relatively well understood subclass of the crown- 
free orderings. For the reader unfamiliar with the notion, one characterisation 
is that P is an interval ordering iff P has no subordering of the type given 
below 


The name actually comes from the manner in which such orderings can be 
represented. In the negative direction, Hopkins improved the results of Kier- 
stead et al [122] for interval orders: 


Theorem 6.16 (Hopkins [100]) There are computable interval orders of 


width w and computable dimension [uw]. 


Sketch Proof. Let A be an interval onus Define, for z € A, 
Gi) U2) ={ys.@ <yhand D(z) ={y 2 y< sh}, and 
(ii) U.(x) = {y : U(x) C U(y) and x # y} and 

(iti) D*(z) = {y : D(x) C D(y) and y F 2}. 


We call an element down (up) in a linear extension L if z is less (greater) 
than all elements of D*(x) (U.(x)) in L. Given w, we must build A of width 
w to meet 


Re: Ift = [$w]-—1 and |D,| =¢, then A#[),-p Li 


For the discussion of a single R., we will simply let D. = {1,... , t}. 

The initial play is to build hw element antichains A and B with B < A. 
Now we wait until £;--- L; covers these elements. Define f(m) (g(m)) 
to be the unique element of A(B) that is down (up) in L,. Now we appeal 
to the following combinatorial hashing lemma. 


Lemma 6.17 (Trotter and Munroe (239]) [f f and g are functions from 
{1,...,t} to {1,..., w}, where t = [4w] — 1, then there exist i,j € 
{l,..., w} such that f(m) =7 and g(n) =j implym=n. 
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By Lemma 6.17 there are a € A, 6 € B and m with a only down in 
Em and 6 only up in L,,. Then we win by putting a new point qg below all 
elements of A except a and above all elements of 6 except b. Then in L», it 
must be that c < a and 6 < ¢, this is a contradiction. 

The strategies again fit together in the obvious way. Oo 


Before we look at any further negative results, we will now examine a 
rich collection of very surprising positive results. We begin with Kierstead’s 
effective version of Dilworth’s theorem. 


Theorem 6.18 (Kierstead [117]) A computable ordered set A of width m 
has computable chain cover number < (5™ — 1)/4. 


Proof. The argument is quite complex and is described in great detail 
in [117]. Another account is given in Kierstead [120]. We will only sketch 
the details following Kierstead [120]. The argument is proven by induction, 
and the strategy is given by recursion. 

Let n = (5 — 1)/4, and suppose the result for all computable orderings 
of width < m. Suppose A has width m+ 1. Let k =: (5™t! — 1)/4 = 
1 +5(5” — 1)/4. We need to construct chains Cy, ..., Cy. These we label 
as B, Ci,;,1<1<n, 1< 3 <5. At stage s, the idea is to try to put s 
into B. If we cannot do this, we put s into a set Q. On this set Q there is 
a width m computable order R extending A’s orderings 0 which we define. 
This ordering R has certain special properties. We appezl to the induction 
hypothesis to use the strategy for width m orderings to put s into one of 
the n R-chains D,,..., Dn. This is okay by the uniformities of the proof. 
Finally the special properties of A will ensure that if s is sut into D; then s 
is put in one of Cj,1,... , Cj,5 which cover Dj. 


Property 6.1 The exact properties we need for R are that it extends A, 
and (at stage s, dropping the s’s). 
(i) (Q, B) is a partition of A with 
(a) B is a mazimal O-chain 
(b) O12 € RIQ 
(c) D,..., Dm covers Q 
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(d) if «<p z and x|6b|z in O, for some b € B enumerated before the 
latter of x and z, we have x < z in O. Furthermore, if x <y <2z 
in R then y|b in O. 


(ii) (Q, ~) ts an equivalence relation such that 


(a) e~y implies (x < y ory<zxinQ). 
(b) The equivalence classes of (A, ~)| Dj; are conver in R for all j. 


(That is, x,y,z € Dj, r~zand x <y<z impliesx~y and y~ z.) 


ili) For each 7, Cy1,...,Cj5 ts a chain cover of D; in O such that i 
js bs j 
r~y thenxe Cie iff yEeCh x. 


To ensure that these properties hold at each stage the induction goes 
through, the play is as follows. 


STEP 1: 

Giver Oy4 Bos hey Dy cantG D5 L650, By Re Diy: ves Dy at stage 
s, we need to place s. If B, U {s} is a chain, put s into B,41. Otherwise put 
s into Qs41. Now let x <s (s < x) in Ry4, iff one (or more) of the following 


holds: 
(i) 7<s(s<-a)in (A, O) 
(ii) For all 6, c € B if b|x and c|s in O then b <e (c < b) in O. 


(ili) (da € Q)(x < a (a < 2) in R, and (i) and (ii) above hold with x 
replaced by a). 


Now use the inductive strategy to put s into one D;. (Note the verification 
requires us to show that the width of Q,41 remains at m). 


STEP 2: 

Next we need to construct ~541, cet for all |. <4 <n, 1 <9 <5. 
Assume s € D%+". Let s~ (st) be the largest (smallest) element D**" less 
than (greater than) s in Ry41. Extend ~, to ~54; via: 


(i) s is in the equivalence class of s~ if there exists b € B,41 with s|6|s~ 


in (A, 0). 
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(ii) s is in the equivalence class of st if (i) does not per:ain and there is 
b € Byy1 with s|6] st in (A, 0). 


ili neither (i) nor (ii) pertain, then s is in a new equivalence class. 
If neith pert th quival ] 


If s ~s41 x and x € C}, put s into CF: Otherwise put s into Ce 
where e is chosen so that neither of the two equivalence classes over s in 
(Qs41, Resi) f De nor those immediately below s in (Q5.-1, Rsii) | De 
are contained in C;,¢. 

To complete the proof one must give an exact analysis of the construction 
to show that the properties 6.1 are indeed preserved by the construction. The 
details are not difficult, but don’t really give any further insight save to note 
that the conditions 6.1 specifically chosen to allow the induction on stage 
number to proceed. We refer the reader to, in particular, Kierstead [120, 
page 87] where these are all spelled out. oO 


Szemeredi gave a lower bound for Theorem 6.18 via the following which 
examines the effective content of Mirsky’s [163] dual to Dilworth’s theorem. 


Theorem 6.19 


(i) (Schmerl, see Kierstead [120]) Every computable ordering of finite 
a) 


height h (i.e., the longest chains have size h) can be covered by ( 9 


computable antichains. 


(ii) (Schmerl, see Kierstead {120]) For all h there is a computable ordering 
of height h that cannot be covered by fewer than (" zt 


3 ) computable 
chains. 


(iii) (Szemeredi, see Kierstead [{120]) In (ii) we can choose the counter- 
examples to have computable dimension 2. 


Proof. 


(i) Let P have height A and let n = es yi, We construct antichains 
A,,..., An to cover P. Label the antichainsas A, ,()< dtu <h-1l. 
At stage s, put s into Ae where d is the length of the longest chain 
in P,41 strictly below s and u is the length of the longest chain strictly 
above s. To complete the proof we need only argue that A is an 
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antichain. Suppose, for instance, s < x. Then there is a chain of u+1 
elements strictly above x. So s ¢ Am after all. 


(iii) (Sketch.) We must build (P, R) with computable realizer (£1, L2) 
to diagonalise over all sets A,,..., Ay of computable antichains with 
n= ex — 1, and this is done by induction on h. Let h = g+1. 
For a particular A,,..., A, we proceed as follows, again following 


Kierstead’s account [120]. We concentrate on a single requirement. 


At stage s, the construction is in two steps, with P = P, NM Py where P; 
are the sets of points added in step 1. In step 1 our goal is to arrange 
that the top A points 7, of P? in Li are all incomparable in R, yet we 
force all the elements of T, into different antichains. 


To achieve this, suppose the points Q% from P? have been played so 
that P| Q* has height <r, that the top r points T? of Q% in L, are all 
incomparable in R and we’ve forced exactly r antichains from Aj--- A’ 
to cover Q%, each of which has an element of T’. Now we add new points 
C1,.-.,¢; into PY one at a time so that c; is the (r + 1)-st point of 
L} and the top point of Z§ (currently) until the requirement is forced 
to put some c; into Aj. This occurs by the point when c; is in a chain 
of length r+ 1 as c,---c; is a chain. In this way via the substeps r we 
get to the first goal. 


In the second step we ensure that (Pj, R [| P}) has height g, every 
element of Py is under every element of 7, in R, and incomparable in R, 
to all elements of P? — T;; finally at least Gs yi computable antichains 
are needed to cover P3. It then follows that we can get A; --- Ap since 


we'll need h + gy ) of them to cover and h + Cs ') = ( “5 ": 


To achieve this second goal, we simply use the inductive strategy we 
used for g, defining the new ordering in the obvious way: all new points 
x in P are over ones in P’ — T* and under all points in T, in L* and 
putting x under all points of Pf in L3. 


Again, there is no problem with using the layering technique here so 
the strategies combine as usual. oO 


Corollary 6.20 (Szemeredi (1982), in Kierstead [120]) For any m there is 
a computable ordered set of width m that cannot be covered by fewer than 
Ce. ') computable chains. 
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Proof. We use Theorem 6.19 (iii). Let (P, R) be computable dimension 2 
computable ordered set with computable antichain number i + Ne Define 
P* to be (P, £, 9 £3) where L3 is the dual of Zz. A is a chain (antichain) in 
P* iff A is an antichain (chain) in P. The width of P* is m and P* cannot 
be covered by < aes 5 computable chains. a 


Using a different argument, Kierstead improved Corollary 6.20 for m = 2. 


Theorem 6.21 (Kierstead [117, 120]) There is a computable poset of width 
2 which cannot be covered by fewer than 5 computable chains. 


Other results in this area complement our earlier negative ones as follows: 


Theorem 6.22 (Kierstead, McNulty and Trotter [122]]) "very computable 
crown-free ordering which can be covered by at most c computable chains has 
computable dimension at most c! (compare with Theorem 5.15). 


Theorem 6.23 (Kierstead and Trotter [123]) Every computable interval or- 
der of width m can be covered by 3m — 2 computable chains, and there 
are computable interval orders that cannot be covered by fewer than 3m — 2 
computable chains. 


Theorem 6.24 (Hopkins [100], see Kierstead [120]) Every computable in- 
terval order of width m has computable dimension at most 4m —4 (compare 


with Theorem 6.16). 


The arguments above, particularly Theorems 6.22 and 5.23 are quite in- 
volved and we don’t have space here to give a fair treatment of them. The 
reader should consult particularly Kierstead [120] for details. One last result 
we will prove is the following that says the width, compuiable chain cover 
number c and dimension are related if the computable dimeasion is bounded. 


Theorem 6.25 (Kierstead, McNulty and Trotter [122]) If (P, R) is a com- 


putable ordered set with d(P) = d and P has width m, then <(P) < a ae 


Proof. Use induction on d. Let d=e+1 and L,,..., L.-1 a computable 
realizer of P. Let Q = £1,N---N L.A Lt,, with Lt,, the dual of Ley. 
Then Q has height bounded by m. By Schmerl’s result, A can be covered 
by ee ‘) computable antichains, so P can be (in Q). If A is a computable 
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antichain in Q then P [ A is a computable ordered set of width < m and has 


realizer (Ly [ A,..., L. [ A). Now we can use the induction hypothesis 
to cover each of the e - _ computable antichains covering P by Wend hie 


computable chains. 


We close with a few comments and a list of further questions. First 
Kierstead pointed out that there is a huge gap between Szemeredi’s quadratic 
lower bounds and the exponential upper ones (for c(P)). 


Questions 6.10 


(i) (Kierstead) Let b(m) be the maximum c(P) over all computable P of 
width m. Is b(m) polynomial? What is b(2)? 


(ii) (Kierstead, McNulty and Trotter) Js d(P) finite if P has finite width 


and is 3-crownfree? 


Another possible approach is to examine dimension and covering numbers 
in terms of the arithmetical hierarchy. For instance, we would define the H,, 
dimension (of A) to be the least m with A = £1,N---NL, and the £; all II, 
linear orderings. (Similarly we could do this for covering number.) 


Question 6.11 Investigate this notion. For example, is there a finite n with 
the II, dimension of an ordering the same as the classical dimension? 


Question 6.12 How do the (degrees of) realizers relate to known notions in 
recursion theory such as II} classes, etc., (e.g., Jockusch-Soare [104]) and to 
reverse mathematics? (See Simpson [222]; for related results see Hirst [98].) 


7 Degree-Theoretical Results, Jump Degrees 
and Worker Type Arguments 


We return now to the problem of assigning a degree to the isomorphism type 
of a linear ordering. The natural approach is to define the degree of an order 
type to be the minimum of the degrees of the orderings of that type. By 
Richter’s [201] result we met in Section 2 we know that if an ordering has a 
degree a then a = 0. There are a number of possible extensions to this idea 
of degree which are useful for order types, and we shall look at some in this 
section. The first was suggested by Jockusch. 
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Definition 7.1 Let A be a structure. Define the n(-th jump) degree of A 
(for n a computable ordinal) to be min{(deg(B))™ : B & A}, where al”) 
denotes the n-th jump of a. 


We shall say an ordering A has proper n(-th jump) degree a if A does 
not have k-degree for any k <n and A has n-degree a. Julia Knight asked 
if a linear ordering could have proper 1-degree 0’. The reader should note 
that this is of some technical interest since the Feiner coding techniques 
of Section 2 (see Remark 2.1) construct II, orderings not isomorphic to low 
orderings. Here the reader should recall that a set A (degree a) is low if A’ =r 
@’ (resp. a’ = 0’). This question was answered affirmatively by Jockusch and 
Soare, who introduced a new idea into these studies: the idea of separators 
with requirements played between them. This idea has some reflections in 
some of the earlier work of Watnick and Lerman but is rather different. 


Theorem 7.1 (Jockusch and Soare {107]) 


(i) If B is computably enumerable and B #7 @, then there ezists a linear 
ordering A with A =z B such that if C = A then C #7 @. 


(ii) In particular, if B is chosen low then it follows that there is an A of 
proper 1-degree O’. 


Proof. We first sketch the proof without permitting (whica keeps A <r B). 
We build a II, ordering A (C Q) so that 


Re: AFW.. 


First we concentrate on the basic module (for a single R.). To meet R,., we 
play a game with W,. We first enumerate a point dp in A and wait till there 
occurs some point bp in W,. Now we proceed as follows. We begin to build 
an w* sequence in A,, a? ya te as <° a} <° dp until W, responds with a 
point b; < bo. Note that if no such b; occurs in W, then we win R, as every 
point in A has infinitely many predecessors yet bp does not in W,. Now if W, 
responds at stage s; with b; < bo in W.,,,, we define all of 17 (5) re ee 
to be equal and define aj' > ao and begin a new w* sequence in A immediately 
above ao but below a‘ as below in Figure 9. 


ay <' Gig <' os < ah. 


Figure 9. 
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Again we wait for there to occur some 2 < bo in W,,,, for some s2 > 8}. 
If no such 62 occurs we win as A has order type | + w* yet bg is not the 
last point of W, but it has only one predecessor. The inductive strategies 
continue in the obvious way. That is, at any stage g we have 


ao < a < ay << Oey < ag) Kors aly SP a. 


Now if ever W. does not respond then we build a (k — 1) + w* sequence for 
A and win as bo has k predecessors. If W. always responds then we win as 
we build an w sequence yet bp has infinitely many predecessors. 

The above concludes the basic module. Now to put the actions together 
for many R,, Jockusch and Soare came up with the novel idea of a static set 
of separators. The final order type of A will be of the form 


Ay Sy Ag oe a 


where S; is 1+7+1+7+1+7+1. Now if W, = A then we must have 5; for 
all 7. The idea is that we use the interval between S,_,; and 5, to meet R,. 
Suppose W, & A. Let (a, 6, c, d) represent the separator 5; in W,.. That is, 
(a, b, c, d) are the points with a the left 1, (6, c) the i + 2-block and d the 
right 1. Then the relation 


R(a, 6, c,d) = “(a, b, c, d) represent S; in W.” 


is a Ig relation uniformly in 7, and so we can handle it on a I], tree of 
strategies, as in Watnick’s theorem of Section 6. 

Thus for the e-module we attempt to do the basic module between S,_1 
and S.. Now in W, we guess the quadruples gq, and q2 (or more neatly, the 
pair (q1, g2)) corresponding to S._,; and S,. Based on this belief we proceed 
as above, building A. The secret is that if ever a guess appears wrong (via a 
higher priority guess appearing correct) we can always cancel our mistakes: 
after all A is not computable so we can declare all the points based on weaker 
guesses to be equal. As usual, guesses that are too strong give only finitely 
many points wrong and by this observation the others don’t matter so the 
tree qi, g2 can be used to win, if they exist. 

We keep A <r B as follows. We only ask that if B,[k] = B[k] andj <k 
then a; <* a, implies a; < a, in A. That is, we can only change the ordering 
if the indices are permitted. This is an essentially routine modification. For 
instance, for ag we build our w* sequence at each stage s, 


Qn(s) <Fo-es <P ay <* a 
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until we see some m < n(s) with bn < bn-1 < +--+ < be < bo and Byii[m] # 
B,|m]. Then we cut the ap-predecessors back to 

Ong OE ase SOE eg IT pa OO a 
This clearly causes no real hardships and we need only note that if points 
are placed for a and later for 6 and a <z, £ then the points for 6 are bigger 
than those for a. Thus there is no real interference caused by the various 
e-modules between S,_, and S,. One point that shoulc. be noted is that 
the R.-module must act at other than stages when it looks correct, in the 
“cutback” sense. We must only ensure that new points are defined only at 
stages when it looks correct. 


The proof outlined above only gives A <7 B. To get .4 =r B, Jockusch 
and Soare proved the following: 


Theorem 7.2 (Special case of Knight (124, Theorem 4.1]) Let B be any set 
and suppose A is a linear ordering with A <r B. Then thereisaC 2A 
with C =P B. 


Proof (Jockusch and Soare [107]). We code B into C. To do this we ensure 
that, for all k, cor <c Corgi iff k € B. Define an isomorphism f via: if 
(k € Biff aon <a dongs) let f(aon) = con, f(@ae41) = Corgi; otherwise, let 
f (a2x) = Cok41 and f (241) = Cok. O 


The reader might wonder if the hypothesis that B has computably enu- 
merable degree is necessary in Theorem 7.1. If a set B <7 9’, we know that 
it has a computable approximation by the limit lemma. This leads to the 
technique of “A, permitting”. We have already seen this in the proof that 
if A is a A» linear ordering then A is isomorphic to a TH; one. However, we 
recall what this means. We have B = lim, B, with B(x) # By41(x) only 
finitely often. We then construct C <r B by simple A>, permitting by asking 
that if B,[z] = B[z] then C,[z] = C[z]. Basically this mears that if we think 
we have a permission we can do something. Then if later this permission is 
withdrawn, then we must “go back”. We must ensure that the construction 
works in the “true stages” of 6’s enumeration. The details are a little messy 
but, using this idea, the author, and, independently, D. Seetapun showed the 
following: 
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Theorem 7.3 (Downey, Seetapun) /f a is a Ay nonzero degree then a con- 
tains a linear ordering isomorphic to a computable one. 


Julia Knight improved some earlier work of Ash, Knight and Jockusch to 
show that a consequence of Theorem 7.3 is 


Theorem 7.4 (Knight) [f a 4 0 is any degree then a contains a linear 
ordering not tsomorphic to a computable one. 


Proof. Let C be given. We show how to construct an ordering computable 
from C' not isomorphic to a computable one. The proof splits into 3 cases. 


CASE 1, @” <7 C”: This case uses some work of Ash, Jockusch and 
Knight [9], (or of Lerman [138]). Define the o(X) to be the “shuffle sum” 
of X consisting of densely many copies of N and of n for n € X. Then it 
turns out that o(C” @ C”) can be chosen to have degree X (using a proof 
similar to Watnick’s Theorem), and cannot be isomorphic to a computable 
linear ordering since @” <z C” (see Ash, Jockusch, Knight [9] for details.) 


CASE 2, C <7 @' and is noncomputable: This is the Downey-Seetapun 
Theorem. 


CASE 3, C"” =r @” and @' <7 C’: Using Case 2 in relativised form, we see 
that C’ contains a linear ordering A not isomorphic to a computable one. 
Then y(A) can be chosen to have degree C' and cannot be isomorphic to a 
computable ordering. Oo 


The reader should note that the Jockusch-Soare Theorem produces a IT, 
linear ordering. Richter’s result also shows that if A is any A» linear ordering 
with A #7 @ then there is a Ag linear ordering B with B = A and B 7 ZA. 
The only hope therefore of any degree for I], linear orderings is perhaps to 
define the II, degree of A to be: 


min{deg(B) : B is a I], linear ordering and B ~ A}. 


Theorem 7.5 (Downey, see Downey and Moses [59]) /f a is any computably 
enumerable degree, then there is a I; linear ordering with II, degree a. 


Proof. This was not actually written out in Downey and Moses [59], but we 
give a sketch here. This uses a variation on the technique of Theorem 7.1. 


We build A =/,A, with: 
R.: W.2A implies B <r WwW. 
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where B is a given computably enumerable set. To make life easier, we 
replace B by C = U,C;, defined as follows. Let f(w) = B bez. 1-1 computable 
function. At each stage s, let c;,, list C, in order. Define 


Cy41 = C; U Leyia\e peng Chisiceal: 


Then C =r B and has nice properties (“retraceability” is the one we are 
interested in). 

For a single R,, we build a reduction [(W.) = A if we fail to ensure that 
W. # A. We make A =r B so this does the job. Again we begin by building 
an w™ sequence below ao. Until W.,, “responds appropriately” we then act 
in the coding mode. That is, we have ays),5, y--+  @j,s5 @j-1,s) +++ 5 40,85 
and have a;,, the coding location of 7. Now if 7 occurs in C, — Cy_1 (and so 
all y in C, with s > y > 7), then we set aj,, = a;-1,5- (We assume 0 ¢ C.) 
Clearly if Wed does not act and this is the only action, then this section is 
=r B. Since some W, are empty, this keeps A >r B via I’ as we will see. 


Now as in Theorem 7.1 we need do nothing different until some j and k 
occur with 7 < k and 


b<---<bEeW., and jE€C,—C,-1 with 7 least. 
rs 0 


If (j, &) occur, then as in Theorem 7.1 we begin our new w* sequence to the 
right of ao. Obviously if this repeats without interruption, then we must 
win since W, ¢ A. The trouble is that in our case, W, is not necessarily 
computable, and it too can change. 

First we ask that whilst it appears we’ve achieved a (7, k)—action as above, 
say at stage s, and at stage t > s we see some 2 < 9 occur in C; — C;_; then 
even if bi = 6%, we will still cut the sequence down to aj_,---ao and begin 
a‘ to the right of ao as this action is more likely to succeed. (Note that for 
q > j we are defining a{~’ = ag in this case.) See Figure 10. 


t-1 i- t-1 
G54 Go BW) a; 
becomes 
t t t 
Qi_-y °°" G Gyayga a; 


Figure 10. 
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We can only be interrupted as follows. It may be that b§ enters W. — Wé 
for (many) d<k. A typical scenario is given in Figure 11. 


by < by < & 
—— ee” 
back to 2 below bo in Wed 


Q4,u 43,u 42,u G1,u 40 4150,u °"" G5,u 


unchanged, perhaps since stage s 


Figure 11. 


The idea is that this gives progress on C <7 W,. To implement this, we now 
go back to the original strategy holding atso4m,u41 < Ga, for m = 1, 2,... 
and enumerate an axiom for the reduction I, when W, responds. That is, 
we define ['(djba4m) = 4m,t, for all 2 <m < 150 and T(63 (= bF)) = a;,4, for 
j <2 at the least stage t; when Wet has > 150 elements below bp. Of course 
if C permits below 2 before this, we don’t need to worry, and if C permits 
below 150 before this we can put more of the a;’s below a4. The point is that 
if there are infinitely many unsuccessful attacks trying to win below ag in this 
way, then [ will eventually witness that W. 7 >C. The necessary details fit 
together as before. We should remark that this is a different procedure than 
that used in Downey-Moses [59]. Oo 


We remark that not all I, linear orderings have IT, degrees. 


Theorem 7.6 (Downey) Given computably enumerable C #7 @, there is a 
Il, linear ordering A <7 C such that A is not computable and A has no II, 
degree. In fact, the Jockusch-Soare ordering of Theorem 7.1 has this property. 


Proof. We build C, = lim, C.,, to meet: 
Re: W. =r @ or there is a II, C. with C. & A and W. £7 Ce. 
We split R- into infinitely many R.. ;: 
R.: W. =r @ or there is a I, C. with C. & A and (Vi)(Re,;) with 
Ret ®(Ce) # We. 


’ 
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Let l(e, i, s) = max {zx : (Vy < 2)(%;,5(Ce,s; y) = We,s(y)}. We shall use 
Sacks preservation on u(e, 7, s) = max {e(;,,(C.,5; 2): 2 < le, i, s)}. To 
do this we will need a II, isomorphism to witness C, = A. That is, we build a 
computable finitely branching tree of possible isomorphisms and the relevant 
isomorphism will be given by the leftmost path so that its graph is II. 

Remember the Theorem 7.1] strategy is to build A,’s between separators 
S; of the form 1+7+j3+7+4+1. The idea is that we will allow (e, 7) to move 
the isomorphism on some numbers z in the field of C.,, (i-e., dom A,) with 
certain provisions. So f, : Ce,,; > As. Now the idea is that if we have f,(z) | 
for some z < u(e, 7, s) we wish to keep z € C.. The trouble of course is that 
fs(z) may leave Ag, i.e., fs(z) € As41. We have only two options. Either we 
delete z from C.,;41 or we shift the isomorphism. The obvious place to shift 
such a f,(z) is into the 7-part of some separator. Then we will never need to 
delete z from C,. Unfortunately, if we do this infinitely often, for some fixed 
A;, then C, will not be isomorphic to A since the “1” from 1+n+i+7+4+1 
may be missing. 

To overcome this problem, we will only allow R,,; to shift f. on A; for 
j > (e, 1). So for Aj with j < (e, 7) we will take the “delete z” option. This 
creates a few problems. Now we only need to build C, = A if W. #7 @. So 
the argument is that such R,,; only have finite effect if W. =r @. First we 
don’t have a problem arguing that ®;(C.) # W. with this: Since the only A; 
that use the “delete z” option (and hence potentially change C, on u(e, 2, s)) 
are those with j < (e, 7), then the II, correct version of R.,; can know exactly 
which of the A; for j < (e, 7) act infinitely often. Since we kaow exactly how 
it will act, we can wait till F;(C.; y) = We,s(y) via j-correct computations 
for j < (e, i). Since j-correct computation can be preserved (by shifting), 
this means that if W. # @, then ®;(C.) 4 W.. 

However, the problems are created by the “false” R.,; (those with incor- 
rect guesses). We focus on k < (e, 7) < 7. The problem comes in trying to 
keep C, & A. For instance, we might have some ®; computation with some 
z < u(e, 7, s) for which we shift the isomorphism so that « is part of a 5; 
separator. We would add some new elements to pick up the A{-computations 
(or Aj;_1 depending on which way we moved f,(z)). The trouble is that some 
z, <z in Af, some k < (e, 2), may be false. So later we remove z; from Aj. 
If this recurs infinitely often for the same ®;-computation (which we meet 
by divergence) we might fail to get an isomorphism on A;. The idea is that 
when this occurs, we delete the new points we added to C.,, and put f,(z) 
back to where it originally was. 
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Using the true path method we can see that this designs a II, isomorphism 
from C, to A provided that we meet the R,,; on the true path. Suppose then 
that for some R,,; we have (e, 7)-correct computations. This in the view 
that. we build a tree of potential isomorphisms and if @ is the true path then 
fg is the correct f. Now if we move f,(z) for an (e, 7)-correct computation, 
we won't need to move it back. If then the true version of R,,; acts infinitely 
often then we see, in the usual way, that W. is computable (to compute W,(z) 
go to a stage where we have l(e, 7, s) > z via (e, 7)-correct computations). 0 


We remark that the above uses Iz isomorphisms which are different from 
all of our other proofs which essentially construct A, ones. It is not clear if 
we can modify the above proof to show 


Question 7.1 Does the Jockusch-Soare ordering of Theorem 7.1 (for any 
C) have the additional property that if B is a Ag and isomorphic to A then 
there isa ,D =A with B <r D? 


Another open question here is: 


Question 7.2 /s there a Il, linear ordering A with no computable copy but 
A has copies of each computably enumerable (Az?) non-zero degree? (This 
seems unlikely. ) 


The original use of the separator technique by Downey and Moses was 
to look at the degrees of successivities in a computable linear ordering A. 
Those authors were motivated by the following questions of Remmel: 


Question 7.3 (Remmel) /f A is a computable boolean algebra, does there 
exists B= A with B computable and the atoms of B of incomplete Turing 
degree? 


Downey [53] has shown the answer to Question 7.3 to be “yes”. 


The corresponding question for linear orderings asks if the successivity 
relation can ever be “intrinsically complete”. 


Theorem 7.7 (Downey and Moses [59]) If A is computably enumerable 
and noncomputable, then there exists a computable linear ordering B with 
S(B) =r A, where S(B) denotes the successivities of B, such that if D is 
a computable linear ordering with D = A then S(D) 7 > A. In particular, 
if Az=r @’ then S(D) =T Q’. 
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Proof. The original proof made direct use of separators. However, armed 
with the Downey-Knight result Theorem 2.9, we can give a proof using The- 
orem 7.5. Recall that this concerned 7(Q) where for a linear ordering Q, 


1(Q) = Qn +2 +7). 


The result was that Q is Ing: iff 7(Q) ts Il, Apply this result via The- 
orem 7.5 to any linear ordering C' of II, degree deg(A). Then B = 7(C) is 
computable and, by construction, $(B) =r A and if D = B is computable 
then S(D) 7 >A by Theorem 7.5 and the iff in Theorem 2.9. Oo 


If we similarly apply Theorem 2.9 to Theorem 7.6 we see 


Theorem 7.8 (Downey) There is a recursive linear ordering A such that 
S(A) does not have a degree. That is, min { deg(S(B)) : B is a computable 
linear ordering with B = A} does not exist. Furthermore, A can be chosen 
with S(A) of any non-zero computably enumerable degree. 


Question 7.4 Develop a theory of “intrinsic degree” for other relations such 
as the block relation B(A) on computable linear orderings. Develop a model 
theoretic setting as in Ash-Nerode [13]. 


There have been some investigations into the interaction of deg(B(A)) 
and deg(A). For instance: using rather more elaborate techniques, based on 
the separator idea, Jockusch and Soare showed: 


Theorem 7.9 (Jockusch and Soare [107]) There is a Il, linear ordering A 
such that (A, B(A)) is of low degree, yet A is not isomorphic to a computable 
linear ordering. 


Jockusch and Soare claimed in [107] that there is no common generali- 
sation of Theorems 7.1 and 7.9. That is, there is a computably enumerable 
degree a # O such that if A is a linear ordering with deg(A, B(A)) < a then 
A is isomorphic to a computable linear ordering. No proof cf this result has 
yet appeared in print. 


Question 7.5 Is there a property P of classical order types that guarantees 
that if A has type rT, then A is low and P(r) holds, then A is isomorphic to 
a computable linear ordering? 
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One property is known: 


Theorem 7.10 (Downey and Moses [59]) Every low (indeed semilow) dis- 
crete linear ordering A has a computable copy. 


Proof. Choose the canonical choice set B for A. Namely, put zo into B if 
zo is the least element in A. Then put z, into B if z, is the least with 2, in 
A but not in the same block as zo, etc.. 

If A is semilow (i.e., {e : We. A # O} <r @’) we then define for each 
triple (x, b, y) an computably enumerable set W,(z,5, y) via 


bE B & (Wx <b)(x ¢€ Aand bE A or (Vy)(Waz,4,4) 1A F B)) 


where g is given by the s-m-n theorem. As A is semilow we know there is a 
computable f such that Wor,5,y) 1A # @ iff |Wycr,s,y)| = co. Thus « € B 
iff (Va < b)(x ¢€ A and b € A or (Vy) (|Woz,o,y)| = 00)) so that B is Ty. 
By Watnick’s theorem, there is a computable Q with Cr(Q) = B. But then 
O= A. oO 


Similarly we can ask for a property P of computable linear orderings to 
guarantee that if B is a computable linear ordering with property P then 
there is a computable A = B with S(A) incomplete. 


Theorem 7.11 (Downey and Moses [59]) If B is a computable discrete 
linear ordering, then there is a computable A = B with S(A) incomplete. 
Indeed, given any A, C £@ we can arrange for S(C) 7 ZC. 


Sketch Proof. Again this uses a modification of the Watnick construction. 
That is, we know B = ¢r for some Iz 7. We then construct A & ¢7, with A 
computable, and ensure that we make ®,.(5(A) # C for any e. This uses a 
II, version of the Sacks strategy of preserving agreements. It is rather similar 
to arguments we have seen earlier, so we omit the details. Oo 


We remark that by Watnick’s and Feiner’s results there are computable 
discrete A with S(A) “intrinsically non-low”. This last result is tight, since 
using any easy finite injury argument one can show: 


Theorem 7.12 (Downey and Moses [59]) /f A is a computable discrete 
linear ordering, then there exists a computable B with A = B and S(B) 
semilow. 
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It is not clear if there is always a B with A = B and 5(B) low. Finally, 
one other direction here is to look at strong reducibilities. For instance: 


Theorem 7.13 (Downey and Moses [59]) [f A is a computable linear order- 
ing then there is a computable copy B of A with S(B) finite or hyperimmune, 
and hence, by Downey and Jockusch [52], not w.t.t.-cuppable (so certainly 
not w.t.t.-complete). 


The proof of Theorem 7.11 is again an easy finite injury argument that 
we omit. 

Returning to our original line of investigation we can ask: what are the 
possible n-degrees of linear orderings? Richter proved that if n = 0 then 0 
is the only possibility. Using an interesting forcing argument with a number 
of applications, one of which is a similar result, Knight proved: 


Theorem 7.14 (Knight [124]) Jf A has 1-degree a then a= 0’. 


The proof of Theorem 7.14 uses a forcing argument which would take us 
a little far afield and so we omit it. We remark that we know of no “direct” 
proof of Theorem 7.14. 

In view of Richter’s and Knight’s results, a possible suggestion would be 
that for all n, if A has n-degree a then a = 0). This is false. It is reasonable 
that it should be false since the coding techniques we have used need two 
jumps to decode. Ash, Downey, Jockusch and Knight proved the following 
definitive result: 


Theorem 7.15 


(i) (Ash, Jockusch, Knight [9]) [f n > 2 is any computable ordinal and 
a is any degree with a > 0! then there is a linear ordering A with 
proper n~degree a. 


(ii) (Downey and Knight [55]) For any computable ordiral n there is a 
linear ordering A with proper n-degree 0). 


Some of the proofs in Theorem 7.15 use a new technique (“workers”) 
which we will describe in the bulk of the rest of the section. 

Nothing really new is needed for finite n (although worker arguments were 
used in, for example, Ash, Jockusch and Knight [9]). Suppose n is finite. We 
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consider (ii) first. Again we use the Downey-Knight result Theorem 2.9. 
Indeed, this is what it was designed for. We already have n = 1 and n = 2. 
Use Theorem 7.6 (or in this case Theorem 7.1) in relativised form to get 
a linear ordering D (= D(X) low ever X, but not isomorphic to any X- 
presentable linear ordering, and such that if Q is any X’—presentable linear 
ordering isomorphic to D then there is an X’—presentable linear ordering 
R=Q such that Q <r R, if we use Theorem 7.6). Now apply this to X¥ = @’ 
via Theorem 2.9. Let P = ¥(D) = D(n +2+4+ 7). We claim P has proper 
2-jump. Certainly the 2-jump degree of P is 0”. Now suppose that P has 
proper 1-jump degree e. Then 0’ < e < deg(D). Let E = P with E’ ee. 
Then E = 4(F), some F = D. Choose Rr F with R ,.2 F. Then (FR) is 
isomorphic to P and has the wrong jump as y(R)! <7 R’. (One can also use 
Knight’s result to get this.) If P has l-st jump degree, it would need to be 
0’ and so P would need a low copy E. Then E = y(F’), some F of degree 0’. 

Now, for arbitrary finite n > 2, we proceed as follows. We have done 
n= 1. For n > 2 choose D low over 0) not isomorphic to a 0" presentable 
ordering and having the additional property of Theorem 7.6. Now we know 
there is a copy of 7(D) <r 0. Applying the 7 operator via Theorem 2.9 
n times we get y"(D) <r 0’. Claim 7"(D) has proper n + 1-degree O("+!), 
Clearly it has n + 1-degree, say a. Then a < deg(D). Applying Theorem 7.6 
we get some B with B = A and deg(B) Z a. Then y"(B) does not have the 
right n-th jump. 

To get (i) for a > 0), we really need to code some invariant set into the 
ordering. For instance, we might attempt to do the following. Let a > 0) 
choose Y with Y” € a and choose linear ordering A with the Theorem 7.6 
property and low over Y’. We'd like then to argue that y(A) has proper 
2-degree Y”. There seems no clear way to show this without more control 
over (e.g.) A, although it may be true. The problem is arguing that Y” must 
be coded into all isomorphic copies of y(A). To overcome this we work with 
new orderings where we have more control over their order type and more 
control over an encoded set (to keep the n-jump up). Much of the machinery 
can be supplied from earlier sections. 

For finite n, to get (i), since we are dealing with degrees a > 0), we 
need a little care as to exactly which set we code into the ordering to code 
a. We will use Lerman’s [138] result. Recall that this involved r(.S) where if 
S={ag<a < ++} then 


r(S)=ant+C+art¢+-:: 
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and from Lerman’s proof, it follows that 
Dg(7(S)) = {deg(D) : S is computably enumerable in D”} 


where Dg(X) = {deg(D) : D = X} for a nontrivial linear ordering X. 
To get an ordering with arbitrary 2-degree let X 7 > @” then, via jump 
inversion, choose D with D” =, X. Let A = t(X @ X) be of degree D. It 
is easy to see that A has 2-degree deg(X) by Lerman’s result, and cannot 
have 1-st or 2-nd jump degree by the Richter-Knight results. 


We remark that using an infinite injury argument, Ash, Jockusch and 
Knight used a different ordering to code sets. This is of independent interest 
and we state their result (whose proof is similar to others we have seen) 
below. 


Theorem 7.16 (Ash, Jockusch, Knight [9]) Define o(R) to be the “shuffle 
sum” of R. That is, o(R) ts composed of densely many copies of w and 
n+1 forne€ R. Then for any R, 


Dg(o(R)) = {deg(D) : R is computably enumerab!e in D”}. 


Clearly we could have used o(#) in place of 7(R) in the above reasoning. 
We also need four other lemmas whose proofs are quite technical and which 
we omit. 


Lemma 7.17 (Macintyre [145]) For any computable ordinal s and any A 
with 6°) <7 A there is an a-generic set R with ROG =r RO =r A. 


(For our purposes, it is not really necessary to know what an a-generic 
set is, we only need the properties stated in Theorems 7.18 and 7.19 below.) 


Theorem 7.18 (Ash, Jockusch, Knight [9]) If R is (a -+ 1)-generic and 
C={D: R is computably enumerable in D')} then for any B <7 D®), 
for all DEC, we have B <7 D'). It follows that {D( : D € C} has no 
element of least degree. 


Theorem 7.19 (Ash, Jockusch, Knight [9]) Let C = {D : R <7 D(o+)} 
for some R. If B <p D® for all DEC then B <7 @°). Thus if R is not 
computable in g(°*) then {D@ : D €C} has no element of least degree. 
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Finally, we will need one lemma when we deal specifically with limit 
ordinals. 


Lemma 7.20 (Ash, Jockusch, Knight [9]) [f a is a computable limit 
ordinal, let {Qn}nen be a fundamental sequence of a. Let RCNxN, 
with R, = {k : (n,k) € R}. Let 


C={D: R, <r D&” uniformly in n}. 


Suppose that B <y D\) for all D € C. Tf ap > B and Ty = ®nekSn 
then B <p ys Hence, if 8 < ay and S, is not computable Tee, then 
{D\) : DEC} has no element of least degree. 


To get a linear ordering with proper 3-jump a > 0%, we can proceed as 
follows. Let R be 3-generic with R® =7 6 @ R where R° has degree a. 
Now, via Theorem 7.18, if 


C = {D : Ris computably enumerable in D”} 


then {D” : D € C} has no element of least degree. Let A3 = 7(S). Then 
R <7 D®) for all D € C and as R® =7 GOR, RO <p D®) for all DEC. 
It follows that As has proper 3-degree. 


For finite n we note the uniformities of the proof of Theorem 2.9 give: 
Lemma 7.21 For any Rand n<w, 
(i) Dg(y"(7(R))) = {deg(D) : R is computably enumerable in D(”*)} 
(ii) Dg(y"(7(R ® R))) = {deg(D) : R <p DO*)} 


We remark that in Ash, Jockusch and Knight [9], they noted a similar 
generalisation of Watnick’s theorem (c.f. Roy and Watnik [212]). For instance 
in (i) we'd get 


Dg(6"(r(R))) = {deg(D) : R is computably enumerable in D?"*?)}, 
Using Lemma 7.21 and the facts on n-generic sets, we get (ii) for all finite n: 


Lemma 7.22 For each n with 2<n<w andd > 0" there is an ordering 
A, = An(d) with proper n-degrees d. 
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Proof. For n = m+ 2, let R have degree d and let Do be n-generic with 
DO” =r R. Let A, = y*(7(R@R)). Let C = {D: R <7 D™}. By 
Lemma 7.21 (ii), Dg(A ie {deg(D) : D € C}, and R is the element of least 
degree in C’. Finally A, does not have n — 1 degree by Theorem 7.19. QO 


When we proceed to infinite cases we run into a problen with the above. 
The point is now that encoding a set as above is no longer a classical invariant. 
We need a new idea. For the case of limit ordinals the idea is to piece 
together smaller pieces in some fashion, and it is here we use Lemma 7.20. 
For instance, let a = w, let RCN x Nand R, = {k : (n, k) € R}. Now let 
MR) = View WT( Rn). It is not difficult to see that the uniformities of the 
previous work show: 


Lemma 7.23 Dg(\(R)) = {deg(D) : Ry is computably enumerable in 
D+?) uniformly in n}. 


We remark that Ash et al [9] used p(R) = 0... ("a (An) where: 


Lemma 7.24 (Ash, Jockusch, Knight [9]) Dg(p(R)) = {deg(D) : R, ts 
computably enumerable in D?"+?) uniformly in n}. 


It is not hard to apply either Lemma 7.24 or 7.23 to any d > O) via 
Macintyre’s result and Lemma 7.20. That is, 


Theorem 7.25 (Ash, Jockusch, Knight [9]) [f d > 0) there is an ordering 
A, with proper w-—degree d. 


Proof. Choose w-generic R with R™) =7 g) @ R and R) of degree d. 
We know for all m, k that Rigi <r (Ro @ ++: ® Ry)/™. Let Ay = A(R). If 


(2+k) 


C={D : R, is computably enumerable in D uniformly in k} 


then by Lemma 7.20, Dg(A..) = {deg(D) : D € C}. So A, has w-jump d. 
To see that it is Prop suppose it had ee for some n. Then there is 
some Dy € C with Dp” <r D™ for all D € C. It follows, by Lemma 7.20, 
that if k + 2 > n, then 


DY <n (Ry Ox @ Ria ye 


uniformly in k. Hence pe) <r (Ro ® +++ @ Ry_1)'™, some m, and hence 
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Ry <r pee", so that 
Ry <7 (Ro @ +++ @ Rg), 


a contradiction. O 


For a > w we really need something new. This is where the “worker” 
idea comes in. We will look in detail at the case a = w + | (which gives the 
main idea) and only give some remarks on how one treats the general case. 

First we wish to give the reader some intuition as to the “methods of 
workers” first introduced by Harrington [91] (see also Calhoun [27, 28] for 
a more formal presentation of these ideas). Consider the typical way we 
describe a priority argument. We tend to isolate the particular requirements 
and then discuss how the strategies cohere. This usually involves discussion 
of the true path (where we really would like to work) but then we must also 
discuss how the computable version of the construction works, where we only 
have approximations to the true path. 

For instance, consider a typical injury priority argument. We call this 
more precisely a @’-priority argument since we know that @’ can sort out 
exactly how we meet the requirements. Consider the result, Theorem 2.9, 
that R is X’-presentable iff y(R) is X—-presentable. Let X = @ for the 
unrelativised version. Let R C Q. For each x € R we wait to replace it with 
a successivity and put 7’s between the successivity. If R were computable, 
this would pose no problem. In the worker model we have two workers, worker 
1 and worker 0. Worker 1 works at the @’ level. It knows everything about R. 
Its task is to enumerate R as a subset of Q and tell worker 0 to make the z € R 
into successivities and put 7’s between them. But, as often happens between 
management and the floor staff, worker 0 has difficulty understanding worker 
l’s commands. Worker 0 only lies at the computable level. By the limit 
lemma, worker 0 can only comprehend worker 1’s command via a series of 
A> approximations. That is worker 0 has at its disposal a computable f(z, s) 
where for all x, lim, f(z, s) = R(x). So for x, worker 1 says either x € R or 
xz ¢ R. Worker 1 only gets f(r, 0), f(z, 1), f(x, 2), .... However, it knows 
that eventually we reach a ¢ such that f(z, t’) is constant for all t’ > t. The 
traditional “coherence” strategy of a priority argument can be paraphrased 
by saying that worker 0 can live with a finite number of mistakes. Of course 
we should always really represent f(z, s), i.e., f(0, s),..., f(x, s), in place 
of f(z, s) so we know the values together. This is important in the later more 
complex arguments. 
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Let us now consider a typical 6” argument. Since we have already a proof 
of it, let us again pick on Watnick’s theorem. So now R is ”—presented and 
we want (R to be computably presentable. For such an a-gument we have 
3 workers. Worker 2 works at the @” level, 1 at the @’ level and 0 at the 
computable level. Worker 2 knows all of R, enumerates its points, issues 
commands such as “build ¢ around each point”. 

Worker | can see worker 2’s commands via the limit ler.ma. This worker 
uses f(z, s) with lim, f(z, s) = R(x) existing, f computabe in 0’ and when 
f(x, s) =1 it says to worker 0 put ¢ around z. When f(z, s) = 0 it says to 
worker 0, don’t put ¢ around z, and fix up your mistakes i! f(z, s— 1) =1. 

At the bottom level worker 0 receives 1’s commands via the limit lemma, 
but now things are more complex. We know that f behaves such as, perhaps 

f(z, 0) =0, f(z, 1)=1, f(z, 2) =0, f(z, 3) =0, 
Now g, which approximates 1’s commands, needs to approximate the binary 
function f. So g can be wrong finitely often on each (2,7). So typically 
f(x, 7) = 7 corresponds to a finite number of g(z, 2, -) values. For instance, 
g(x, 2,0), g(x, 7,1), ..., g(x, 7%, s) = 7 and then g(a, 2, s) = 7 thereafter. 
This is why worker 0 only sees the correct value of R(z) infinitely often. 

Let us now see in detail how this actually works. One sleight-of-hand 
in the above presentation is that, at any stage s, we only deal with finite 
portions. So it is not correct to say worker 1 issues a command to build a 
¢-piece around x. This is only “globally” true if the command is “really” 
true. (Note the use of the recursion theorem.) 

At stage s, worker 2 computes R, C {qo, ..- , gs} with q; the i-th member 
of Q. We will replace the explicit use of the limit lemma by the expression 
“ouesses”. That is if f(x, s) = 1, as above, then worker | guesses x € R. 

Worker 1 guesses R,. Let k, be the first k with k = ks_; +1 or & the first 
place with the guess changing from s — 1. The worker issues an instruction 
i, via k,. This either says destroy some previous work, or begin to build a ¢ 
interval around k,. The latter occurs if k, now appears to de in R and the 
former if k, was once in R but now is guessed out of R (i.e., currently appears 
to be out of R). These must cohere in the sense that we can carry out 7, in 
the environment left by a9, ... , 15-1. That is, we need to be able to correct 
mistakes. By our analysis of Watnick’s theorem in Section 4, we know how to 
destroy old work coherently: we incorporate it into other blccks. In the end, 
worker | produces an eventually stable set of commands {2;,. 7;, , ... } which 
are not subsequently revoked and replaced with contradicto:y commands. 


Chapter 14 Computability Theory and Linear Orderings 945 


Worker 0 just works one level down. The way this is carried out is dis- 
cussed in detail in Section 4 so we omit translation into this language. The 
crucial thing to keep in mind is that everybody needs to be able to be suf- 
ficiently conservative so that its stable set of actions (instructions) does the 
correct thing and the false commands or actions can be repaired. 


So what is the point of this? First it gives another viewpoint as to how 
priority arguments work and a flexible model for constructions. At this stage, 
we should mention that there are several other formalisations of the idea of a 
“depth—a” priority argument. One can use iterated trees of strategy (Slaman, 
and especially Lempp-Lerman [{137]). Another approach via iterated trees 
is formalised in the work of Ash on a-systems (Ash [4, 6, 7, 8]). In any 
construction, of course, all we “really do” is approximate a 0!*) predicate 
computably. (In some sense this idea is used in Feiner [67].) But this is 
an inadequate description since the crucial thing is to say how to organise 
the strategies to be able to get the requirements to cohere. This is why, 
for instance, the tree approach is often nicer than others since we put the 
“atomic outcomes” on the tree and can “see” what is happening. However, 
in many inductive instances, it is undesirable perhaps to use all the tree 
machinery and sometimes the worker approach seems the most perspicuous. 
Finally there have been a number of attempts to prove metatheorems for 
these depth n arguments. In particular, first Ash [4] (with a-systems) and 
later Knight [128, 127] developed rather general conditions under which one 
can construct a structure B obeying the appropriate list of conditions. The 
problem with these (in the opinion of the author) is that it often seems more 
difficult to verify the conditions than to perform a direct construction. The 
final verdict will be determined by what is the more useful. 


Using arguments with infinitely many workers, Ash, Jockusch and Knight 
proved Theorem 7.15 (ii) as follows. Let a be a computable ordinal. Let 
y*(R) be the sum of densely many copies of g+1+ )oicaeg C8 for q €w, 
122 < Gand tl > ne, C8 for r € R. Given a fundamental sequence 
(Qn)new for a, define a new sequence (a*)nen Via: 


(i) if jan| < 00, let a* be the first k > 3 with k > a, and ifn > 0 then 
k > On-1,; 


(ii) if ja,| = oo and f is the greatest limit ordinal with @< an, p=6B+k 
for some odd integer k, and ifn > 0 then p > an_1. 
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Definition 7.2 (Ash, Jockusch, Knight [9]) Let a be a computable ordinal 
and R Cw. Define A,(R) via 

(i) if a =2m+2 <0 then A(R) = C"o(RO R). 

(ii) If @ = 2m +3 < co then Ag(R) = ¢"o(R). 


(iii) If @ is a limit ordinal and (a%) is defined as above, then A,(R) = 
vel + n + 1 + Ag: (Ra —def Rnw)), 


(iv) If B is a limit ordinal and a = 6 +1 then A,(R) =v°(R@ R). 
(v) If @ is a limit ordinal and a = 6 +2 then A,(R) = (R). 


(vi) If @ us a limit ordinal and a = 6+1+42k +42 then let A,(R) 
Cot+ko(R® R). 
(vii) If @ is a limit ordinal and a = 6+ 2k +4 then let Agi R) = C9+*o(R). 


Lemma 7.26 (Ash, Jockusch, Knight [9]) Let Ag = Ao(R) 
(i) For finite even a = 2m +42, 
Dg(A.) = {deg(D) : R <r DO}. 
(ii) For finite odd a = 2m +3, 
Dg(Aq) = {deg(D) : R is computably enumerable in DI}. 
(iii) For a limit, 
Dg(Aq) = {deg(D) : Rn <r Dp(a*) uniformly in n-. 
(iv) Fora=B+2k+41 with B limit and k €w, 
Dg(Aq) = {deg(D) : R <r DX}. 
(v) Fora=8+2k+42 with B limit and k €w, 
Dg(Aq) = {deg(D) : R is computably enumerable in i}. 


Applying Lemma 7.26 to an a-generic R via Theorems 7.18, 7.19 and 
Lemma 7.20, we get (in the same way as for finite n) Theorem 6.16 (i). We 
will not give the detailed proofs associated with Lemma 7.26. Rather we will 
briefly outline an w-worker proof of a result from the Ash et. al [9] paper: 


If D <7 0+"), then C“) D is computably presentable. 
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Sketch Proof. The proof of this infinite generalisation of Watnick’s theorem 
uses one worker for each n < w and two limit workers: w and w+ 1. Define 
the relation ~, as follows: 


x ~o y if there are only finitely many elements between x and y, 


$ ~o11 y if there are only finitely many a-equivalence classes between 
[x], and [y]a, 


and for limit 8, x ~g y if for some a < 8, r~q y. 


Now worker w + 1 enumerates the ordering D. Worker w is given an 
approximation to D. At stage s, this is those e such that for some C < 8, C 


is a halting computation of 6?” (e), in which there are no questions asked 
of ¢'”) for n > s. Let @, be this approximation. We see that e € g(t) 
iff e € @, for all sufficiently large s. The point is that worker w can try to 
use @, instead of gt" (to compute D via [(g+)) = D) and bounding 
computations by s. Then if we let f*(n, s) be the guess to D(n) obtained 
this way, since f*(k, n) is uniformly computable in 0, we can let worker 
n operate at the 0!) level and then worker n can compute f*(k, n) in the 
same way that worker w can. 


Now the strategy is rather straightforward; the Watnick strategy can be 
fully approximated so that worker n + 2 can issue commands to workers 
n+ 1 and 7 in exactly the same way, but using the approximation given as 
above. Then worker n + 2 will succeed in commanding worker 0 to build ¢" 
blocks. Finally the only difference is that when we correct at worker n then 
we correct via ~, in place of ~; and ~o in Watnick’s theorem. One then 
argues by induction, that for all n, worker n’s commands are carried out. O 


The actual details of these arguments seem very messy, and certainly in 
many applications the details are given in a rather informal way (but see 
Calhoun [27, 28]). The work of Ash and of Lempp-Lerman gives formal 


versions of arguments along similar lines. 


For instance, Ash viewed the arguments as examples of metatheorems. 
Here is one example. 


Let U and L be computably enumerable sets and P a computably enu- 
merable tree consisting of finite nontrivial sequences fy u; &; uz ..., with 
and €,,tngdi € Lx U. Let E be a computable partial function called the 
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enumeration function, with E: Lu {F CN: F finite}. We let q bea 
A® function from the members of P of odd length (i.e., ending in L) such 
that if g(7) = u then ou € P. The function gq is called the instruction func- 
tion and corresponds to the a level worker in the worker argument. A path 
m = fou, 0, U2... of P is called a run if it obeys the instruction function. 
That is, for all n, q(fo ... €n) = Mngt. 


Ash then defined an a~system A to be a structure 
(L,U,%,P,E, <g:B <a) 
as above for which additionally, 
(1) for all 6 <, is transitive and reflexive, 
(2) if y < 6 then l <g ? implies ea 


(3) if £<o@ then E(£) C E(0), 


(4) if ou € P, o ends in @, & < B < O <p +++ < Beil, and 
a > By > ++: > By, then there is an m such that cum € P and 
ti <p, m. 


Theorem 7.27 (Ash [5, 7, 8]) Given an a-system A, and q, a A® in- 
struction function for P, there is a A® run w of (P,q) such that E(r) is 
computably enumerable. 


The proof of the above works by induction for finite a and then along 
some system of notations for arbitrary computable a. Vor an application 
yet again we look at Watnick’s Theorem. So we suppose that (A <a) is a 
ordering of type t with 7 A® computable. Let C be a cornputable set upon 
which we will construct the computable linear ordering. For suitable ordering 
(X,<x) of type @ (e.g., we have a = 2n and @ = ¢", as usual), we define 
T to be the tree of all nonempty finite sequences (Bo, fo, Bi, fi, ...) such 
that 


(i) B; = (B; <;) is a linear ordering, with B; = {a,, ... , a4,} for some k; 
and kp = 0, 


(ii) Bi4, extends B;, 
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(ili) f;: CH X x B; is a partial injective function, 

(iv) fiz. extends fi, 

(v) dom fi; contains the first 2 elements of C’, and 
) 


(vi) ran f;41 contains the first 2 elements of X x A which are in X x Bj. 


To use Theorem 7.27, we arrange that the ordering on C induced by 
f = Unfn is computable, or equivalently computably enumerable. We define 
E(Bofo,---; Bnfn) to be the finite ordering induced on C by f,; 


{(p,¢) : p,q € dom f, A fn(p) < fala) © X - A}. To then apply the meta- 
theorem we need suitable relations <,. 


This is achieved via so-called 8 maps, where we say that g: At» B 


is a @ map if, for domg = {a1,..., an}, then every IIg sentence true 
(A, a1, ..., Gn) is also true in B. 
Then for 


= (Boe foe-2 5B da) 
and 
= (Bos Tivcetn.a Bag Fey 


define o <, 7 iff dom f, C dom fi, and fi fz! is a @ map from X - By, to 
X + By. 


The above is a very brief sketch of Ash’s ideas and we urge the reader to 
look at Ash [8] and the forthcoming monograph Ash-Knight [11] for details. 
One of the problems with this and the even more elaborate Lempp-Lerman 
approach is that one of the must vary the metatheorem to get the details to 
work in new settings, and even then work must be done do actually verify 
the conditions. 

We mention one recent application where such a variation was needed. 
Knight [129] who proved, that the set of limit points of a ordering of type w? 
can have arbitrary 2-REA degree. 

In any case, we have dealt with degrees strictly above 0). To finish 
the proof, we need to get orderings of proper degree 0'*) for a > w. These 
are obtained via similar arguments where one comes up with an order type 
to code the appropriate sufficiently generic set (in the correct way). These 
results are rather technical and along similar lines, so we omit them (see 
Downey-Knight [55] for details). oO 
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Before leaving this topic, we mention one last result. 


Theorem 7.28 (Ash, Jockusch, Knight [9]) There is an ordering that does 
not have a-degree for any computable a. 


Sketch Proof. In Ash et al [9], the authors claim that one can show, via 
the forcing introduced in Ash, Knight, Manasse and Slaman [12], that w¢* 
has no a-degree. O 


Question 7.6 Under what conditions does an order type have an a-—degree? 


One can use worker arguments for many other problems. One of the 
first applications to orderings as due to Ash [4, 6]. Here, Ash investigated 
conditions under which a computable model A was A, stable. This means 
that for all computable B = A, B=, A. That is, all isomorphisms between 
Band A are Ay. This is not to be confused with A,--categorical. This 
means that for any computable B = A there is a A, isornorphism between 
B on A. For instance Q is computably categorical yet is not A, stable for 
any a (as there are uncountably many automorphisms of Q). Now by our 
earlier results, we know that w is not computably categcrical, (and so not 
computably stable) yet it is easy to see that w is A, stadle. Recall that a 
computable structure A is rigid if it has no nontrivial automorphisms (Ash [4] 
observed that A is A, stable iff for some set of constants {P,,..., Pa} = 
P, (A, P) is rigid and A,~categorical). Ash used his a-system arguments to 
characterise A,-stable structures in terms of certain cor putable infinitary 
formulae. 

Barker [15] did the same for A,,-categoricity. These results were sub- 
ject to certain decidability conditions, which Ash, Knight, Manasse and 
Slaman [12] observed could be eliminated if the results were asked to hold 
absolutely for all relativisations. These results can be applied to linear order- 
ings to show, for instance, w® is Aj41-stable for all a for all computable a 
(Ash [4, 6, 7, 8]). 

As our final example of this technique we briefly outline a solution to 
a question of Rosenstein [208, 209] (also Lerman-Rosenstein [140}), using a 
worker argument. 


Theorem 7.29 (Downey) There is a computable, nonscattered linear order- 
ing with no arithmetical dense subset. 


Chapter 14 Computability Theory and Linear Orderings 951 


Sketch Proof. We build A of order type ¢“7. We must only ensure that if 
B is an infinite arithmetical subset of A then for some z, y € B, t ~, y. We 
start with qo, q@1,---., a copy of Q. We must define an isomorphism f with 
domain Q (i.e., ensure that f(q;) exists for all 2) and have a level 2n task of 
building ¢ around each f(q;). The only requirement we need add is that if A; 
is the i-th arithmetical set and |A;| = oo then for some n, x ~,, y for some 
x, y € A. We can enumerate the arithmetical sets as Ag, A;,... so that A; 
is computable in 0. We let worker 2n + 2 diagonalise argument A,. We do 
not let worker 2n + 2 change f(g;) for i < 2n +2. We let worker 2n + 2 act 
if it sees z, y € A, with x, y not in the same block as f(q;) for 7 < 2n 4 2, 
and such that if we declare 2 ~2n42 y then we won’t amalgamate f(q;) and 
f(qj) for i, 7 < 2n +2. Worker 2n + 2 then asks that z ~2n42 y. We must 
then build a new copy of some f(q;) for some 7 > 2n + 2. For instance if 
z~ f(qj) and y ~ f(q) then we might need to build a new f(q,) (e.g., if 
k > 7). We can fix up errors by asking that if we begin a new f(q,) and later 
(e.g.) y € An, then we cancel this (forever) and go back to the old one. The 
details go through in the standard way. Q 


We close this treatment with a question suggested by Theorem 7.29. 


Question 7.7 [s there a computable non-scattered linear ordering not iso- 
morphic to one with arithmetical dense subset? 


8 Other Work and Related Results 


In this section we will look briefly at some other related work. Many of our 
arguments are diagonalisations. Jockusch and Soare [107] asked if there is 
an analogue of the recursion theorem for orderings. Let 


L={e: ¢ is the characteristic function of a linear of w} 
and let A. denote (w, vy.) if e € L. Jockusch and Soare showed: 


Theorem 8.1 (Jockusch and Soare [107]) There is a computable f such that 
for alle é L, f(e)€ L and Agi) F Ae. 


They point out that the following analogue of the recursion theorem is, 
however, open. 
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Questions 8.1 (Jockusch and Soare [107]) /s there a computable f with the 
following properties? 

(i) (Ve) [e € L > fle) € L} 

(ii) (Ve € L) (Aye) # Ae) 


(iii) f ts well defined on order types. That is, 
(Va, b) [(a, be Land A, = Ap) > Aga) = = Ayysy]- 


There is a lot of interesting related work on Boolean algebras. Rem- 
mel [197] is an excellent source here. Many analogous questions seem much 
harder for Boolean algebras since so many order types correspond to the 
same Boolean algebra, but things can differ. Downey end Jockusch [53] 
proved that every low boolean is isomorphic to a computable one. John 
Thurber demonstrated that each low2 boolean algebra is zlso isomorphic to 
a computable one. 


Question 8.2 Develop results akin to those of Ash, Downey, Jockusch and 
Knight for boolean algebras. In particular, is there a low; boolean algebra not 
isomorphic to a computable one? Also what is the precise re'ationship between 
orderings and associated algebras? Finally, what is the effective content of the 
Ketonen invariants (Ketonen [110]) classifying countable boolean algebras? 


There is some work here. Jockusch and Soare have proven that no boolean 
algebra can have proper finite n-th jump degree a > 0!) But any degree 
a above 0” can be the proper w-th jump degree of a boo ean algebra. We 
refer the reader to Downey [51] for more on this topic. 

Feiner [66, 67] showed that there were II, boolean algebras not isomorphic 
to computable ones. Thus the argument will be much more complicated than 
that used for orderings. Feiner’s result on II, boolean algetras in some ways 
is a forerunner to the worker arguments we have seen in Section 7 and was a 
very fine achievement for the 1960’s. 

There are of course many other ordered structures we have not exam- 
ined. For instance, Alex Feldman [70] has some interesting results on recur- 
sion theoretical aspects of a lower semilattice (rather along the lines of the 
Metakides-Nerode-Remmel approach of looking at lattices of substructures). 

Another area we have not looked at is ordered structures, Metakides and 
Nerode [160] analysed Craven’s [35] classification of the cone of orderings of 
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a formally real field. They showed that for any II? class P, there is a com- 
putable formally real field whose orderings are in one-one correspondence 
with the members of P (in particular up to Turing degree). Thus, for in- 
stance, 


Theorem 8.2 (Metakides and Nerode [160]) There are computable formally 
real fields with no computable orderings and even some with all their orderings 
of incomparable Turing degrees. 


Question 8.3 /f A is a formally real computable field, is A isomorphic to 
a computably ordered computable formally real field? 


Downey and Kurtz {56] looked at the analogous result for ordered abelian 
groups. The question is nontrivial since it is not clear when the fact that a 
field A can be ordered as an additive group implies that it can be ordered as 


a field. 


Theorem 8.3 (Downey and Kurtz [56]) There is a torsion free computable 
abelian group G with no computable orderings. Indeed, G has infinite rank 
yet its only computably orderable subgroups have finite rank. 


Questions 8.4 (Downey and Kurtz [56]) 


(i) Can one construct a computable G whose orderings have exactly the 
degrees of a given II? class? 


(ii) Is every orderable computable (abelian) group isomorphic to a com- 
putably orderable computable group? 


We remark that little is known about orderings of computable nonabelian 
groups. For instance, by a classical result of B. Neumann [176] any free group 
is orderable. Also by N. Neumann [{177], every ordered group is isomorphic 
to a quotient of (an ordering of) a free group by a convex normal subgroup. 
Despite the highly noneffective classical proof, recently Reed Solomon has 
proven that there is a computable version of this result. However, many 
questions suggest themselves. 


Question 8.5 What is the effective content of Holder’s theorem [99] on 
Archimedean ordered groups? 
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We refer to Solomon [234] for more details and for a number of very 
attractive results on computable ordered groups. 

Another area that has attracted a great deal of attention recently is sub- 
computable or feasible algebra. Here one studies not computable, but polyno- 
mial time, analogues of classical objects. So a linear order ng L is polynomial 
time presented if the relation “z € L” is p-time in |x|. Consider x € {0, 1}<”. 
Cenzer and Remmel [29], Grigorieff [87], Nerode and Remmel [175], and oth- 
ers ,jhave obtained very interesting results here. We will satisfy ourselves by 
merely quoting two results. 


Theorem 8.4 


(i) (Cenzer and Remmel [29]) There is a computable linear ordering of type 
w+w not computably isomorphic to a p-time ordering. 


(ii 


— 


(Remmel [198]) For every infinite polynomial time subset of {0,1}* and 
every recursive L linear ordering of the form w+(¢-+w"*, there exists a 
recursive linear ordering L' which is isomorphic to L but which is not 
recursively isomorphic to any polynomial time linear ordering whose 
universe is A. 


Theorem 8.5 (Grigorieff [87]) Every computable linear crdering has a copy 
in DTIME-SPACE(n, log(n)). 


We note that in proving Theorem 8.5, Grigorieff proved that if D is any 
recursive linear ordering which has a recursive L-increasing {L-decreasing) 
sequence which is either cofinal (co-initial) in Z or has a limit in L, then L 
is recursively isomorphic to a linear ordering over the binary representation 
of the natural numbers which is in DTIME-SPACE(n, log(n)). Thus Theorem 
8.4(ii) is as strong as possible. Remmel {199] defined a natural notion of poly- 
nomial time categoricity relative to a polynomial time set A C {0,1}* and 
showed that there are no polynomial time categorical linear ordering over the 
binary representation of the natural number or over the unary representation 
of the natural numbers. This is obviously an area of great potential. 

The final one we will mention is an old one that was part of a major 
area of research in the 1960’s: constructive order types. Dekker and Myhill 
asked what happens if we can only see comparability relations through “com- 
putable eyes”. Suppose we have a partial computable injective function f. 
Evidently from an effective point of view dom f and ra f are the “same size”. 
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But clearly f matches many other sets. For if A C dom f then A is matched 
to f(A). This leads to the following definition: we say that Q is computably 
equivalent to R (Q = R) if there is an injective partial computable function 
f with dom f D Q, raf D> Rand f(Q) = R. It is easy to see that ~ is an 
equivalence relation and the equivalence classes are called computable equiv- 
alence types (CET’s). If A is a set, let (A) denote the CET of A. CET’s have 
been extensively studied by Dekker, Myhill, Barback, Mclaughlin, Nerode 
and others. The reader is directed to Mclaughlin [154] for details of this de- 
velopment. One thinks of computable equivalence as generating an analogue 
of the equipollence. We say (A) < (B) iff there are representatives of A and 
B of (A) and (B) and a set C with AGC x B. One of the key notions is 
that of an isol. We say that (A) is an isol if A is finite or immune. The isols 
are the essential building blocks of this system since A is an isol iff A ts not 
computably equivalent to a proper subset of itself. So isols are the analogues 
of the Dedekind finite sets. 

The major idea in the programme of investigating CET’s was to try to 
understand what arithmetic truths of the integers would smoothly lift to 
the isols. For instance, we define + and - in the obvious ways, and soon 
discover that for isols many classical combinatorial identities are true for the 
isols. This work is particularly interesting in view of the fact that we now 
know that the isols really are models of choice free mathematics obtained via 
Kleene realisablity (c.f. McCarty [153]). Thus they are really strongly related 
to classical intuitionistic systems. In many ways, the culmination of much 
of the early work on isols were the beautiful results of Nerode [173] who 
extended some earlier work of Myhill to show how to lift a wide class (Horn 
sentences) of properties to the isols. Viewed nowadays, Nerode’s argument 
is clearly a forcing construction (before Cohen, although not set theoretical 
forcing) and later Ellentruck [65] recast Nerode’s work in terms of boolean 
valued models. So the CET work can be viewed as looking at preservation 
theorems for a certain class of forcing construction. The reader should look 
at Crossley [39] for a nice amount of the development and philosophy of some 
of the originators of the area. It is quite interesting to speculate on whether 
the methods or ideas can be used to capture a fragment of uniform (classical) 
combinatorics. 

Crossley [36] and Manaster (unpublished) both began to look at similar 
analogues of the ordinals and were led to several definitions of “effective 
order type” (also Rice [200]). We look at only one (see e.g., Eisenberg and 
Remmel [64] for others). We say A & B (A and B have the same constructive 
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order type) if A, B C Q and there is an injective partial computable f with 
f(A) = B and such that if f(z) | and f(y) | then x < y. Again we let 
(A) denote the equivalence class, the COT, of A. An isolated COT is called 
Dedekind. Crossley [36] developed quite an elaborate theory of COT’s and 
Dedekind CoT’s. For instance, he showed that 


Theorem 8.6 (Crossley [36] ) If P is a unary nontrivial function built up 
from +, +, exponentiation, taking converses and allowing L'edekind COT pa- 
rameters, then for Dedekind COT’s 


P(X)=P(Y) @ XY. 


Crossley and Nerode [41] later pushed Theorem 8.6 a lot further (along 
the lines of Nerode [173]), and to much more general settings. Recently 
Nerode and Remmel [175] have looked at p-time versions of this work. 

Finally one area we have not even looked at is computable graph theory. 
Here there is an extensive literature such as Manaster and Fiosenstein’s [148] 
computable analysis of P. Hall’s marriage theorem. Other work can be found 
in, for instance, Aharoni, Magidor and Shore [1], Bean [17, 18], Biegel and 
Gasarch [19, 20, 21, 22], Gasarch [78], Gasarch, Kueker and Mount [80] 
Gasarch and Lockwood [81], Hirst [98], Jockusch [104], Kierstead [118, 119], 
Remmel [194, 195], Schmerl [216, 217, 218], Shore [221] anc. Tverberg [240]. 
Here we refer to Gasarch’s survey in the present volume. 
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Introduction 


To show that some process in mathematics is effective (or computable) essen- 
tially requires one to explicitly give an algorithm for the process in question. 
On the other hand, some processes in mathematics are not algorithmic. The 
major common tool used in showing a process is not algorithmic is recursion 
theory. In fact, the traditional method of applying recursion theory to show 
that a problem is not computable is coding, which is, roughly speaking, the 
following procedure. We have a process in general mathematics we wish to 
show is non-computable. For example, in Hilbert’s 10-th problem, we wish 
to show that there is no algorithm which applied to a diophantine equation 
will determine if it has an integer solution. To do this we build an r.e. set and 
then (somehow) can code this set into the problem. For example, Matijasevic 
(60, 59] showed that any r.e. set could be the set of solutions to a diophantine 
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equation. Then since there is no algorithm to decide if an r.e. set is empty, 
there is no algorithm, which applied to any diophantine equation, will deter- 
mine if it has a solution. Similarly, we may want to show that it is not the 
case that every recursive k-colorable graph has a recursive k—coloring. We 
show that given any pair of r.e. sets A and B, we can construct a recursive 
k-colorable graph G whose k-colorings code up the set of separating sets of 
sets A and B. Here we say C is a separating set for A end B if A CC 
and CN B= 4@. Then since there is a pair of inseparable r.e. sets A and B, 
i.e., there is no recursive separating set for A and B, there is a recursive k- 
colorable graph with no recursive k-coloring. See the paper by Cenzer and 
Remmel [13] on II?-classes for many examples of this type of coding. 

In practice, the actual algebraic coding process may be quite easy, as 
in a construction of an r.e. Abelian group with an unsolvakle word problem 
(see [7]), the old construction of a recursive field without a splitting algorithm 
(see [36]), or the construction of Pour-E] and Richards in |74]. The coding 
process can also be extremely elaborate and difficult, as in Feiner’s tech- 
nique [34] for constructing r.e. Boolean algebras which are not isomorphic to 
any recursive Boolean algebra, the famous Higman embedd ng theorem [44], 
or Matijasevic’s work [60, 59]. In either case, the key distir. guishing feature 
of a coding result is the separation of the recursion theory and the classical 
mathematics. One performs the recursion theory in w, gets a suitable r.e. set 
or pair of r.e. sets, and then encodes. 

We remark that coding was essentially the only technique used in study- 
ing the effective content of mathematics, and in particular recursive algebra, 
until the papers of Metakides and Nerode (62, 63] and those of the recursive 
model theorists in the early 1970’s. (It would seem that this is one reason 
for the divergence between “pure” recursion theory (on w) and applied re- 
cursion theory). However in [62, 63] Metakides and Nerode suggested a new 
approach to studying the limits of the algorithmic content of mathematics. 
This approach did not rely on coding. It relies upon perform.ng the construc- 
tion in the algebraic setting, modifying all the tools of the modern recursion 
theory so that they specifically fit the setting at hand. 

In many situations, their techniques were so successful that coding tech- 
niques have been ignored or forgotten. Recently however, within the frame- 
work developed by Metakides and Nerode, Remmel, and others, coding tech- 
niques have given some strong results (e.g., [12, 24]). Also many coding 
techniques give much simpler and shorter proofs of results already known, 
but achieved by other techniques. 
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Our purpose here is to systematically analyze the extent to which natural 
coding techniques may be utilized in the framework of recursive algebra. Our 
basic approach is to code a subset A of w with which satisfies a certain prop- 
erty P into a distinguished “independent set” which occurs in a wide class 
of models. We then ask what effect this property P has on the substructure 
generated by A. This idea first appeared in effective Steinitz closure sys- 
tems studied by Metakides and Nerode [65], Remmel and Nerode [69, 71], 
and Downey [19]. Remmel [82] subsequently developed a significantly more 
general setting than Steinitz closure systems which he called effective closure 
systems and which covered a much larger class of models. For the most part, 
we shall work in Remmel’s setting of effective closure systems in this paper. 


The generality of our results requires some fairly technical definitions, but 
this is the basic idea. We review Remmel’s setting in Section 1. 


Most of our coding results are found in Section 2. Thus we consider 
the effect on lattices of r.e. substructures of an “effective closure system” of 
encoding, for example, simple, h-simple, maximal, cohesive and other types 
of sets. The results of Sections 3 and 4 tend to indicate the limits of general 
coding results of the type of Section 2. 

In Section 3, we analyze Sacks’ splitting. This is an example of a result 
which is true for a wide class of models but which can’t always be lifted by 
a coding technique. 

All of our results require that the model under consideration satisfy cer- 
tain structural hypotheses. The purpose of Section 4 is to illustrate the 
situation when these structural hypotheses do not apply. We shall see that 
even in quite a natural and well-behaved situation of affine subspaces of an 
infinite dimensional vector space over the rationals, (V.,, A@), most of the 
features common to our other models simply don’t occur. 

In Section 5 we give a few open questions. 


One nice aspect of this work is that we have found many new and easy 
proofs of various results in the literature. For example we get easy proofs of 
much of [82] (whereas in [82] they were established by some rather difficult 
direct priority arguments). 

Since our results subsume many coding results in the literature, and fur- 
ther we have some new easy proofs of some old results, we have felt justified 
in making the paper slightly survey-like. Hence we provide a large bibliog- 
raphy and we shall provide all the definitions so as to make the paper self 
contained. We hope this aids the reader. 
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1 Preliminaries 


1.1 Basics 


Let {y; : 7 € w} be an acceptable numbering of the partial recursive func- 
tions and let y,,,(x) be the result (if any) after performiag at most s steps 
in the computation of y.(z). If y.,s(@) is defined, we write ye,.(a) |. We 
let W.,, = {ec : 2 < sand y(x) |}. The term {e}4(z) will denote the 
outcome of the e-th Turing machine with oracle A after s steps on input- 
ing z. The use function u(A;e, z,s) is one plus the maximum number used 
in the computation if {e}4 (x) |, and zero otherwise. We rote that since the 
computation of {e}4(z) takes s or fewer steps, u(A;e,z.s) < s. We write 
A <r B if A is Turing reducible to B and A=r Bif A<7 Band B <7 A. 
We also write A|y B if neither A <7 B nor B <r A. We say A <, B if 
there exists a one-to-one recursive function f such that x € A if and only if 


f(x) € B. We say A=, BifA<, Band BX, A. 


Our basic setting is effective closure systems as introduced by Rem- 
mel [82]. An effective closure system M = (M,cl) consists of a recursive set 
M of the natural numbers N together with an operation cl: P(M) + P(M), 
where P(M) denotes the power set of M, which satisfies the following: 


(i) ACal(A), 
(ii) A C B implies cl(A) € cl(B), 
(iii) cl(cl(A)) = cl(A), and 
(iv) z € cl(A) implies that for some finite A’ C A, z € cl(A’). 


Furthermore we require that cl is effective on (indices of) finite sets, i.e., we 
assume that there is an effective algorithm which, given rz, yy, ..., Yn € M, 
will decide whether or not z € cl(y1, ... ; Yn), where cl(y1, ... , Yn) denotes 
cl({y, .-. , Yn}). We also assume that(M, cl) always satisfy the nontriviality 
axiom (v) below. 


(v) cl(d) #* M. 


Here we write A =* B if there exists a finite sets, EF and F’, such that 
cl(AU E) = cl(BU F). Similarly we write that A C* B if there is a finite set 
F such that B C cl(AU F). 
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We say V is a substructure of M or V is closed if V C M and cl(V) = V. 
It is easy to see that both the set of r.e. substructures and the set of all 
substructures of M form a lattice were the meet operation is just the set 
theoretic intersection and the join of two substructures V and W, denoted 
V + W, is given by V+W =cl(VUW). We let L(M) denote the lattice 
of r.e. substructures of M = (M,cl) and S(M) the lattice of substructures 
of M. 

Although we delay discussing examples until the end of this section, we 
pause to mention two classes of examples which are relevant. If M also 
satisfies 


(vi) (exchange) x € cl(AU {y}) — cl(A) implies y € cl(A U {z}), 


we say M is an effective Steinitz system. Effective Steinitz systems have 
been extensively studied (e.g., (3, 4, 19, 20, 69, 71]) and provide a host of 
natural examples where coding is possible. Another natural class of examples 
are effective algebras. These are obtained as follows. Let (M,R) be an 
effective universal algebra in the sense that M is a recursive set and Ra 
recursive set of uniformly recursive operations on M. Then we naturally 
associate an effective closure system (M,clr) with (M, R) by setting clp(A) 
to be the closure of A under the operations of R and their projections. We 
call an effective closure systems M formed in this way an effective algebra. 
As we shall see most natural examples such as groups, rings, fields, vector 
spaces, etc., are effective algebras. We remark that not all effective closure 
systems are effective algebras. For example, for any effective closure system 
M = (M,cl), we can define an intersection subsystem (A, cl) for AC M 
where for any B C A, 
cl,(B) = cl(B)NA. 


It is easy to check that (A, cl4) is an effective closure system, but not neces- 
sarily an effective algebra. Finally an effective algebra that is also a Steinitz 
system is called an effective Steinitz algebra (see [29]). 


1.2 Independent Sets 


For Steinitz systems such as vector spaces, the natural technique of coding 
is to use subsets of a recursive basis. In situations without exchange, as in 
Remmel [82], we shall distinguish certain “independent” subsets and code 
via these. 
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Let M = (M,cl) be an effective system. Let V C W be aa pair of 
substructures of M. We say that a sequence B = (19, %1,...) is a weak 
sequence (w-sequence) for W over V if 


(1) W=cl(VUB), and 
(2) xo ¢ V and for alls 30, 254, Gel(V U {zo0, ... , x5}). 
We note that if W Z* V, then every w-sequence for W ove: V will be infinite. 


Let D € L(M). We say D is decidable if there exists an algorithm to 
decide whether or not x € clp({yi, --. ; yn}) uniformly, where 


clp(A) = cl(D U A). 


Now given a decidable D € L(M) we can define a recurs: ve w-sequence for 
M over D by induction as follows. First, we let ro = px € M(x ¢ D). Then 
having defined zo, ... , 25, we let 


Leo. = we € M(zx ¢ clp(ao, ..., @s)). 
Define B = (20, 21,...). 


In many cases, w-sequences do not have enough structure to be useful for 
our coding purposes. However, Remmel [82] introduced the notion of special 
sets which can be viewed as an analogue of a basis for a subspace of a vector 
spaces and which will be our main tool for coding. 


Definition 1.1 Let M = (M,cl) be an effective closure system and let D 
be a decidable substructure of M and V be an r.e. substructure of M which 
contains D. An r.e. set S C M is a special set (s-set) for V over D if 


(i) for all BC S, cl(DUB)NS = B (in particular DNS = 9), 
(ii) c(DUS)=V, 
(iii) for all By, By Cc Sy cl(D U B;) al cl(D U Bz) = cl(D lJ (Bi a) B,)). 


We note that definition 1.1 is actually slightly more general than given by 
Remmel in [82] since Remmel only defined a special sequence for M over D. 
Special sets have a number of nice properties which we enumerate in our next 
lemma. 
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Lemma 1.2 Let M = (M,cl) be an effective closure system, D be a decid- 
able substructure of M, V be an r.e. substructure of M, and S be a special 
set for V over D. 


(a) Given z € V, there is a unique smallest finite subset F of S such that 
z €clp(F). (We refer to F as the S-support for z over D and denote 
it by supps(z) (over D).) 


(b) S <r V so that if V = M, then S is recursive. 


(c) Let so, 5;,... be any r.e. enumeration of S, then (so, 51,...) is a 
w-sequence for V over D. In fact, any w-sequence for V over D, 
which satisfies part (a), induces a special set for V. 


Proof. 


(a) By property (iv) of our definition of a closure system, we know that for 
any « € V, there are finite sets D’ C D and B’ C S such that z € cl(D’UB’). 
It is then easy to see that condition (iii) of our definition of an s-set implies 
that F =A{B C B’: 2 € cl(DU B)} is the smallest subset of S such that 
zécl((DUF). 


(b) Let so, s,,... be any r.e. enumeration of S. Note that for any n, 
$n € cl(DU{s,}). Now if s, € cl(DU{s0, ... , $n-1}), then by property (iii) 
of the definition of a special set, s, € cl(DU({sn}A{so, ... , 8n-1})) = cl(D), 
which violates the assumption that $M D = @. It follows that (so, 51, ...) 
is a w-sequence. It also the case that for any  € M,ifa ¢ V, then ze ¢ S; 
and if z € V, then we can find an n such that x € cl(DU {s9,... , $n}), in 
which case x € S if and only if z € {so,..., sn}. Thus S <7 V. 


(c) We proved in part (b) that so, s;,... is a w-sequence of S. Now 
suppose that for any z € V, there is a smallest finite set F = supps(z) 
such that F C S and x € cl(DU F). Hence, for any sets B,, By C S, if 
zx €cl(DUB,) Ack DU By), then supps(r) C B, and supps(x) C Bo. Hence 
supps(z) € (B,N Bz), and thus z € cl(DU supps(z)) € cl(DU(B,N By). It 
follows that 


cl(D U By) Nel(D U By) € el(D U(B, A By). 


However, by condition (ii) of the definition of an effective closure system, 


cl(DU(B,9 B2)) C cl(D U B;) fori = 1,2. Thus 
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In addition, many degree theoretic properties lift from subsets of special 
sets to the substructure they generate. For example, Remmel [82] proved the 
following. 


Lemma 1.3 Let M = (M,cl) be an effective closure system, D be a decid- 
able substructure of M, and S be a special set for a recursive substructure 


V of M such that V #* D. Then if W, and W, are contained in S, 
(i) c(DUW,) =r WA, 
(ii) of S — W, is infinite, then cl(DUW,) #* V, and 
(iii) af Wi C We and W, — W, is infinite, then cl(D UW,) #* cl(D UW). 


For some results we shall require only the existence of s-sets, for others 
we need s-sets which satisfy some additional hypotheses. We next give two 
hypotheses which will be used repeatedly in what follows. 


Definition 1.4 


(a) Let X = {xo, 21, ... } be an s-set for a substructure V over a decidable 
substructure D of an effective closure system M = (M,cl). We say 
that X has the weak exchange property (WEP) (over D) if, given any 
set Y C V with clp(Y) #* clp(@), there exists Y’ C ‘” such that 


(i) clp(Y") #* clp(9), and 
(ii) For ally € Y’, y locally exchanges over X, that is, ifx; € suppx(y) 
then x; € clp((suppx(y) — {x;}) U {y}). 


(b) We say that X has the local exchange property (LEP) (over D) if given 
any y€ V, y locally exchanges over X. 


Examples 1.5 


Sets. Let M = (w,cl) where cl(A) = A. In this case, L(M) is the lattice of 


r.e. sets. It is easy to see that w is a special sequence. 


Vector Spaces. Let V,. denote a fully effective infinite dimensional vector 
space over a computable field. That is, V.. consists of a recursive subset 
U of w, and recursive operations for addition and scalar multiplication 
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on V,,.. Moreover, we assume that V,, has an effective dependence 
algorithm, that is, that there is a uniform algorithm which given any 
L, Yt, --- 5 Yn in U, decides whether or not 


rE ({y, eens! 4g. Ynt)*, 


where (A)* denotes the subspace generated by A. In this case, 
cl(A) = (A)*. Obviously any recursive basis of V,. is special. Fur- 
thermore, V,, is a Steinitz algebra and has (global) exchange. 


Fields. Here F,, denotes a fully effective algebraically closed field with 
infinite recursive transcendence base. Here cl(A) denotes the algebraic 
closure of A. Any recursive transcendence basis is special over cl(@), 
the base field. Again this is a Steinitz algebra (see [65]). 


Affine Spaces. In this case M = (V,,, A?) where V., is a recursive vector 
space over a recursive ordered field. Define y € Aé(y,,-.., yn) if and 
only if y = >> Avy; with $> A; = 1. Again this is a Steinitz algebra. We 
denote its lattice of r.e. affine subspaces by L(V. , A€) to distinguish 
it from L(V.) (see Section 4, and see also [20]). 


Locally Computable Rings and Modules. There are many other com- 
putable rings and modules which are effective closure systems. For 
example, consider G = @icewZ, the free Abelian group on w generators. 
The standard basis for G as a Z—module is a special sequence. 


Subalgebras of Boolean Algebras. (Remmel [82]) A recursive Boolean 
algebra 
B=(B, VB; AB, 7p) 


consists of a recursive subset B of w and recursive operations for the 
meet, Ag, join, Vg, and complement, 7g operations which turn B into 
a Boolean algebra. In this case, cl(A) is the subalgebra generated by A. 
Let 0g and 1g, denote the zero and one of B respectively. There is a 
natural partial order on B defined by z <g y if and only if rAgy =z. 
We say an x € B is an atom of B, if x # 0g and there is no y € B with 
0s <p y <g x. We say z is an atomless element if c # 0g and there is 
no atom y of B such that y <s x. Given a subalgebra C’ of B, we let 
At(C’) denote the set of atoms of C. (Note that an x € At(C) is not 
necessarily an atom of B.) 
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Remme! [79] distinguished three specific recursive Boolean algebras, 
namely, 


(A) N isa recursive presentation of the Boolean a gebra of finite and 


(B) 


(C) 


co-finite subset of w, where At(N) is recursive. It is shown in [79] 
that any two recursive Boolean algebras which: are isomorphic to 


N, and whose set of atoms form a recursive set, are recursively 
isomorphic. 


Q is a recursive presentation of the countable atomless Boolean 
algebra. Cantor’s proof that any two countable atomless Boolean 
algebras are isomorphic is effective, so that 2 is unique up to 
recursive isomorphism. We shall think of Q as the Boolean alge- 
bra generated by the left-closed right-open intervals of the ratio- 
nals Q. 


C is a recursive presentation of the Boolean algebra generated by 
the closed intervals of the rationals Q, such that At(C) and the 
ideal generated by At(C) are recursive. It is shown in [79] that 
any two recursive Boolean algebras, which ar2 isomorphic to C 
and for which both the set of atoms and the deal generated by 
the set of atoms are recursive, are recursively ‘somorphic. 


The importance of these three recursive Boolean algebras is that 
Remmel [79] proved that for any given recursive Eoolean algebra B, 
there is a recursive Boolean algebra either of the forrn N x A, or Q x A 
or C, where A is a recursive Boolean algebra which is in the same iso- 
morphism type as B. We then have the following special sequences S 
with LEP over D in such Boolean algebras. 


(a) 


(b) 


If B = Nx A, then S = {(a, 0,) : ais an atom of N} and 
D= {(0,, 4), (ly, @):a€ A}. 


If B = Qx A, then S$ = {([i,i+1),0;) : i € w} and D = 
cl((z, a): 2 € I and a € A) where J is the ideal in Q generated 
by those x of the form xz C (—co, 0) or for some integer 2 > 0, 
x C [i,i+1) where x = [jo, ji) U--- U [Jon, Joni) with 
t<jo<ji <0) < Jong <it4l. 

If B =C, we let S = {[i,i+1):2€ w} and D = cl(IU At(C)) 
where J is the ideal of Q described in (b) above. We refer the 
reader to (79, 80, 82] for further details. 
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For some examples we need to restrict the domain. That is, for many 
natural closure systems M = (M, cl), it is the case that cl(M) =* cl(@). 
This may be overcome for some algebras as follows. 


Ideals. For simplicity we deal with ideals in Boolean algebras B of the form 
Nx A, or Qx A or C, as described in the case of subalgebras of Boolean 
algebras above. In this case the closure operation is defined by letting 
cl(A) equal the ideal generated by A. The problem with this case is 
that cl({1s}) is always equal to B. The idea is to restrict oneself to 
working within an appropriate maximal ideal. 


B=Nx A. Here we let our closure system be (J, cl), where I is the 
ideal generated by (0x, 14) plus the set of all (a, 04) such that 
A is an atom of NV. It is then easy to see that 


Bes fae 0g) a € At(N)} 
is a special set over D = cl((0x,, 17)) with LEP. 


B=QxA. Here we let our closure system be (J, cl), where J is the 
ideal generated by (0g , 1j) plus the set of all (a, 07) such that 
a C (—oo, n) for some finite integer n. In this case, one can show 
that S = {({¢,7+1),0j):7 € w} is a special set with LEP over 
D =cl((x, 1z)) such that « C (—oo, 0) or x C [¢, 1 +1), where 


t = [jo, ji) U +++ U Lyons Jengt) 


with 2 < jo < ji < +++ < Jong <2+1. The key to proving that 
S is a special set with LEP is to observe that Q/D is isomorphic 
to N. 

B=C. Here we let our closure system be (K’ , cl) where Kis the ideal 
generated by the set of all a such that a C (—oo, n) for some finite 
integer n. In this case, one can show that S = {[i,7+1):7€ w} 
is a special set with LEP over D = cl(T), where T consists of the 
set of all x such that x C (—o0, 0) or z C [¢, 7 +1), where 


z = ([jo, ji) U +--+ U[jon, jongi) Ve F) -g E 


with 2 < jo < jt <st+ < jonti <2+1, and F and E are finite 
sets of atoms of C. The key to proving that S is a special set 
with LEP is to observe that C/D is isomorphic to N. 


A similar approach will work with filters of B. See [82] for details. 
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Free groups. Similar problems occur in free groups. We may consider, for 


example, free subgroups of the free group on two generators G = (zr, y). 
Again we simply fix a recursive subgroup G’ of G wiich is generated 
by an infinite recursive independent set. Then define (G’, clg’) in the 
obvious way. Then special sets (over @) do exist anc are classical in- 
dependent sets. We remark that one needs Neilson-Schreier theory for 
determining of independence. Also, such special sequences have LEP, 
see [56] for details. 


Not all special sets have LEP over D, and moreover not all systems have 
special sequences. For example, there are many closure systems on the 
structure Q” (the n-fold product of the rationals) given in Remmel [82]. 


The product ordering of the rationals (Q", <). Then let 


The 


D= {(0, yo, --- 5 Yn)? ¥% € QI, and 
B = {(z,0,...,0):¢€Q- {0}}, 
then B is special with LEP over D. 


multiplicative group of the positive rationals, Qt. Here Qt 
denotes the multiplicative group of the positive rationals and cl(A) 
is the subgroup generated by A. Let D = cl(@) =: {1} and B = 
{p: pis prime}. Then B is a special set over D. Not2 that B fails to 
have LEP, since for any prime p, suppp,(p?) = {p} but p ¢ cl({p*}). 
However, if D, = cl({p’ : p is prime}), then B is special for M over D, 
and has LEP. 


Convez sets, K(V..). Finally, consider the structure A(V) = (Vo, ( )) 


from Kalantari [46] and Downey [22]. Here we consider V,. where the 
underlying field is the rationals, Q, and ( ) is the operation of taking 
the convex hull, viz., 


einen, Gay = fy ly=>oAia; with DOA; =landO< A < 1}. 
Then (V.., ( })) is obviously an effective closure system. 


However there are no B and D with B special over @ and cl(B) = Veo, 
as we shall prove in Theorem 4.3. However, there are w-sequences. Let 
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B= {bo, 61, ...} be a recursive basis of V.., i-e., (Bi)* = Vi. Define 
C as follows: Let Co = B. At stage s + 1 let 


Cer = CyoU{(s +1); , —(s + 1)b;} 


if (s +1) = [i,j] where [, ] : N x N > N is an effective pairing 
function. Then with the obvious ordering, C = U),C, forms a w- 
sequence over cl(@). 


2 Coding Results 


2.1 Immunity and simplicity 


A set A Cw is immune if A is infinite and A contains no r.e. sets. A set A C w 
is hyperimmune if A is infinite, and there is no recursive function f such that 
for all x and y, Dyzy AD AF Gand « Fy > Dyzy A Dy = @. Here Do = @, 


and D, = {ao,..., dn} ifz > Oand x = 2% +4 .--- +2 where ag < ++: < dn. 
An re. set S is simple (hypersimple) if w — S is immune (hyperimmune). 
In general, given any infinite recursive set R = {ro < ri < --+}, we say 


that S C R is an immune (hyperimmune, simple, etc.) subset of R if the 
{i :r; € S} is an immune (hyperimmune, simple, etc.) subset of w. 


Let M = (M,cl) be an effective closure system. Recall that given any 
two closed sets A, B of M, we write A =* B, if there are finite sets EF and 
F’ contained in M such that cl(A U £) = cl(BU F’). With the assumption 
that cl(@) #* M, we can naturally generalize many properties of the lattice 
of r.e. sets, L(w). We begin with immunity. We say V € S(M) is immune if 
V #* cl(@) and for all W € L(M), if W CV, then W =* cl(9). 


Theorem 2.1 Let M = (M,cl) be an effective closure system and let W 
be an r.e. substructure of M such that W #* cl(@). Let Q be an immune 
subset of a special set B for W over cl(@). Then cl(Q) is immune. 


Proof. Suppose V C cl(Q) and V #* cl(@). As V C cl(Q) for each v € V, 
we can compute suppg(v). Moreover, for all v € V, suppp(v) C Q since 
V C cl(Q). Let R = Uf{suppg(v) : v € V}. Then R is infinite, r.e., and 
RCQ; a contradiction. oO 


We say that S' is an effectively immune subset of B if, given any r.e. set W 
contained in B, we can effectively find a finite set F C B such that W C F. 
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In our setting, we say that a substructure I of M is ejfectively immune 
if given any r.e. substructure W of M contained in J, we can effectively 
compute a finite subset F’ contained in J such that W C cl(F’). Then it is 
easy to see that our proof of Theorem 2.1 as proves the following. 


Corollary 2.2 Let M = (M,cl) be an effective closure system, and let W 
be an r.e. substructure of M such that W #* cl(@). Let @ be an effectively 
immune subset of a special set B for W over cl(@) with LEP. Then cl(Q) ts 
effectively immune. 


As a final corollary, if in addition W is recursive, we get :o-r.e. and degree 
theoretic results by Lemma 2.3. Thus a (co-r.e.) immune subset of B (of 
degree 5) generates a (co-r.e.) immune substructure (of degree 6). 


We now turn to the dual property of simplicity. In the same vein, we say 
that V € L(M) is simple if V #* M and, for all W € L(M), if WOV = 
cl(@) then W =* cl(@). Unfortunately F,. (for example) contains no simple 
subfields. Thus we need additional axioms to guarantee the existence of 
simple r.e. substructures. The following condition is due tc Remmel [82]. 


Condition 2.3 Let B be an s-set for M over D, where D is a decidable 
substructure with D #* M. Then for any RC B such that B -— R is infinite, 
and any V € L(M) such that cl(@) #* V and VN clp(R) = cl(G), it is the 
case that for any finite E C B, there exists v € V with suppa(v) NE =@. 


The following is essentially due to Remmel [82] which we prove here only 
for the sake of completeness. 


Theorem 2.4 Let M = (M,cl) be an effective closure system which satisfies 
Condition 2.3. Let D be a decidable substructure of M such that D #* M, 
and let B is a recursive s—set for M over D. Then if Q is a hypersimple 
r.e. subset of B, clp(Q) ts simple. 


Proof. Let V #* cl(@) be an r.e. substructure of M such that VN clp(Q) = 
cl(#). Then we can define an effective sequence of pairw:se disjoint finite 
subsets of B, Do, D,,..., as follows. Let Do = suppgivo), where vo is 
the least element v of V such that suppa(v) € @. Given 9, ...Ds_-1, let 
D, = suppp(vs), where v, = po(v € V and suppa(v)N(U;., Di) = 9). Note 
that v, must exist by Condition 2.3. Then, since v, ¢ cp(Q), Ds Z Q. 
Hence {D;}ie.,, witnesses the non~h-simplicity of Q; contradiction. Q 
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Of course, similar results on degrees and effective simplicity similarly lift 
from h-simple subsets. The use of h-simplicity really is necessary, as is shown 
by the following example. Let S be a simple but not h-simple subset of a 
recursive basis of V,,. Let {D, : x € w} witness the non-h-simplicity of S. 
Then (S)" 9 ({dz : x € w})* = {0}, where d, = yaep, d Hence (S)* is not 
simple. 


2.2 Maximality, cohesiveness and 
hyperhyper-simplicity 


A set A Cw is cohesive if A is infinite, and for any r.e. set W either WN A 
or A~—W is finite. A set A C B is hyperhyper-immune (hh-immune) if there 
is no recursive function f such that for all z and y, 


(i) Wz is finite, 
(ii) Wy2)N AAO, and 
(ili) 2 Ay > Wray ADWyy = @. 


A collection of disjoint finite sets {Ws(.)}ze. as above is called a weak array. 
Anr.e. set M Cw is maximal (hh-simple) if w—M is cohesive (hh-immune). 
Note that an r.e. set M is maximal if and only if w — M is infinite, and for 
all r.e. sets W D M, either w — W or W — M is finite. 

We say V € L(M) is mazimal if V #* M and, for all W € L(M), if 
W > V then either W =* M or V =* W. Similarly V € S(M) is cohesive 
if V #* cl(@) and, for all W € L(M), either WAV =* cl(@) or V C* W. 
We shall give two proofs that maximality lifts via coding. In this section, 
we shall give a proof based on the ideas of Downey [20]. In the next section, 
we give another proof using a property of maximal sets from Madan and 
Robinson [55]. Both techniques are extremely useful when analyzing coding 
properties. 

Let M = (M,cl) be an effective closure system, and D be a decidable 
substructure of M such that D #* M. Let B be a special set for M over D 
and let bo, 6, ... be some fixed r.e. enumeration of B. Then, following [19], 
we define an r.e. subset of B, B(V), for any V € L(M) with V D D. We 
call B(V) the associate of V. 

We let B(V) = U, Bs(V), where Bo(V), Bi(V), ... is defined in stages 
as follows. Let vo, v1, ... be some r.e. enumeration of V, and let V, = 
{vo,..., Us} for all s. 
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STAGE 0: 
Let Bo(V) = @ and 69 = b; for all 7. 


STAGE s+ 1: 
Let 7 be the least number < s such that 


bf € clp(V, U {b5 22 < J} 


and for all k < j, 

by € clp(V, U {8} 1 < k}). 
If no such j exists, let By41(V) = B,(V) and b',, = 6} for alli. Otherwise, let 
Bai(V) = B(V) U {bj} and 6f*! = 63 for i < j, with b?+' = 63,, otherwise. 


Note that if @ C B and V D elp(Q), then certainly @ C B(V). In fact, 
it is easy to prove that B — B(V) = {b,,, 6;,,...} where jo < ji <--> is 
defined by 


(i) jo = wg(b; € V), and 
(ii) for s 30, josr = HIG > Js & b; E VU {bj , -.. . b;,})). 


It follows that card (B— B(V)) = 00 if and only if V #* VM. Another useful 
observation which is straighfoward to prove is that if F is a finite subset of 
B- B(V), then B(cl(V UF)) = B(V) UF. 

These observations combined with certain exchange properties will be 
crucial for our coding of maximal structures. 


Theorem 2.5 Let M = (M,cl) be an effective closure system and D be a 
decidable substructure of M such that D #* M. Let B be a special set for 
M over D and let by, b,,... be some fixed r.e. enumeration of B. Then 
if B has WEP over D, and Q is an r.e. maximal subset of B, then clp(Q) 
is a maximal substructure of M. 


Proof. Suppose V € L(M) with clp(Q) C V. Form the associate B(V) 
of V. Then Q C B(V) C B. If B— B(V) is finite, then V =* M. Hence 
without loss of generality, since Q is maximal, we may assuine Q C B(V) and 
B(V) —Q is finite. We shall show that this assumption implies clp(Q) =* V, 
and hence that V is a maximal substructure of M. Suppose not, i.e., V #* 
clp(Q). Define a sequence Z = {2z9, 71, ... } inductively via 
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z = pz €V(z ¢ clp(B(V))), and 
Zsa. = bz € V(z ¢ cl(B(V) U {suppp(z;) : 7 < s})). 


Clearly z, is defined for all s. By WEP, we may refine the sequence Z = 
{zo, 21,-..} to an re. sequence Y = {yo, y1,--.}, so that cl(Y) #* cl(@), 
and y; locally exchanges over B. Next let 


ao = max({z | ZE supp B(Yo) ~~ Q}). 


Then ao € clp(QU {; : 6; < ao} U {yo}) and so ap € B(V) — Q. Next, let 2 
be the least ¢ such that max{z | z € suppp(y—- 1) —Q}> ao, and let 


a, = max{z | z € suppa(yi, —1)-Q} > ao. 


Then a; € B(V) — Q and a, > ao. In this way we can generate an infinite 
set {a,, d2,...} = A with A C B(V) — Q, which contradicts the fact that 
B(V) — Q is finite. o 


Thus since there are maximal sets in every high degree, we can conclude 
that under the hypothesis of Theorem 2.5, there exist maximal r.e. substruc- 
tures of M in each high r.e. degree. 


Next we consider the question of whether a cohesive subset of B generates 
a cohesive substructure. Here the situation is substantially different. For 
example, in L(V.) we have the following. 


Theorem 2.6 (Shore (unpublished), Downey [21]) Jf C is a co-r.e. subset 
of a recursive basis of V,,, then (C)* is not cohesive. 


We remark that it is unclear to what extent one may generalize Theo- 
rem 2.6, even in a Steinitz closure system setting. 


We now turn to hyper-hyper-simplicity (hh-simplicity). We may define a 
weak array of finitely generated nonempty closed subsets {V.}-e. of M to be 
one for which there is a recursive function f(x), such that for all z, 


(i) W (2) is finite, 
(ii) Vi = cl(Wyey), and 
(iii) Ve (Ve Ncl(U54; Vj) = €l(@)). 
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We then define V € L(M) to be hh-simple if V 4* M and, for every 
weak array of finitely generated nonempty closed subsets of M, {Ve}cew , 
there exists an e such that V. C cl(VU(U,4, Vj)). Now, et V € L(M). We 
denote by L(V, t) the lattice of re. superstructures of V, and by L*(V, f) 
the lattice of r.e. superstructures of V modulo the equivalence relation =". 
A remarkable theorem [53] of Lachlan states that in L(.), an r.e. set A is 
hh-simple if and only if L(A, t) is a ©} Boolean algebrz. Retzlaff [83] ob- 
served that this fails in L(V..). Let L*(V.) denote L(V.) modulo finite 
dimensional subspaces. Lachlan’s result also fails for [‘(V..) as the next 


example shows. 


Example 2.7 Nerode and Smith [72] proved that every finite distributive 
lattice is a filter in L*(V,.). Thus, embed ZL; pictured below as a filter 
in L*(V..). That is, let W be such that L*(W,t) is isomorphic to Ly. 
Then W is evidently hh-simple, since L*(W, f) is finite. That is, if W 
is not hypersimple, then let {V.}-e, be a weak array wiich witnesses the 
non-hypersimplicity of W. Next let U, C U2 be infinite r.e. sets such that 
U, — U, is infinite. Then let A; = cl(W U (Uieu, V;)) for 2 = 1,2. Then it 
is easy to show that the dimensions of both A,/W and A2/A, are infinite, 
and hence A, #* A». It would then follow that L*(W, ¢) is infinite, which 
is a contradiction. Clearly L*(W, t) is not even a complemented modular 
lattice. 


Voo 


W 


On the other hand, Retzlaff [83] observed that if L(V,¢) is a comple- 
mented modular lattice, then V is an hh-simple subspacz. In our general 
setting, this is not valid, but has the same flavor as the next result which is 
the key to our existence theorems. 


Chapter 15 Computable Algebras, Closure Systems: Coding Properties 995 


Theorem 2.8 Let M = (M,cl) be an effective closure system, and let D 
be a decidable substructure of M such that D #* M. Let B be a recursive 
special set for M with LEP over D, and let A be an r.e. hh—simple subset 
of B. Then 


(i) L(clp(A), t) ts a complemented lattice. 
(ii) In fact, if V D clp(A), there exists Q C B such that 


(a) clp(Q) complements V in L(clp(A), fT), i-e., 
V+clp(Q)=M and V Nelp(Q) = clp(A). 


(b) Furthermore, if F is a finite subset of B— B(V), then 
clp(VUF)Nclp(QUF) = clp(AU F). 


Proof. Let V D clp(A). Fix an r.e. enumeration bo, 6, ... of B, and let 
B(V) be the associate of V over D. Then V + clp(B— B(V)) = M, by con- 
struction. Moreover, since A C B(V) and A is hh-simple, Q = AU(B—B(V)) 
is r.e. and clp(Q) € L(clp(A), t). Now, suppose 


v € (clp(Q)NV) —clp(A). 


Then define 6; = max{b; : 6; € suppp(v) — A}. Notice that because v ¢ 
clp(A), 5; exists. Moreover, 6; € Q since v € clp(Q). Thus 


v € clp(AU {b; :j <i and 6; € Q}), 


and hence & € clp(AU {8; : j < i and 6; € Q}U {v}) by LEP. It follows 
that b; € clp(V U {b; : 7 < i and 6; € Q}) since AU {v} € V. However by 
the construction of B(V), this means that 6; € B(V) which contradicts the 
fact that 6; € AU(B— B(V)) =Q. Thus there can be no such v and hence 
V NM clp(Q) = clp(A). This proves (i) and (ii) (a). 


Finally we need to prove (ii) (b). Let F be a finite subset of B — B(V) 
and set V’ = clp(V U F) and Q’ = QU F. Again suppose v € V’N clp(Q’) 
and v ¢ clp(AU F). Using a very similar argument, we can show that the 
maximum member of Q’ = (B — B(V)) U F in suppp(v) ought to be in 
B(V')— F = (B(V) UF) — F = B(V), giving a contradiction. We leave the 
details to the reader. Oo 
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Theorem 2.9 Let B satisfy the hypotheses of Theorem 2.8. Then 
(i) of A is an hh-simple r.e. subset of B, then clp(A) ts hh-simple. 


(ii) Furthermore, if A is atomless (i.e., is not contained in any mazimal 
r.e. subset of B), then clp(A) ts not contained in any maximal r.e. 
substructure of M. 


Proof. 


(i) Suppose not. Let {V;}ie, be a weak array witnessing the non—hh- 
simplicity of clp(A). We first construct Q D cl(A) with a strong “noncom- 
plemented” property, and then appeal to Theorem 2.8 for a contradiction. 
The argument is along the lines of one in [83]. Specifically, let {Q;}icu list the 
r.e. subsets of B. We construct R = (J, R, in stages. Le; V5 (Qn,s) denote 
the elements enumerated into V, (Q,) after s steps. Fix some enumeration 
of A, {A‘}se., such that A,4, — A, has cardinality 1 for all s. 


STAGE 0: 
Let Ro = clp(@). 


STAGE s > 0: 
For each n < s, ifa € VSN (cl(R,UQn,s) —cl(R,)), put a into R41. Also 
put 6; into Ry41, where b; € As41 — As. 


Set R = cl(U, Rs). 
Now suppose Q. C B, and that clp(Q.) is the coraplement of R in 


L(clp(A), t) given by Theorem 2.8 (ii). Let Va = Va —clp (AU(Un en {Vin}))- 
As the V; form a weak array witnessing the non—-hh-sim:plicity of clp(A), 
Vr # cl(@). Also, Va C Va CQe+R = M. Next, let s be the least stage such 
that for some a € ¥.. a € clp(Q.,, U R;). By our choice of s and Vp, we see 


that clp(R;) C elp(AU Vin)). Hence a ¢ clp(R;), and so a € Req. 
men 


Now, a € clp(R,UQ.,,). Find a minimal finite subset F = {b),... , ba} C 
Q. — A, which is the support of a over clp(R,), where F C Qs. By LEP, it 
follows that 


by € clp(AU{by,..., bn} U{a}) © clp(RU{bz,..., ba}). 


But also, 
bh € clp(Q-) = elp(Q.U ee b,}). 
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Hence 


clp(RU {b2,... 5 bn}) Melo (Qe U {b2, -.., ba}) # clp(AU {be, ..., bn}) 
contradicting Theorem 2.8 (ii) (b). Hence clp(A) is hh-simple. 


For (ii), let V € L(M) be maximal with clp(A) € V, and suppose A is 
hh-simple and atomless. Again let Q = (B — B(V))UA, so that clp(Q) isa 
complement of V in L(clp(A), tT). As A is atomless, there exists an r.e. set R 
with B(V) CRC B and card(B-— R) =card(R—- B(V)) = 00. Let R’ = 
ROAQ. Our construction of B(V) and LEP ensure that V 4* clp(R’) #* M. 
Hence clp(A) is atomless. QO 


A natural question is what does L(V, +) look like if V is hh-simple? 
In general, we don’t know. However in [24], Downey discovered a property 
which is relevant to this question and to the results of the next section. 


Definition 2.10 ({24]) We say that A has the lifting property if, given any 
strong array {Ds(2)}re. where f is a recursive function, card (Dy(z)— A) < 1 
for almost all z. 


In [24] it is shown that 


Theorem 2.11 (Downey [24]) Let M = (M,cl) be an effective closure sys- 
tem, and let D be a decidable substructure of M. Suppose K is a special 
set with LEP over D. Let A © AW be r.e. and have the lifting property. 
Then for any W € L(M) with W 2D clp(A), there is an r.e. Q C K such 
that cly(Q) =* W. Hence in particular, L*(A, +) in L(h) is recursively 
isomorphic to L*(clp(A), t) in L(M). 


Proof. Given W € L(M) with W 2D clp(A), we can effectively list the ele- 
ments wo, w,,... of W which are not in D. Then since K is aspecial set, it 
is easy to see that there is a recursive function f such that Dy(2) = suppx (wr) 
for all z. Then since A has the lifting property, S = {i : card (Dy) — A) > 2} 
is a finite set. Let F = Uses Dy) and Q = AU (Uic,, Dy). Then clearly, 
clp(W U F) € clp(Q). On the other hand, if 7 ¢ S, let 6;, be the unique 
element of Dj(;) — A. Then by LEP, 


bi, € clp((suppx(wi) — {b:,}) U {w;}), 
and hence 6;, € cl(W UF). Thus clp(Q) C cl(F UW). 0 
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Now, given any D8 Boolean algebra A, one can mocify (as in [24]) the 
standard argument to construct an r.e. hh-simple set B whose lattice of 
supersets is isomorphic to A, such that B has the lifting property. Conse- 
quences of this (from [24]), are that if M is as above, then L(M) is not 
recursively presentable. We remark that, using the lifting property in [24], 
it is also shown that L(M) is undecidable. We examine a related notion 
(“weakly co-1-1”) in the next section. 


2.3. r—-maximality and major substructures 


We say that an r.e. set A C w is r-mazimal if (w — A) is infinite and, for 
any recursive set R, either AU R or AU (w — R) is cofinite. If A C B 
are r.e. sets, we say that A is a major subset of B if, for every r.e. set W, 
(w— B) C* W = (w— A) C* W. If A = {ao < a, < ---} is an infinite 
set, then the principal function of A, pa, is defined by p4(n) = an. We say 
that a function f :w — w majorizes a function g:w > w if f(x) > g(x) for 
all z. We say that a function f : w + w dominates a function g : w + w if 
f(x) > g(z) for all but finitely many z. We say that A is dense simple if A 
is r.e., (w — A) is infinite, and pa dominates every recursive function. 

We say V € L(M) is r-mazimal if V #* M and, whenever W; +W2 = M 
for W,,W2 € L(M), either V+W, =* M or V+W, =* M. For V,W € L(M) 
we say V is a major substructure of W if V C W, V #* W, and whenever 
W+Q=M for Qe€ L(M), V+Q =* M. For major substructures we have 
the following result essentially due to Downey [20]. 


Theorem 2.12 (Downey) Let M = (M,cl) be an effecitve closure system 
and let D be a decidable substructure of M such that D #* M. Let B bea 
recursive s—set for M over D, and let A and C be r.e. subsets of B such that 
A is a major subset of C. Then clp(A) is a major substructure in clp(C). 


Proof. Suppose W + clp(C) = M. Compute r.e. sets A’, N as follows. 


STAGE 0: 
Set Ko =G= No. 


STAGE s +1: 

First compute the least y € C with y ¢ clp(K, UN,). Set Kyi = 
K, U {y}. Now compute the least z € W such that z ¢ clp(M541 U N,). Set 
Noi = N, U {z}. 
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Let KH = U, Ks; and N = U,Ns. Then WK C C, and WK UN is an re. 
w-sequence for M. Thus A U N is recursive. Hence A’ is recursive. Thus 
K C* A (as A is a major subset of C’). Hence 


clp(A)+W =* clp(K)+W 2D clp(K)+clp(N) = M. o 


Corollary 2.13 Let M = (M,cl) be an effective closure system, and let 
D be a decidable substructure of M such that D #* M. There exist non- 
maximal r-mazimal r.e. substructures in each high r.e. degree whenever M 
contains an infinite recursive s-set B for M with WEP over D. 


Proof. Let C be a maximal subset of B, and let A be a major subset of 
C. Then by Theorem 2.5, clp(C) is a maximal substructure of M. Suppose 
that W, and W, are r.e. substructures of M such that W, + W2 = M. Then 
for 1 = 1,2, either 


clp(C)+W; =* clp(C) or ~~ elp(C)+W; =* M. 


Since we cannot have clp(C) + W; =* clp(C) for both 7 = 1 andi = 2, 
there must be some 7 such that clp(W) + W; =* M. But as clp(A) is a 
major substructure of M, clp(A) + W; =* M. Thus clp(A) is r-maximal. 
However, clp(C’) witnesses that clp(A) is not maximal. Oo 


We cannot, at this stage, prove (even) that an r-maximal r.e. subset of 
a recursive basis of V,, generates an r-maximal subspace. This is related to 
the following open question. 


Question. Suppose that W; ® W. = V.. and that B is a basis of VQ. 
Do there exist disjoint subsets B,, B2 with B, UB. = B, and such that 
W, 6 BY = W,6 B = V..? If W; and W, are decidable, do recursive By and 
By exist? 


We can, however, lift the existence of atomless r-maximal substructures 
from results in L(w). For this we need some new tools similar to those 
developed in Downey [24]. 

Now Madan and Robinson [55] defined a set A C w to be 1-1 if every 
recursive function is eventually constant or eventually one-to-one on A. That 
is, for all recursive f, there is a ¢ such that either for all s > t, f(s) = f(t) 
if s € A, or for all s,,s2 > t, 51,82 € A implies f(s) # f(s2). A set C is 
co-1-1 if w — C is 1-1. Madan and Robinson [55] proved the following. 
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Theorem 2.14 (Madan and Robinson) 


(i) Mazimal r.e. sets are co-1-1. 
(ii) Major subsets of co-1-1 sets are co-1-1. 
(ili) There is an r.e. r-mazimal dense simple set that is not co-1-1. 


For our purposes, we need an (apparently) weaker notion concerning only 
f’s of a special type. We formulate this in terms of strong arrays. 


Definition 2.15 We say that an r.e. set A is weakly co-1-1 if, given any 
strong array {D,(z)}ze. where g is a recursive one-to-one function such that 
UaDgc) = w, then for almost all 2, card (Dz) — A) < 1. 


The crucial difference between a set A having the li‘ting property and 
being weakly co-1-1 is that the condition “JzD, = w” is missing from the 
definition of the lifting property. 


It is easy to see that co-1-1 implies weakly co-1-1 as follcws: Let {Dg(c) }rew 
be a strong array with union w as in the definition of weakly co-1-1. Define 
f via f(y) = 2 for all y in Daz. If A is co-1-1, then f is either eventually 
constant on (w — A) or f is eventually one-to-one on (w — A). The former is 
impossible, the latter gives the desired result. 

Now let V € Z(M), and B be an s-set for M over D. We define the 
support of V, suppp(V), to be 


suppa(V) = Uf{suppa(v):v € V}. 
The key lemma is: 


Lemma 2.16 Let M = (M,cl) be an effective closure sistem and D be a 
decidable substructure of M such that D #* M. Let B be a recursive s—set 
with LEP for M over D and let A be a weakly co-1-1 subset of B. Suppose 
VDA,VEL(M), and suppg(V) =* B. Then V =* M. 


Proof. Since suppg(V) =* B, let Ho be the finite set B - suppp(V). Let 
pe € B(x € F), 


Ly 
vy = pv €V(2, € suppa(v)), and 


H, = suppp(v). 
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By induction, let 


s 


ren = pe € B(e ¢ FU(U Mi); 


t=1 


pv € V(x541 € suppa(v)), and 


Ustl 


Ay, = supp B(Us41)- 


It is easy to see that z,, v, and H, are defined for all s, since B = 
FUsuppa(V). Thus U, H, = B, and {H,} is a strong array. By hypothesis, 
we may suppose that for all ¢ > t, card(H,—A) < 1 for some t. However, we 
can now see by induction that (Vz > t) (Hz © cl(VU(U;<, H;)). Consider Hj. 
Now H; = supp(v,) = {bo,... , bn}, say. Then for at most one 7, b; ¢ A. 
By LEP, 

b; € cl(({bo,.-., bn} — {b;}) U{u:}) C V. 


Hence we can suppose for an induction that Vt < k < n(H, CV). A similar 
use of LEP will show Hyai C V, giving the result. Oo 


This allows us to give alternative proofs for some earlier results. 


Corollary 2.17 Let M = (M,cl) be an effective closure system, and D be 
a decidable substructure of M such that D #* M. Let B be a recursive 
s—set for M with LEP over D. Then if A,C C B with A a mazimal subset 
of B and C a major subset of A, then clp(A) is mazimal, and clp(C) is 
r-mazimal and is a major substructure of clp(A). 


Proof. By Theorem 2.14 (i) and (ii), both A and C are co-1-1. Let V D 
clp(A). If supps(V) #* B, then since suppg(V) D A, suppp(V) =* A, and 
hence V =* clp(A). Otherwise suppg(V) =* B. But then by Lemma 2.16, 
V =* M. Hence clp(A) is maximal. The second part is similar, and follows 
from the next result. Oo 


In general, we have the following. 


Theorem 2.18 Let M = (M,cl) be an effective closure system and D be a 
decidable substructure of M such that D #* M. Let B be a recursive s-set 
for M with LEP over D. 


(i) Then if A is an r-mazimal weakly co-1-1 subset of B, clp(A) is 
r-mazimal. 


(ii) Furthermore, if A is also atomless, then so is clp(A). 
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Proof. 


(i) Let W, + W. = M with Wi,W2 € L(M), and let A, B satisfy the 
hypotheses of Theorem 2.18 (i). 


Case 1. suppp(W, + clp(A)) =* B. 
Then by Lemma 2.16, Wi + clp(A) =* M. 


Case 2. suppp(W, + clp(A)) #* B. 
Then certainly suppp(W,) #* B. Now evidently 


suppp(W,) U suppp(W2) = B. 


Hence, as A is r-maximal, AU suppgp(W2) =* B. But clp| A) C clp(A) + W2 
and suppa(clp(A) + W2) =* B, so that by Lemma 2.16, clp(A) + W2 =* M. 
Thus clp(A) is r-maximal. 


(ii) Suppose furthermore that A is atomless, but clp(.4) is not. Let Q € 
L(M) with Q maximal and clp(A) C Q. Now consider suppg(Q). Clearly 
A © suppa(Q). By Lemma 2.16, it must be the case that suppp(Q) #* B. 
As A is atomless, there is an r.e. set P with suppp(Q) C P C B and 


card(B—P) = card(P — suppp(Q)) = oo. 
But then Q C clp(P), clp(P) #* Q, and M #* clp(P). “hus clp(Q) is not 


maximal. D 
Downey [24] essentially proved the following. 


Theorem 2.19 (Downey) There exist atomless weakly co-1-1 r—mazimal 
r.e. sets. In fact, these may be constructed in each high r.e. degree, and 
we may construct these sets to have the lifting property. 


Proof. We note that using Martin permitting and coding in the usual way 
(e.g., [95]) will not affect the construction in [24]. See [24] for further de- 
tails. Oo 


Corollary 2.20 Let M = (M,cl) be an effective closure system and D be a 
decidable substructure of M such that D #* M. Let 5 be any nonzero high 
r.e. degree, and suppose M has a recursive s-set with LE? (over D). Then 
M has an atomless r-mazimal substructure of degree 6. 
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On the other hand, the construction of Madan and Robinson [55] actually 
shows (extending Theorem 2.14 (iii)): 


Theorem 2.21 (Madan and Robinson) There is an r.e. dense simple r- 
mazimal set that is not weakly co-1-1. 


We remark that we do not know if being weakly co-1-1 is strictly weaker 
than possessing the lifting property. Moreover it is unknown whether major 
subsets of maximal sets have the lifting property. Thus it seems conceiv- 
able, in view of Theorem 2.21, that perhaps there are r-maximal subsets of 
recursive bases that do not generate r-maximal subspaces. 


2.4 Creativity and nowhere simplicity 


We now turn to effectively non-complemented but nonsimple substructures. 
We say that N is a nowhere simple subset of w if 


(i) N is r.e., 
(ii) w ~ N is infinite, and 


(iii) for any r.e. set W., there is an r.e. set Wy C W. — N such that W, is 
infinite if and only if W. — N is infinite. 


N is said to be effectively nowhere simple if 
(i) there is a recursive function f such that for all e, Wye) CWe—N, and 
(ii) Wye) is infinite if and only if W. — N is infinite. 


An r.e. set C C w is creative if there is a partial recursive function Ah such 


that for all e, if W.NC = @, then h(e) is defined and h(e) € W.UC. 


Analogously to the L(V.) case from [19] and [69], we define V € L(M) 
to be a nowhere simple substructure if 


(i) V #* M, and 
(ii) for all W € L(M), if 


(a) there exists W’ € L(M) with W’ C W and W’NV = cl(@), then 
(b) W’ #* cl(@) if and only if cl(W UV) #* cl(V). 
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Furthermore, if we can effectively compute an index for V/’ from one for W, 
we say that V is an effectively nowhere simple substructure. We say that 
C € L(M) is a creative substructure if 


(i) C # M, and 


(ii) there is a partial recursive function h such that, for all e with W. C M 


and cl(W.) NC = cl(9), 


(a) hfe) J, 
(b) h(e) € M —(cl(W.)UC), and 
(c) cl(W. U {h(e)}) NC = cl(@). 


Let M = (M,cl) be an effective closure system and D be a decidable 
substructure of M such that D #* M. To construct a nowhere simple and 
effectively nowhere simple substructure, it will suffice to assume that there 
is an infinite recursive s-set R for M over D which satisfies the following 


property. 


Condition 2.22 For any disjoint infinite subsets Ry, i. of R, and any 
sequence {vp, ¥;, ... } such that for all 2, 


(suppa(vs) Ra) — (Ro U(U jgxtpr(03))) # 9, 
it is the case that 
cl(V) Nclp(R2) = cl(d) and cl(V) #* cl(@), 
where V = cl({vo, v1, --- }). 


Theorem 2.23 Let M =(M,cl) be an effective closure system and D be a 
decidable substructure of M such that D #4* M. Suppos: B is a recursive 
s—set for M over D, and that B satisfies Condition 2.22. Then if A is any 
(effectively) nowhere simple subset of B, clp(A) is an (ejfectively) nowhere 
simple substructure of M. 


Proof. We only give the proof of the effectively nowhere simple case, as the 
proof of the nowhere simple case is essentially the same. Let W € L(M) 
with 

W+clp(A) #* clp(A). 
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Consider suppgp(clp(A) + W). Clearly W + clp(A) #* clp(A) if and only 
if (suppa(clp(A) + W) — A) is infinite. Now, as A is effectively nowhere 
simple, we can effectively find Q C suppg(clp(A)+W) such that QN A = @, 
Q is re., and card(Q) = oo, if and only if (suppa(clp(A) + W) — A) is 
infinite. Now it follows that cl(@) #* cl(Q) if and only if Q is infinite. 


Construct {vo , v1, ...} as follows: 


STAGE 0: 
Compute v9 € W such that (suppa(vo) AQ) # @. 
Set Ro = suppp(vo). 


STAGE s+ 1: 
Compute v.41; € W such that suppa(vs41) NQ) — R, # @. 
Set Rai = RU {suppa(vs41)}. 


Then {vo, v1, ... } satisfies Condition 2.22 with R; = Q and R2 = A. Thus 
if V = cl({vo, v1, ... }), then cl(V) Nclp(A) = cl(@). Finally, cl(V) C W by 


construction. Oo 


We remark that most “algebraic” systems, and in particular algebras like 
N, V.. and F,,, satisfy Condition 2.22. In fact, one can show that any 
Steinitz system satisfies Condition 2.22, which gives Nerode and Remmel’s 
result from [69]. Other applications include Boolean algebras and ideals. 
On the negative side, we cannot replace “(effectively)” by “(noneffectively)” 
in the statement of (2.23) since Downey and Remmel proved the following 
result. 


Theorem 2.24 (Downey and Remmel [31]) Jn each nonzero r.e. degree, 
there exists a noneffectively nowhere simple subset of a recursive basis of 
Veo which generates an effectively nowhere simple subspace of Vou. 


To construct a noneffectively nowhere simple substructure, we need to 
(apparently) resort to a direct construction. 


Theorem 2.25 Let M = (M,cl) be an effective closure system, and let D 
be a decidable substructure of M such that D #* M. Let 6 be any nonzero 
r.e. degree, and suppose B is a recursive special sequence for M over D 
which satisfies Conditions 2.3 and 2.22. Then there exists an r.e. set AC B 
such that clp(A) is a noneffectively nowhere simple substructure of degree 6. 
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Proof. Our proof is based on the existence proof for a non2ffectively nowhere 
simple subspace of V,, given in [31]. Let C be an r.e. set of degree 6, and 
let bp < b; <---+ be the increasing enumeration of B. Let 


R= {be,y:2€C andi € wv}, 


where ( , ) is some recursive pairing function which maps w x w onto w. 
For any subset E of B, let BE) = {bin, : bn, € E}. Let h(w) = R be 
a one-to-one recursive enumeration of R. We construct A in stages. Let 


U; = cl(W; M) for all 7, where W; is the 7-th r.e. set. Let 
Ues={e:rgs & cecl(W..9M)}. 


For each e, we employ a possibly infinite set of A, markers in the course of 
the construction which will help us witness that clp(A) is nowhere simple. 


STAGE s: 

For each e <n < s, if there is y € Ue, such that by, € suppa(y) for 
some i and no b(,,;) has a A, marker on it, put a A, marker on bi, 4), where 
k is the least such 7. Then enumerate A(s) into A unless it has a A, marker 
on it. 


Lemma 2.26 A is a noneffectively nowhere simple subset of B such that 
A =T C. 


Proof. Let By, B,, ... be an effective list of all r.e. subsets of B. Now if 
A is an effectively nowhere simple subset of B, there would be a recursive 
function f such that 


(i) Bye) © Be — A, for alle, and 
(ii) card (Byey) = co iff card(B. — A) = co. 


Now it is easy to see that A C R™) for all n. In fact, card (R™ — AM) < 
n+ 1, since at most n +1 elements of R'” can have A, markers on them, 
i.e., at most one for each e < n. Then let u be a recursive function such that 
BM) = Bun) for all n. Now suppose n ¢ C, so that A™ := R™ = g. Then 
Bun) = (Bm) is disjoint from A, so then Byiy(ny) must be infinite. On the 
other hand if n € C, then R™ = BC), so that card (R™ —A™) ¢n+1 and 
hence card (By(uny)) < n+1. Thus n ¢ C if and only if card (By(u(n))) > 2+1, 
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which would imply that B — C is r.e., and hence C would be recursive, 
contrary to our hypothesis. Thus A is not an effectively nowhere simple 
subset of R. 

Now A is a nowhere simple supe of B. For suppose that B, — A is 
infinite. Then either for some n, B” — A is infinite, which means that 
n¢C and A™ = g, so then BY | is an ares r.e. subset of B contained 
in B, — A. Otherwise, for infinitely many n, Bm — Awe) # @, in which case, 
if V, = clp(B,), there will be infinitely many A; see placed, and hence 
the set of elements with A; markers on them will form an infinite r.e. subset 
of B contained in B, — A. 

Finally, note that x € A if and only if rc = A(s) € R, and z is put into A 
at stage s. Thus A <7 R =r C. By our observations above, x € C' if and 
only if AN {b(n ,0) ‘ eerie seedy bin nt) #6, so that C <7 A. OD 


Since A is a nowhere simple subset of B, it follows from Theorem 2.23 
that clp(A) is a nowhere simple substructure of M. Thus to complete the 
proof of our theorem, we need only prove the following. 


Lemma 2.27 clp(A) is not an effectively nowhere simple substructure 


of M. 


Proof. Suppose that clp(A) is an effectively nowhere simple substructure. 
Let Q, = B™. Ifn ¢ C, then AM = RM = g, 

Ifn € C, then at most n elements of B™ can be kept out of A. Now let f 
be a witness function for the effective simplicity of clp(A). That is, suppose 
that for all e, 


(i) Useey G Ue, 
(ii) Use) N clp(A) = cl(@), and 
(iii) if dp(U,U A) dp(A) then Une #* el(9). 


Let Ug(n) = clp(Qn). Notice that e € C ifand only if clp(U,(ey A) =* clp(A). 
Thus by Condition 2.3, e ¢ C if and only if cl(Us((e))) #* cl(); but this 
latter holds if and only if there exist n+1 elements y;, ... , Yn4i of cl(Us(9(e))) 
such that for all 7, suppa(y;) 4 @ and for allt 4 7, suppa(yi)Nsuppa(y;) = @. 
But this would imply that w — C is r.e., and hence C would be recursive. 
Thus no such f exists. Oo Oo 
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We note that we do not know if Condition 2.22 can be removed. We refer 
the reader to [31] for further details on nowhere simple subspaces of V,,. Our 
final results for this subsection concern creativity. 


Theorem 2.28 Let M be an effective Steinitz algebra, and A a creative 
subset of a recursive basis for M. Then cl(A) is creative. 


Proof. It is routine to construct a creative subset A’ of B such that cl(A’) is 
creative. By Myhill’s theorem there is a recursive permutation of B taking A 
to A’. As M is a Steinitz algebra, this map lifts to a recursive automorphism 
of L(M). Hence cl(A) is creative. Oo 


In the general setting, again life is not so nice. The answer was given by 
Remmel [82], but by using a direct construction. We state the associated 
condition and the result for completeness. 


Definition 2.29 (Remmel [82]) We say a one-to-one recursive function 
f : w — (M — cl(@)) is special over A, where A € L(M), if A is recur- 
sive, and if there is an effective sequence Sp, 5, ... of pairwise disjoint sets 
such that 


(2) given any finite set Q, and z € M, we can decide if z € cl(AUU <9 55), 
(3) for all Q, andi ¢ Q, S;NclAU Ujeg Sj) = 8, 
(4) for all Q with card(w—Q) = 00, cl(AU Ujeg Si) F* M, 
(5) for any finite Q, 7 ¢ Q, and any finite set {v1,..., ve}, 
if cl(w,..., ve, f(#)) A cl(AU Useq 53) 3£ cl(), 
then cl(m,..., v%) A cl(AU (Useg Sj) U {f(i)}) # el(@). 
Theorem 2.30 (Remmel [82]) Suppose there is a recursive function f, and 


a € L(M) such that f is special over A. Then M contains a. creative 
substructure V. 


We do not give the proof, but refer the reader to [82, Theorem 6.2]. 
Inspection of this proof reveals that if we can arrange a recursive s—set B for 
M over A such that Vi (5; C B) so that, in addition, we can ensure that V 
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is generated by a creative subset of B. This applies to most of the examples 
such as vector spaces, Boolean algebras, orderings, etc.. 


On the other hand if A C Band clp(A) is creative, then it is not necessary 
for A to be creative. For example, it is easy to modify Remmel’s result 
(Theorem 20 of [70]) to show the following result. (We leave the details to 
the reader.) 


Theorem 2.31 Let M be an effective Steinitz algebra satisfying (*) below. 
Then if B is a recursive basis of M, there is a simple subset A of B such 
that cl(A) is creative. 


(*) If I ts independent and infinite, and n € w, there exists x € cl(I) 
such that card (supp;(x)) <n. 


Downey [26] obtained several interesting results on orbits of creative sub- 
spaces. Not only does the analogue of Myhill’s [68] theorem fail, but there 
are infinitely many non-elementary equivalent creative subspaces. For exam- 
ple, in [26], Downey defined V € L(V.) to be creative of type n (n € w) if 
V is creative, and there is a decidable subspace Q of V,. such that V C Q, 
dim(V../Q) = n and, for all decidable subspaces W > V, W DQ. From 
[26], we have 


Theorem 2.32 (Downey) 
(i) For each n € w, there exists a subspace which is creative of type n. 
(ii) There are creative subspaces which are not creative of type n for any n 
(iii) Furthermore, for any n, there are infinitely many nonautomorphic sub- 


spaces all of which are creative of type n. 


We refer the reader to [26] for further details. 


2.5 Speedable and Levelable Structures 


In this section, we consider the speedable and levelable sets introduced by 
Blum and Marques [10] in our setting. In this section, we shall write A for 


w— A, and write A C,., B if A C B and |B— A] = 00. 
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Let {®; : i € w} be step counting functions which constitute a complexity 
measure in the sense of Blum [9]. Namely, assume that: 


(1) yi(x) converges if and only if ®;(x) converges, aad 


(2) the function 
1 if O(r)=y 


0 otherwise 


M(t,z,y) = 
is total recursive. 


For example, ®;(x) could be the number of steps used by the i-th Turing 
machine FP; on input x, or the number of cells scanned (provided that ®;(z) is 
undefined if P, does not halt on input x). We will write {e}4(x) = {e}?(z) to 
mean that both computations are identical, namely {e}4(z) = {e}?(z), and 
A, and B; are identical below the use u(A,; e, x, s) of this computation. 
We will use the symbols “J” 2” and “V™ 2x” to mean “there exist infinitely 
many x” and “for all but finitely many x” respectively. 


Definition 2.33 An r.e. set A is speedable if for all i such that W; = A and 
for all recursive functions h, there exists a 7 such that W; = A, and 


(A* x) [®,(x) > A(x, ®;(x))] 


Furthermore, we say that A is effectively speedable if 7 car be recursively 
obtained from 7 and an index for h. 


Definition 2.34 An r.e. set A is levelable if there is a recursive function r 
such that, for all 2 with W; = A and for all recursive functions h, there exists 
aj such that W; = A, and 


(S° x) [O;(z) > h(x) and ©;(x) < r(z)| 


We say that A is effectively levelable if 7 can be recursively obtained from 7 
and an index for h. 


It is easy to see from the definitions that every levelable set is speedable 
and no recursive set can be speedable. 

Intuitively, if A is speedable, there is no fastest progrem which com- 
putes A. That is, for every program P; which computes A ir. the sense that 
A= {zx : yi(x) |}, and for every recursive function h, there is another pro- 
gram P; for A which is an h-speed-up of P; for infinitely many z. Here we 
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say that P; is an h-speed-up of P; on argument z if ®,(r) > h(x, ®,(zx)). 
The drawback of the notion of speedable from the computational complexity 
point of view is that even if, for every program P; for A there is another 
program P; for A which runs much faster than P; on infinitely many in- 
puts xz, the running time ®;(x) may still be extremely large. The notion of 
P; leveling P; on an input x, is that not only does P; run much faster than P; 
on x, but in addition ®,(2) < r(x), where r is some predetermined recursive 
function. These properties have been widely studied by Blum, Marques, Gill, 
Morris, Soare, Bennison, Filotti, and others. Since the notions of speedable 
and levelable sets are not as well known as those of maximal, simple, creative 
sets considered earlier in this section, we will take some time to summarize a 
few of the main results on these types of sets. We start with some alternative 
characterizations of effectively speedable and effectively levelable sets. 


Definition 2.35 (Blum and Marques [10]) An r.e. set is subcreative if and 
only if there exists a recursive function o, with the property that for every 
index j, there is a natural number x such that W,(;, = AU {x}, where 
tEWw;NA or reEWw;VUA. 


This was the original definition of subcreative as introduced in [10]. Blum 
and Marques then gave a characterization of subcreative sets which was 
strengthened by Gill and Morris [38] to the following. 


Theorem 2.36 (Gill and Morris [38]) An r.e. set A is subcreative if and 
only if there exists a recursive function 6 such that for all j, if WjNA=@, 
then A c W5,5) C W;. 


Definition 2.37 (Filotti [35]) An r.e. set A is undercreative if and only if 
there exist recursive functions 6 and 6’ such that 


(1) V9 [Wo i) = Wor] 
(2) (W; NA finite) > (Ws) Cc W; —A and W505) ‘a W; UA = @) 


Theorem 2.38 (Blum and Marques [10]) An r.e. set A is effectively speed- 
able if and only if A ts subcreative. 


Theorem 2.39 (Filotti [35]) An r.e. set A is effectively levelable if and only 
if A is undercreative. 
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It is immediately clear from the definitions that every undercreative set 
is subcreative and thus every effectively levelable set is also effectively speed- 
able. It is clear from the characterization of subcreative by Gill and Morris 
that every creative set is subcreative. Next we shall consider alternative 
characterizations of speedable and levelable sets. 


Definition 2.40 Given a set A, 


(i) define the jump of A as A’ = {e: e € WA}, and the n-th jump of A to 
be A) = (Aru 
(ii) define the weak jump of A as AO) = Hy = {e: W.N A F @}, and the 
n-th weak jump of A to be A™ = Ajaay = {i Wi Aln-1) 4 gh, 
(iii) A is low if A’ <7 @’, and is semilow if AQ) = Hz <7’. 
(iv) In general, we say that A is weak low, if A™ =, 6), and strong highn 
if A”) =1 girth), 


Blum and Marques [10] gave a recursion theoretic characterization of non- 
speedable r.e. sets. However, for our purposes, we shall use an exceptionally 
neat characterization of nonspeedable sets due to Soare. 


Theorem 2.41 (Soare [94]) Let A be an r.e. set, then A is nonspeedable if 
and only if {e: W.N A #9} <r’ (i.e., A is semilow). 


Definition 2.42 A sequence R = {Ri}new of recursive sets is a 


(1) recursively enumerable array if there is a recursive function f such 


that R, = Win): 


(2) uniformly recursive array if there is a recursive function g such that 
Yin) is the characteristic function of R, for all n. If g = y-, then we 
say e is an index for FR. 


(3) cofinal in an r.e. set A if for all recursive sets B, 


BDA > A(R, CA & |R,NB|=cc). 


Theorem 2.43 (Blum and Marques [10]) An r.e. set A is levelable if and 
only if there is a uniformly recursive array {Rn}new which is cofinal in A. 
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Theorem 2.44 (Soare [94]) Let A be an r.e. set, then A is nonlevelable if 
and only if {n: Rx A # O} <r @' for every uniformly recursive array 
R = {Ri }new- 


Blum and Marques [10] also introduced the notion of an effectively non- 
levelable set. 


Definition 2.45 An r.e. set is effectively nonlevelable if and only if there is 
a recursive function f such that for alli and k, if W; = A and yz, is recursive, 
then y(;,4) is recursive, and 


(Vj) [(Wi = Wi) => (Vx) ((j(x) < Ox (2) > (Bi(z) < gyiny(2)))]- 


(Think of y, as corresponding to r and y¥(;,4) as corresponding to h, so that 
Ys(i,k) iS an effective counterexample to A being levelable via y,.) 


Theorem 2.46 Let A be an r.e. set. Then the following are equivalent. 
(1) A ts effectively nonlevelable. 


(2) (Blum and Marques [10]) There is a recursive function h such that, 
if € is an index of a uniformly recursive array {Rn}new, then Prey ts 
the characteristic function of a recursive set BD A satisfying 


(Wn) ((Rn © A) > (Rn 9 B is finite)) 


(3) (Soare [94]) There is a recursive function k such that, if e is an index 
of a uniformly recursive array {Rn}new, then {Ri A # O} <r O" by 
the Turing reduction of index k(e). 


Bennison extended the work of Soare by giving information content char- 
acterizations for the effectively speedable and effectively levelable sets. Let 


FIN = {e: W. is finite}. 


Theorem 2.47 (Bennison, [8]) An r.e. set A is effectively speedable if and 
only if A) =, 6 (i.e., A is strong high,). 


Theorem 2.48 (Bennison, [8]) An r.e. set A is effectively levelable if and 
only if there exists a uniformly recursive array {R;}icy such that 


{t:R;NA #9} =, FIN. 


1014 R. G. Downey and J. B. Remmel 


This given, the question that we ask in this section is, what is the relation 
between the speedability (levelability, etc.) of a generating set A and its 
closure cl(A) in an effective closure system. This type of question was first 
studied by Bauerle and Remmel [6] in Vv. 


We start with two basic results which are easily derived from Soare’s 
characterization of nonspeedable and levelable sets, Theorems 2.41 and 2.44. 


Theorem 2.49 Let M = (M,cl) be an effective closure system, and D be 
a decidable substructure of M such that D #* M. Let V D D be anr.-e. 
substructure of M such that D #* V, and B be a special sei for V over D. 
Then 


(a) If B is speedable, then cl(B) is speedable, and 
(b) If B is levelable, then cl(B) is levelable. 


Proof. We shall show that if cl(B) is nonspeedable then B is nonspeedable, 
and if cl(B) is nonlevelable then B is nonlevelable. 


The key observation is that cl(B) — B is r.e.. That is, for each x € cl(B), 
we can effectively compute suppa(x). Thus x € cl(B) — PB if and only if 
either card (suppa(z)) > 2 or suppa(rz) = {b}, where b € B and x F 8b. 
Thus, for any r.e. set W., W. B # @ if and only if either W. Ncl(B) # or 
W. 9 (cl(B) — B) # @. Thus it follows that, if {e: W.Ncl(.3) 4 0} <r @, 
then fe: W.NB AG} <7O'. 

Similarly, for any uniform recursive array R= {Rn}new, if 


{e: Re Ncl(B) # 9} <r @, 


then 7 
{e:R.NB#G} <r. 


Hence B is nonlevelable if cl(B) is nonlevelable. O 


Moreover, if B is a subset of special set S for M over D, where M = w, 
then we can say a bit more. 


Theorem 2.50 Let M = (w,cl) be an effective closure system, and D be a 
decidable substructure of M such that D #* M. Let S be a special set for 
M over D, and B be an r.e. subset of S. Then B is speedcble if and only 
if cl(B) is speedable. 
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Proof. 
By Theorem 2.49, if B is speedable, then cl(B) is speedable. 


Now suppose that cl(B) is speedable. Then it is easy to see that 
W.Mcl(B) ¥ @ if and only if supps(W.) A B # @. Since there is a recursive 
function g such that supps(W.) = We), it follows that 


0 <r {e:W.Ncl(B) 40} <rfe:W.NBFO}, 


so that B is speedable. Oo 


We note that it is not the case that under the hypothesis of Theorem 2.50 
that if cl( B) is levelable, then B is levelable. That is, Bauerle and Remmel {6] 
proved that in V,,, any subspace generated by a speedable subset of recursive 
basis for V,, is levelable. Moreover Blum and Marques [10] proved that there 
is an effectively nonlevelable effectively speedable set. Thus if we take an 
effectively nonlevelable speedable subset of a recursive basis of V,., it will 
generate a subspace which is levelable. 


Theorem 2.51 Let M = (w,cl) be an effective closure system and D be 
a decidable substructure of M such that D #* M. Let V D D be an re. 
substructure of M such that D #* V, and B be a special set for V over D. 
Then 


(a) of B ts effectively speedable, then cl(B) is effectively speedable, and 
(b) if B is effectively levelable, then cl( B) is effectively levelable. 


Proof. 


(a) To show that V = cl(B) is effectively speedable, we must show that 
there exists a recursive function a such that if W; 1 V =@, then 


VC Watiy S W;. 


Now because B is effectively speedable, there is a recursive function 6 such 
that if W;N B = @, then A C Ws) C W;. Now note that cl(B) — B is 
r.e., so there is a recursive function f such that Wy(;) = W; U (cl(B) — B). 
Similarly, there is a recursive function g such that Wj) = W; Ucl(B). We 
claim that our desired function a is given by a= 9.6. f. That is, suppose 
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that W; Ncl(B) = @, then Wy) = W; U (cl(B) — B); and since B C cl(B), 
then also Wy3) 0 B =@. Thus, 


BC Wasi) G WU (cl(B) — B). 


In particular, 
(Ws) — B)Nel(B) # 9. 
Moreover, since W; Ncl(B) = @, 
Wass = Waray Uel(B) & Wj. 


Thus cl(B) C Way) © W; as desired. 


(b) Since B is effectively levelable, it follows from Theorem 3.39 that 
there exist recursive functions 6 and 6’ such that for all 7 


(1) V7 ( Ws.) = W513) ) 5 and 
(2) (W; NB is finite) > (Ws(5) Cc W; — B and W5,5) NW; UB x @). 
Now let (J) = 6(f(J)) and ¥'(j) = &'(f(j)), where Wy; = W;U(cl(B) - B). 


We claim 
(i) Va (Wj) = Way), and 
(ii) (W; Mcl(B) is finite) 
+ (Wy) CW; —el(B) and Wy; W;U cl(B) # 9), 


so that cl(B) is also effectively levelable. First, condition (.) is immediate. 
For condition (ii), note that if W; N cl(B) is finite, then 


Wj) B = (Wj U(cl(B) — B)) NB 
is also finite. Thus, 


Wj) = Waray S (Wj U (cl(B) — B)) - B 


IN 
= 
| 
2. 
a 


Moreover, 
Wy 1W; Ud(B) = Wy AW; U (cl(B) — B)UB 


War) IW) UB F @. O 


Wl 
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Theorem 2.52 Let M = (w,cl) be an effective closure system and D be a 
decidable substructure of M such that D #* M. Let S be a special set for 
M over D, and B be an r.e. subset of S. Then B is effectively speedable if 
and only if cl(B) is effectively speedable. 


Proof. By Theorem 2.51, we know that if B is effectively speedable, then 
cl(B) is effectively speedable. Now suppose that cl(B) is effectively speed- 
able. To show B is effectively speedable, it is enough by Theorem 2.38 
to show that B is subcreative with respect to S. That is, we must show 
that there is a recursive function 6 such that if W; C S and W;N B= @, 
then B C W5j) GC S — W;. Let a@ be the recursive function such that if 
W; Ncl(B) = @, then cl(B) C Wayjy C Wj. Note, that for any r.e. set W,, 
N(W;) = {x | supps(x) N W; # @} is an r.e. set. In fact, there is a recursive 
function r such that W,,;, = N(W;). Moreover, if W; C S and W;N B= @, 
then N(W;) Ncl(B) = @. Similarly, for any r.e. set W;, supps(W;) is an r.e. 
subset of S, and there is a recursive function t such that W153) = supps(W;). 


We claim our desired function 6 is given by t,. ar. That is, suppose 
W; © S—B. Then Wy) = N(W;) i not ede cl(B), so that 
cl(B) C Wag & N(W, Vi). “Buk note N(W;) = {x | supps(x)M W; = @}, so 


that supps(Warjy)) G S — Wj. Moreover, since W.(r(j)) — cl(B) F @, there is 
ay € Wai(j)) such that ee \N(S— B)#@. Since cl(B) GC: Wagar BS 
supps(Warj))) = Way. Thus B C Ws) C S — W; as desired. oO 


We note that it is not the case that under the hypothesis of Theorem 2.52 
that if cl(B) is effectively levelable, then B is effectively levelable. That is, 
Bauerle and Remmel [6] proved that in V.,, any subspace generated by an 
effectively speedable subset of a recursive basis for V,, is effectively levelable. 
Thus we can again use the result of Blum and Marques [10] that there is an 
effectively nonlevelable effectively speedable set. Thus if we take an effec- 
tively nonlevelable effectively speedable subset of a recursive basis of V.., it 
will generate a subspace which is effectively levelable. 


3 Sacks’ splittings 


In this section we shall investigate the analogue of Sacks’ splitting theorem, 
which states that if A is a nonrecursive r.e. set, then there exist disjoint r.e. 


sets B and C such that A= BUC and B|rC. 
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We note that the standard proof of Sacks’ splitting theorem uses the fact 
that if A and B are disjoint r.e. sets, then the Turing degrees of A and B 
join up to the Turing degree of C, i.e., deg(A) V deg( B) = deg(AU B). Thus 
in particular, A <r (AU B) and B <7 (AUB). It is not true in V., that if 
A and B are r.e. subspaces such that AN B = cl(@), then dez(A) V deg(B) = 
deg(cl(A U B)). For example, Ash and Downey [1] showed that any r.e. 
subspace of V,, is a direct sum of two decidable subspaces. It is the case 
however, that if A and B are r.e. subspaces such that AN B = cl(@), then 
A <r (cl(AU B) and B <7 cl(AU B). In Boolean algebras, the situation is 
even worse. For example, Yang, in his thesis [97], showed that for any two 
r.e. degrees a and 3, there are r.e. subalgebras of N, A of degree a and B of 
degree G, such that AN B = {0x lx} yet cl(AU B) = N. In fact, similar 
examples exist for all Boolean algebras of the form N x D, Q x D, and C, 
where D is any recursive Boolean algebra. 


Also, it is not true that if V € L(V..), and if B is an r.e. basis of V, and 
if By and By are disjoint r.e. sets which form a Sacks’ splitting of B (i.e., 
B, |r Bz and B,UB, = B), then (B,)* |r (B2)*. Indeed, as is shown in [32], 
we may have (B,)* =7 (B,)* although B, |r Bz. Thus Sacks splittings of 
special sets do not induce Sacks splitting of substructures. 


We can give a direct construction which will produce Sacks’ splittings of 
substructures which are generated by non-recursive r.e. special sets with LEP. 
Unfortunately, this does not imply the existence of Sacks’ splittings of all r-e. 
substructures of an effective closure system. For example, Yang [97] showed 
for that any r.e. subalgebra A of Q that has a nonrecursive r.e. generating 
sequence, i.e., a sequence dg, a,... such that A = cl({ac, a1, ...}) and 
for all n > 0, ay is strictly contained in some atom of cl(ag, ... , @n—1), then 
there exist r.e. subalgebras A, and A of Q such that A, A: = {0g, 1g}, 
cl(A; U Az) = A, and A, |7 Az. However, it is not known whether ev- 
ery r.e. subalgebra of @ has a non-recursive r.e. generating: sequence. We 
note that proving a Sacks’ splitting result for r.e. subalgebras of Q proves 
a Sacks’ splitting result for all r.e. subalgebras of any recursive Boolean al- 
gebra B, since Remmel proved that every recursive Boolean algebra B is 
recursively isomorphic to a recursive subalgebra of Q. Yanz [97] did prove 
that every nonrecursive r.e. subalgebra of N* has a nonrecursive r.e. gener- 
ating sequence. We note that an r.e. generating sequence is not necessarily a 
special sequence. Finally, we shall see in Section 5 that the analogue of the 
Sacks’ splitting theorem simply fails in (V.,, A@). 
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We will derive our Sacks splitting theorem for effective closure systems 
from the following result. 


Theorem 3.1 Let M =(M,cl) be an effective closure system, and let D be 
a decidable substructure of M such that D #* M. Suppose that V D D is 
an r.e. substructure of M, and G is a special set for V over D. Let C be 
a nonrecursive r.e. subset of w. Then there exist r.e. sets Go and G, which 


split G such that if B; = clp(G;) for i = 0,1, then 
(i) V=Bo+ B, 
(i) BoA By =D, and 

(ili) C £7 B;, fori =0,1. 


Proof. 

Given a set B Cw, we let BL) r={e<cr:are€ B}. 

Let go, g:,-.. be an r.e. enumeration of G without repetitions. Let G, = 
{go,---, 9s} for all s. Let {C.}sen be an effective enumeration of C. We'll 
enumerate {Gj,5}{seu} and {Bi,s}{seu} for i = 0,1, where B;,, = clp(G;,;) for 
all 7 and s, so as to satisfy the positive requirement 

P: gs is put into exactly one of Go,, or Gy, 
and the negative requirement, for 7 = 0,1 and all e, 
Nei) ig OF # {e}*, 
Note that meeting the positive requirement immediately ensures both con- 
ditions (i) and (ii) are satisfied. 

We'll construct Bo and B, in stages. First we order all pairs (e,7), where 
e€wandz € {0,1}, lexicographically, i.e., (e,7) < (f,7) if either e < f or 
both e = f andi < 7. 

Construction 
STAGE 0: 
Define Goo = {go} and Gio = @. 


STAGE s +1: 
Having defined G;,, and B;,,, define recursive functions /'(e, s) and r'(e, s) 
(length function) U'(e,s) = max{x: (Vy < 2) {e}?*(y) | = C,(y)}, 
(restraint function) r‘(e,s) = max{u(Bi,;e,2,s): «< I(e, s)}. 
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Let p; = pa(z € clp( Bis U {9s41}) — Bis. Choose (e’,2’) to be the least 
(e,7) such that p; < r'(e,s), then enumerate g,41 into G1_j,541. That is, let 


Gi s41 = Gres By s4t = Bis, 
Gish = Gish. U {gs+1} ’ By i541 _ clp(G1-#,s41)» 


(Note Ni.) is the highest priority requirement which might be injured by 
enumerating g,41 in By, so we enumerate gs41 into By_,.) If no such (e’,7’) 
exists, enumerate gs41 into Go. That is, let 


Gos+1 = Gos U {gst} 5 Bo,s+1 = Clp(Go,s+1) 5 
Gisti = Gis, By s41 = Bis. 
To see that the construction succeeds, we define the injury set 
(injury set) Ji = {x: (4s)[2 € Bisti— Bis & 2 < r(e,s)}}. 
We can prove by induction on (e,7) that for 7 = 0,1 and all e, 

(1) Ii is finite, 

(2) C # {e}¥, and 

(3) r*(e) =lim,r'(e,s) exists and is finite. 


Namely, fix (e,7), and assume (1), (2) and (3) hold for all (k,7) < (e,7). 
By (3), choose ¢ such that r/(k, s) = r?(k) for all (k,j) < (e,2) and all s >t. 


Choose r greater than all such r/(k), and then choose v > ¢ such that 
V {r=clo(G,) | r. Now N¢,i) is never injured after stage v. This is 
because otherwise, suppose that there is a stage w 2 v at which Ne jy is 
injured. But then by the construction, there exists (k,1 — 1) < (e,2) such 
that if 
pi = px(z € clp(Biw U {gu4i}) — Biw), 


then p; < r!*(k,s) <r. But then p; € clp(Gu41) | r—clp(Cw) | 7, contrary 
to the hypothesis that V | r = clp(G,) | r. That is, because G is a special 
set for V, 


Pi € clp(Biw U {9w+i}) ee Bix, = clp(Giw U {9w+1}) ur celp(Giw) 


implies gy41 € suppe(p;), and hence p; ¢ clp(G.,). Thus (1) holds for (e,7). 
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We note that (2) and (3) hold for (e,7) by essentially the same arguments 
given in Theorem 3.2 (Sacks’ splitting Theorem) in Soare {92]. That is, to 
see that C # {e}®:, assume for a contradiction that C = {e}* for some 
i =0or 1. Then lim, I’(e,s) = 00. By (1), choose s’ such that Ny.,;) is never 
injured after stage s’. We shall recursively compute C contrary to hypothesis. 
To compute C(p) for some p € w, find the least s > s’ such that I'(e,s) > p. 
It follows by induction on t > s that 


(vi>s)(I'(e,t)>p & ri(e,t) > max{u(Bis;e,z,8):2<p}), (*) 


and hence that {e}¥* (p) = {e}®s = (p) = {e}?(p) = C(p). Hence C 
would be recursive, contrary to our hypothesis. To prove (*), assume that 
it holds for t. Then because of the definition of r‘(e,t) and the fact that 
t> os’, Bits: | = = Bye | z for all numbers z used in the computation 
{e}P" (x) =y, for any x < p. Thus 


{ehh (2) L = {e}P'(2) = {e} (2) = y, 


so ['(e,t +1) > p, unless Cryi(z) # C;(x) for some x < I'(e,t). But if 
Ci(z) # C.(x), for some t > s and z < p where z is minimal, then our 
use of “< I'(e,¢)” rather than “< I'(e,t)” in the definition of r*(e,t), ensures 
that the disagreement C;(x) 4 {e}P' (2) is preserved forever, contrary to our 
hypothesis that C = {e}%. To show (3), i.e., that (Ve) [lim,r'(e,s) exists 
and is finite ], by (1) and (2), choose p = (ur) [C(x) # {e}*'(2)]. Choose s' 
sufficiently large such that for all s > 9’, 

(1) (We <p) [fe}s"*(a) I= {e}*(x)], 

(2) (Vx < p)[C.(x) = C(x)], and 


(3) Mey is not injured at stage s. 


CASE 1: (Vs 23’) [{e}?*(p) ft]. Then r'(e,s) = r'(e,s’) for all s > s’. 


CASE 2: {e}?"(p) | for some t > s’. Then {e}?"(p) for all s > t because 
l'(e,s) > p, and so, by the definition of r'(e, s), and the fact that Ne, i) 18 not 
injured after stage ¢, the computation {e}*(p) is preserved forever. Thus 


{e}¥(p) = {e}i*"(p). But C(p) # {e}%(p). Hence 
(Vs >t) (C.(p) £ {e}2"(p) & K(e,s)=p & ri(e,s)=r'(e,t)). 


Therefore, r'(e,t) = lim,r'(e, s). Oo 
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Corollary 3.2 Let M = (M,cl) be an effective closure system, and let D 
be a decidable substructure of M such that D #* M. Suppose that V D D 
is an r.e. substructure of M, and G is a special set for V over D which is 
not recursive. Then there exist r.e. sets Gg and G, which split G such that 


if B; = clp(G;) for 1 = 0,1, then 
(i) V= Bot Bi, 

(ii) BoA B, =D, and 

(iii) C £7 B; fori =0,1. 


Proof. Since G is a nonrecursive r.e. special set for V, we can use Theo- 
rem 4.1 where C = G. That is, let Go, G; and Bo, B, be constructed as 
in Theorem 4.1. Then G =r Go @ G,, where © means set direct sum, i.e., 
Go OG, = {21:1 € Go} U {22+1:7 € Gi}. Note G; <r B;, since G; is 
clearly a special set for B;. Hence C = G <7 Bo ® Bi, where @ is also the 
set direct sum. Therefore if deg( Bo) is comparable to deg(B8,), for example 
Bo <r By, then C <7 By, which is a contradiction. Oo 


That the complete analogue of Sacks’ splitting holds in [(V..) is a result 
due to Downey, Remmel and Welch [32]. We remark that they established 
the theorem via a general result relating the degrees of bases of V € L(V.) 
to the degrees of splittings. This result relies heavily on certain structural 
properties of L(V..). 

The degrees of splittings and bases and how they relate to the models 
they generate all turn out to have a complex relationship even for V,,. We 
refer the reader to [32, 33, 97] for further details, and give only the following 
examples from [32]. 


Theorem 3.3 (Downey, Remmel and Welch) Let V € L(V). Then 6 is 
the degree of an r.e. basis of V if and only if there exist W,,W2 € L(Voo) 
such that d(W,) = d(D(W,)) = 6 andW, @WL=V. 


Theorem 3.4 (Downey, Remmel and Welch) There exist (,V,W € L( Veo) 
such that Q®@V = W and @ <r Q <r W, but such that for all V',Q’ € 
L(VYo), tf 
V"@Q'=W and Q=7rQ, 
then 
d(Q’) V d(V') # dW). 
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In point of fact, the degrees of bases and splitting are related more to 
weak truth table degrees than to Turing degrees. The following theorem is 
definitive. 


Theorem 3.5 (Downey and Remmel [30]) Suppose that A is recursively 
enumerable. Then V has a basis of weak truth table degree deg(A) iff 
A wt V. 


4 Another example: K(V,,) 


The previous section concerned itself with the situation of a result which held 
fairly generally, yet could not be lifted from [(w) by a coding technique. In 
this section we shall analyze another lattice to which most of the results 
of Section 2 do not pertain, since the lattice doesn’t obey the underlying 
assumptions involved in their proofs. The reader might feel that since our 
assumptions are so weak, all interesting lattices arising naturally would sat- 
isfy these assumptions. We shall see that this is not the case for the lattice 
K(Vx.). Recall from Section 1, that A(V,.) consists of an infinite dimen- 
sional recursive vector space V,, over a recursively ordered recursive field F 
which is isomorphic to the rationals Q. In addition, following Kalantari [46], 
we assume that V,, possesses 


(a) a dependence algorithm, i.e., we assume one can decide whether 
or not x € {y1,..., yn}*, where {y,,..., yn}* is the subspace 
generated by {y1,..., yn}, and 


(b) a convexity algorithm, i.e., we assume one can decide whether or 
not (yi, ---5 Yn) (21, -.., 2m) = @, where (y1,..., Yn) is the 
convex hull generated by y,,... , Yn- 


The original paper which introduced the study of the lattice of r.e. convex 
sets, A (V..), was [46]. A(V,.) is obviously a very natural setting for studying 
the effective content of various geometric theorems such as the Hahn Banach 
theorem, Mazur’s theorem, Stone’s separation theorem, and others. It has 
since been further analyzed in [22, 24, 28, 48}. 


Actually, although Kalantari asked that V,, satisfy both (a) and (b) 
above, it suffices that it satisfy only one. That is, the following holds. 
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Lemma 4.1 (Nevins [73]) Let V be an r.e. presented vector space over a 
recursively ordered recursive field. Then V has a dependence algorithm if 
and only if V has a convexity algorithm. 


In this section we will study several particular features of h’(V..). Already 
we know that A(V..) is very complex. That is, the following was proved 
in [24]. Here Th(A) denotes the first order theory of A. 


Theorem 4.2 (Downey [24]) Th(A(V..)) ts undecidable. In fact, we can 
effectively interpret Th(L(V..)) and Th(L(w)) in Th(A(V..))- 


We do not know if the related structure A(V.,)/=*, that is, A(Vo) 


factored out by the congruence =", is undecidable, although we conjecture 


that it is undecidable. 
Our inability to apply the results of Section 2 is due the following. 


Theorem 4.3 There is no special set for V., over @ in KV). 


Proof. Suppose that S = {so, s;,...} is a special set for V., over ¢. Let k 
be the least j such that 0 € (So, -+-. , $j), and consider (so, ... , Sx41). There 
is some maximum a € F such that asx41 € (80,--. ,%41). Clearly a > 1. 
Let T = supps(2as,41). There are two cases. 


CASE 1: sx41 ET. Then 


~ 


1 1 
Skp1 = 5q (24Sk41) + (1 — 5-0, 


which shows that szi1 € ({s; :7 € {0,..., K}UT}). However sx41 € (Sx41). 
Thus if S were special, we could conclude that 


supps(Sk41) © {Sepi} N({0,...,k} UT) = @, 
which is impossible. 
CASE 2: sx, € T. In this case, 
2asig1 = YS + (1 —-y)u, 
where 0 < y < 1 and supps(u) C T—{s441}. Note that y # 0 since otherwise 
we are in case 1, and y #1 since 2a > 2. But then 


2a— 


i-y¥ 


Sk+1 
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has its support in T — {s,4,;}. Moreover is it easy to see that for 0 <7 < 1, 


2a-¥ = i a tee 


> 2a. 
l-y l1~y¥ se 


But then we can use the same argument as in case 1 to derive a contradiction. 


Thus there is no special set for V,, over @ in A’(V,,). Oo 


One of the key facts about A(V,,) is that, if V € A(V,.) and V =* @, then 
V is complemented in A(V,,). Complementation is often the first point where 
an algebraic lattice differs from L(w) and there is no exception here. Let 
C(V.) denote the set of complemented members of A(V,,). Following [22] we 


say V € A(V3) is c-decidable if, given any 21, ..., 2n, Y1,+++ > Ym © Voy 
uniformly we can decide whether or not 
CON ie anes ET Gigs o4 in es Ds 


The usual proof of Stone’s separation theorem (e.g., [51]) shows that if V € 
A(Voo.) is c-decidable, there exist V’,W € A(V..) such that V’'NW = g, 
V' > V and V’'UW = V,,. Notice that any V € A(V,.) with V =* @ is 
c-decidable and complemented, in the sense that there is W € A(V,.) with 
(VUW) = Vv. and VN W =* @. However, a decidable subspace V with 
dim(V,./V) == 00 is c-decidable by Nevin’s Theorem, but is not necessarily 
complemented in A(V;.). This answers a question in [70], and shows that 
A(V,.) differs substantially from L(V,.). Indeed, we have the following. 


Theorem 4.4 Let V € L(V.., KC). Then V € C(V..) if and only if V=@ 
or V=Vy. 


Proof. Suppose V #4 @ and V # V,,, but V € L(V, KL)NC(V,.). We may 
suppose 0 € V, for otherwise we can apply the translation map 0 > —v, 
xz; —> (x; — v), where v € V and {z;} is a recursive basis of V,,. This 
obviously induces a recursive automorphism ® of A'(V..) by taking > ajx; > 
> a;2; — v, and we may consider ©(V) instead of V. Thus, without loss of 
generality, 0 € V. The advantage of having 0 in V is that if V € L(Voo, KE) 
and 0 € V, then V is also a subspace of V,,. 

Let C € A(V,.), with (CUV) = V and CNV = @. Since 0 € V, it 
follows that for all x € V,, anda € F, az ¢ C or —ar ¢ C (else 0 € C). 
Now choose y € C (since C # @). Thus —y € (V UC), so that we can write 


-y = Maz + ile (*) 
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where 0 < aj, % <1, Dx +35 a; =1, for z, EV, co EC. Notice a; £0 
lest —y € C. Also, )> yc; # 0, since otherwise —y € V, which in turn implies 
that y € V since V € L(V.., AK). By (*), it follows that 


(XL ai)-(-y- Ove) € V. 
Now (>> a;)7! > 1 and 0 € V, hence —y— > xe: € V. But then since OeV 
andVeE L(V, K€), y+ >> 7c: € V. Consequently we have 
p= (Svtl yt Da(CLxtl) a € V, 


0<(Lxt) (Cat <1, 
and 
(Leth + Lw(Ceth™ = O+Lx(Oxty™ = 1 


But as y € C and ¢; € C, p € C because C is convex. Hence p € CNV, 
a contradiction. Oo 


Using the result, we can also show 
Theorem 4.5 C(V,.) is not an upper semilattice. 
Proof. Consider the rays (for a # 0), 
H(a) = ({na:n>0 and n €w}) 
H(-a) = ({-na:n>0andn€vw}). 


Obviously H(a), H(—a) € C(V..). We claim H(a) V H(—a) doesn’t exist 
in C(V..). Let D € C(V.) with D = H(a) V H(—a). Then D contains 
the line K€({0,a}). By Theorem 4.4 we know D # K€(0,a). Thus, pick 
xz € D—K£({0,a}). Then we can effectively apply Stone’s separation theorem 
to the convex sets A; = K0(0,a) and A; = {x}, to effectively compute 
B, D A, and Bz D Ag with By N By = @ and (B, U By) = V,,. Indeed, if we 


let {y; : i € w} be a recursive basis of V,,, then we could take 


By = (K£(0,a) U {-ny;, —nz:n>0,i€u}) 
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and 
By = (nyz,nzt:n>0,i€w). 
But if D = H(a) V H(—a), then D < B,. However x € B, — D, giving the 


desired contradiction. Oo 


We do not know if C(V,.) is a lower semilattice, but we conjecture that 
it is. The decidability (or lack thereof) of Th(C(V,.)) is also unknown. A 
relevant result [1] is that the theory of the lower semilattice of decidable 
(affine) subspaces is undecidable (although, of course, the lattice of recursive 
sets has a decidable theory). 


We end this section with three simple results which show that many of 
the results of Sections 2 and 3 simply fail for A(V..). 


Theorem 4.6 There are no simple substructures of K(V..). 


Proof. Suppose V is a simple substructure of A(V.,). It is easy to see that 
if V € A(V..) and, for each vector v € V,, and n € w, 


VaAUmt:mew & m2n}) £ @, 


then V = V.. Thus if V #* V, in A(V,), then there must be a vector 
wand aq € w such that VN ({mw : mew & m 2 q}) = @. But 
({mw:m ew & m > q}) #* @ in A(V.). Thus there are no simple 
substructures in A(V,.). O 


Theorem 4.7 There exist maximal complemented elements of K(V). 


Proof. Let zo, 71, ... be a basis for V. Then for each n € w, let 


M, = {v € Vin: v = Apzo + DY Aja; & VWAEF) & Xo <n}. 


i>0 
It is easy to see that each M, € A(V,.) and that 
C, ={81o: BEF & B>n} 


is a complement for M, in A(V,.). That is, clearly M,C, = @ and 
(MC. = Ves 
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Note that for each n > 0, 
M, © (MoU {(n + 1)zo}) = (M,U {(n + 1)ro}). 
It follows that V € A(V..), V D Mo and V #* Mo, and so fer all n > 0, there 


must exist an « € V—M,,. But this means that for all n > ), there exists an 
zx €V of the form x = Agxvo + 5 A;z; where A; € F for all i and A» > 7. 
But then it is easy to see that since V € A(V.), V = Vis. Thus Mp is a 
maximal, in fact supermaximal, complemented element of A(V3,). Here we 
say that M € A(V,,) is supermaximal if M #* V,,, and for all V € A(V,.) 
such that V D M, either V =* M or V = Vo. oO 


Another theorem which doesn’t work here is Sacks’ spli‘ting. 


Theorem 4.8 There exists a V € K(V.) such that V #* @, V is not 
recursive, and V has no Friedberg splittings. That is, there are no U,W € 
K (Vs) such that U and V are not recursive, UNV = @, ard (UUW) =V. 


Proof. Let z be any nonzero vector in V... Let {go, a1, ... } be an r.e. lower 
cut in the rationals Q such that go < q, < ---: , where lim; q; = r where r 
is a nonrecursive real. Then consider the ray R = (pr: p < q; fort € w). 
Any splitting of R must give R= R,U Re, with R, a ray and R2 a segment. 
Moreover, since R, and Rez are r.e., R, must be a lower recursive cut of R. 
Hence R, =r @ and R2 =r R. Thus R cannot be Friedberg split and hence R 
certainly cannot be Sacks’ split. gO 


5 Conclusions and open questions 


We note that there are many theorems in the lattice of r.e. substructures 
of an effective closure system which cannot be covered by “he very general 
setup of Section 1. For example, in the Boolean algebra N with special set S$ 
equal to the set of atoms of N, Remmel [79] proved that there exist simple 
and maximal substructures M such that supps(M) = S. Such substructures 
cannot be generated by a subset of S. Moreover, in the setting of effective 
Steinitz closure systems, there are a large number of existence theorems con- 
cerning structures with no extendible basis, i.e., substructures which do not 
have a basis which is extendible to a recursive basis for M. In that case, extra 
axioms were introduced to handle these existence theorems. That is, assume 
M = (M,cl) is an effective Steinitz system. Then the following axioms, 
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which have appeared in the literature, guarantee the existence of various 
substructures of M with no extendible basis. Recall clg(A) = cl{A U B) 
for A,B CM. 


Aziom I. Let V be closed and let J be an infinite independent set in 


(M,cly). Then there exists a z € M such that in (M,cly), supp;(z) 
has at least two members. 


Aziom IT. Let V be closed and let J be an infinite independent set in (V, cl). 
Then the dimension of cl(J U {x}) — cl(J) in (V,cl) is infinite. 


Aziom IIT, There exists a k > 0 such that, for any infinite dimensional 
closed set J and independent set J in (M,cl;) with |J| > k, we have 
the following: 


For all y € J, and all F C J with y € F and |F| = k, and 
any Uo,..-, Un outside of cl;(@), there exists an x € cl;(F) with 
Vo,+-+, Un not in cly({z}), such that suppr(x) in (M,cl;) has 
at least two elements, including y. 


Axiom IV. (Downey’s semiregularity.) No finite dimensional closed set is 
the union of two proper closed sets. 


Aziom V4. (Baldwin’s federation over A.) There is a finite set A, such 
that for any finite independent set B in (M,cl), there exists an z in 
cl4(B) which is not in any cl4(B’) for any proper subset B’ of B. 


Aziom VI. (Baldwin’s weak regularity.) No k-dimensional closed set is the 
union of k (k — 1)-dimensional closed subsets. 


Aziom VII. (Regularity of Metakides and Nerode.) No finite dimensional 
closed set is a finite union of proper closed subsets. 


The first three axioms are due to Nerode and Remmel [69, 71]. Indeed 
Nerode and Remmel [69, 71] completely classified the relations between these 
axioms. These relations may be summarized by the following diagram where 
the lack of an arrow means that the implication does not hold. 


Vil —» VI—> V <> Iv—> II—~> I 
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Moreover Nerode and Remmel [69, 71] proved that Axiorn I implies the ex- 
istence of maximal substructures with no extendible basis. Axiom II implies 
the existence of supermaximal substructures and the existence of effectively 
nowhere simple substructures with no extendible basis. Here a substructure 
U € L(M) is supermazimal if U #* M, and for any r.e. substructure W D U, 
either W =* U or W = M. Axiom III implies the existence of a recursive su- 
permaximal substructure and the existence of a recursive ef‘ectively nowhere 
simple substructure with no extendible basis. Axiom IV implies the existence 
of a V such that D;(V) is many-one incomparable to D;(V) for i # 7. Here 
D;(V) is the j-th dependence set of V, i.e., 


DV) = {[v,...,0v;] : u1,...,v; are dependen: over V} 


where [, ] is some effective pairing function. Finally Axiorn Vg implies the 
existence of supermaximal spaces with a prespecified sequence of dependence 
degrees, see [71]. 


We close by listing some open questions highlighted bv our results. In 
some cases we choose to give specific instances of questions, rather than 
giving them in the general setting. 


Question 5.1 (Remmel, Retzlaff, Guichard) Do r—-maximal subsets of 
recursive bases of V,, generate r-maximal subspaces? The analogous ques- 
tion is open for most algebras. We remark that perhaps the techniques of 
Madan and Robinson [55] might be relevant if the answer is negative. 


Question 5.2 (Remmel) Do atomless r.e. subsets of recursive bases generate 
atomless subspaces? The results of Downey [26] seem to indicate a negative 
answer. Again all analogous questions are open. 


Question 5.3 What are the principal filters of L*(V..)? The usual argu- 
ments show that L*(V,t) must be a ¥§ modular lattice. Remmel [77] 
modified Lachlan’s L(w) argument to embed every U3 Boolzan algebra as a 
filter of L*(V..), and the general setting Steinitz closure system as a similar 
result may be found in [24]. Nerode and Smith [72] showed that every finite 
distributive lattice is a filter of L(V..). Downey [unpublist.ed] proved that 
many finite modular lattices, plus some isolated infinite lattices (for example, 
“1-o0-1”) which are not ©§ Boolean algebras, can be real'zed as filters of 
L*(V,.). We conjecture that every ©§ bounded modular lattice is a filter. 

The situation for other algebras is completely open, apart from the coding 
result of [24] mentioned in Section 2. 
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Question 5.4 A related question here (stated for L(V..)) suggested by our 
results is: Let A be an hh-simple subset of a recursive basis B, is L*(A,¢) in 
L(B) isomorphic to L*((A)*, 1) in L(V)? That is, is the lattice of supersets 
of A modulo finite sets isomorphic to the lattice of superspaces of (A)* modulo 
finite dimensional spaces? 


Question 5.5 Are the AE theories of, say, Steinitz algebras, always decid- 
able? For L(F,.), it is not known whether or not every V € L(F..) has a 
major subfield, so one will need a lot of work to carry out a procedure similar 
to that of Lachlan’s [54] in L(F..). 


Question 5.6 In view of Ash and Rosenthal’s [2] results on intersections of 
algebraically closed fields, perhaps some of the embedding questions might be 
more reasonably attacked. Understanding L(F.,) would seem to be crucial 
to our understanding of the general Steinitz setting. In fact, Nerode has 
asked whether or not every Steinitz system is an intersection subsystem of 
(F., c€). A related question is whether or not every automorphism of S(F..) 
is induced by an automorphism of F,,. Analogous results hold in S(V,,), this 
being the “fundamental theorem of projective geometry”, and in S(Q), this 
being a result of Sachs [87]. These last two questions are classical ones. 


Question 5.7 (Downey) Is L*(F,.) a lattice? Nerode and Remmel [69] 
observed that =* is not a lattice congruence on L(F,). For many other 
systems this question is also open. 


Question 5.8 Do any of these algebras have interesting orbits? For exam- 
ple, Soare’s famous theorem on maximal sets [92] shows that maximal sets 
form an orbit in the automorphism groups of L*(w) and L(w). 

Kalantari and Retzlaff [49] showed that this fails in L(V,,), and Guichard 
[40] improved this to show that supermaximal subspaces also don’t form an 
orbit. 

This question is unanswered for L*(V,,). Downey asked similar questions 
for a type of maximal ideal in L/(Q) (see [25]) for which it seems conceivable 
that the automorphism machinery might apply (since the lattice is distribu- 
tive). Downey, Jockusch, and Stob [27], combined with Cholak, Coles, and 
Downey, have proven that in this setting, the relevant notion of maximality 
does indeed define an invariant class of degrees, namely the anr degrees, so 
that a version of Martin’s Theorem holds. In other settings the situation is 
completely open. 
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Many theorems in infinite combinatorics have noneffective proofs. Nerode’s 
recursive mathematics program [124] involves looking at noneffective 
proofs and seeing if they can be made effective. The framework is recursion- 
theoretic. For example, to see if the theorem (which we denote T) “Every 
vector space has a basis” has an effective proof, one might look at the state- 
ment (which we denote S) “Given a recursive vector space, one can effectively 
find a basis for it”. If statement S is false, then there can be no effective 
proof of Theorem T (statement S' is false, see [123]). We examine theorems 
about infinite combinatorics in this context. Given a theorem in infinite com- 
binatorics that has a noneffective proof, we ask the following three questions: 
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(1) Is the recursive analogue true? (Usually no.) 


(2) Is some modification of the recursive analogue true? (Jsually yes.) The 
modification can be either 


(a) recursion-theoretic (i.e., in Theorem T above ‘ve might replace 
“one can effectively find” with “one can find recursively in the 
oracle A”, for some well behaved A), or 


(b) combinatorial (i.e., change the type of object you want to find). 


(3) How hard is it (in the arithmetic hierarchy) to determine if a given 
instance of the theorem has a recursive solution? 


Item (1) is an example of recursive mathematics. This <ield has its roots 
in two early papers in recursive algebra [56, 136]; however, Nerode is the 
modern founder of recursive mathematics [124]. Item (2)(a) is an attempt 
to measure just how noneffective the proofs are, and is evident in the work 
of Jockusch on Ramsey’s Theorem [87]. Item (2) (b) is an attempt to recover 
the effective aspects of combinatorics in infinite domains, and was first men- 
tioned by Kierstead in his work on Dilworth’s theorem fcr infinite partial 
orders [94]. Item (3) was an outgrowth of an attempt to link recursive graph 
theory to complexity theory. For example, 3~colorability of nite graphs is of 
unknown complexity (since it is NP-complete), so the problen of determining 
if an infinite graph is 3-colorable might be a good analogue. This was the 
(unstated) motivation behind the first paper that analyzed such issues [14]. 
Item (3) was first pursued by Beigel and Gasarch [14]. Subsequent work has 
been done by Harel [76], and Gasarch and Martin [66]. 


There are not many published papers pursuing item (3), so many such 
results appear here for the first time. 


General philosophy 


In each section of this paper we will state a noneffective theorem, sketch a 
proof, and then consider possible recursive analogues and their modifications. 
More detail than usual will be given in the proofs of the nonef‘ective theorems. 
This is because (a), if we want to examine a noneffective proof then that proof 
ought to be in this paper, and (b), these proofs tend to not get written down, 
as most authors (rightly so) just say “by the usual compactness arguments”, 
or “by K6nig’s lemma on infinite trees”. 
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Some of the proofs in this paper look similar and can probably be put into 
an abstract framework. Indeed (a), abstract frameworks for constructions of 
recursive partial orders [97] and recursive graphs [32] have been worked out, 
and (b), an abstract framework for recursion-theoretic theorems, namely the 
theory of II? classes [36] has been worked out. We do not use these or other 
frameworks, because such devices make reading more difficult for readers not 
familiar with the area. 

Each section has a subsection of miscellaneous results, as does the paper. 
The results mentioned here are not proven, and are intended more to point 
the reader to references. 

It was my intention to mention every single result in recursive combina- 
torics that was known. While it is doubtful that I’ve succeeded, I believe 
I have come close. 


Related work 


Downey has written a survey [49] of recursive linear orderings. In addition, 
the last chapter of Rosenstein’s book [143] is on recursive linear orderings. 
Cenzer and Remmel have written a survey [36] on IT§ classes. These arise 
often in recursive combinatorics and in other parts of recursive mathematics. 


In this survey we often give index-set results about how hard certain 
combinatorical results are. Cenzer and Remmel [37] have refined some of 
those results. 


1 Definitions and notation 


In this section we present definitions and notations that are used throughout 
this paper. We do not define notions relevant to combinatorical objects in this 
section, but rather in the section where they are used (e.g., “homogeneous 
set” is defined in the section on Ramsey Theory). 


All recursion-theoretic notation is standard, and follows [159]. 
Notation 1.1 Let AC Nand k EN. 


(1) [A] is the set of all k-element subsets of A. 


(2) 3° means “for infinitely many”. 
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(3) 
(4) 
(5) 
(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 
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Vv means “for all but a finite number of”. 
pz[P(x)] means “the least x such that P(x) holds”. 
A( ) and ya both represent the characteristic function of A. 


(x,y) is a recursive bijection from NxN to N. Similarly for (21, ... ,2n). 
All functions in this paper are on one variable; however we may write 


F((z,y)) and {e}((x,y)) as f(x,y) and {e}(z,y). 


{0}, {1}, ... is a standard list of all Turing mach'nes. We use {e} 
for both the Turing machine and the partial recursive function that it 
computes. W, is the domain of {e}. 


{O}0), {1}, ... is a standard list of all oracle Turing machines. We 
use {e}4 for both the oracle Turing machine with cracle A, and the 
partial recursive-in-A function that it computes. WA is the domain 


of {e}4. 


K is the halting set, A’, denotes the first s elements in some fixed 
recursive enumeration of A’. TOTO1 denotes the set of indices of total 
functions that are 0-1 valued. TOTINFO1 denotes the set of indices of 
total functions that are 0-1 valued and take on the value 0 infinitely 
often. TOT, is the set of indices of total functions whose image is 
contained in {1,... ,a}. 


If A is a set, then A’, the jump of A, is {e : {e}*(e) {}, ie., the 
halting set relative to A. If f is a function, then f’, the jump of f, 
is {e : {e}/(e) |}, where {e}") is defined in such a way as to be able to 
access a function instead of a set. 


If o is a finite sequence of natural numbers, then we tl.ink of it as being 
a function from {0,1,..., |o| — 1} to N, which we also denote by o. 
The value of o(7) is the (2 + 1)-st element of the sequence (we do this 
since there is no “0-th element of a sequence”). Hence the value of o(7) 
is the value of the function at 2. 


If o is an infinite sequence of natural numbers, then we think of it as 
being a function from N to N, and the same conventions as in the last 
item apply. 
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(13) Ifo is a finite sequence and 7 is a finite or infinite sequence, then o < Tr 
means that a is a prefix of t, and o < 7 means that o is a proper prefix 
of Tr. 


(14) If Sis a set, then U* is the set of finite strings over %. The most usual 
uses are {0,1}* and N*. 


(15) A denotes the empty string. 


In this paper we often deal with functions where we care about the answer 
only if the input is of a certain form. We will ignore what happens otherwise. 
For example, in Section 4 we will have a convention by which certain numbers 
represent graphs, and others do not; and we may want f(e) to be meaningful 
only if e represents a graph. For this reason we introduce the notion of a 
Promise Problem, originally defined (in a complexity theory context) in [53]. 


Definition 1.2 A promise problem is a set D, together with a partial func- 
tion f, such that D is a subset of the domain of f. Let (D, f) be a promise 
problem, and X be a set. A solution to (D,f) is a total function g that 
agrees with f on D. (D,f) ts recursive in X if there is a solution g to 
(D, f) such that g <7 X. X ts recursive in (D, f) if, for every solution g to 
(D, f), X <1 g- 


Definition 1.3 Let (D,A) be a promise problem where A is a 0-1 valued 
partial function. A solution to (D,A) is a set B that agrees with A on D. 
(D,A) is X, if some solution is a U, set. (D,A) is %,-hard if all solutions 
are U,-hard sets. A promise problem is ©,,-complete if it is both in ©, and 
s U,-hard. The same definitions apply to II,. 


2 Konig’s Lemma 


Konig’s Lemma is an important theorem in infinite combinatorics. Many 
theorems in infinite combinatorics can be derived from it, including Theorems 
3.3, 4.3, 5.5, and 6.3. We do not prove these theorems using Kénig’s lemma, 
since we want each chapter to be self contained. 

In this section we present a proof of the classical Kénig’s Lemma, then 
show that a recursive analogue is false and give an index set version, and 
then state (but do not prove) a recursion-theoretic analogue that is true. 
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The latter is due to Jockusch and Soare [90], and is called the “low basis 
theorem”. We will use it in later chapters to obtain recursion-theoretic ver- 
sions of theorems in infinite combinatorics. 


2.1 Definition and classical version 


Definition 2.1 A tree is a subset T of N* such that ifo € T andr <a, 
then r € T. A tree is bounded if there exists a function g such that, for all 
a0 €T, |jo| >n+1 5 o(n) < g(n). (Recall that o(n) is the (n + 1)-st 
element of the sequence co.) 


Definition 2.2 Let T be a tree. An infinite branch of T is an infinite 
sequence a, such that every finite prefix of o is in T. To each infinite branch 
o, we associate a function as indicated in Notation 2.1 (12). We view T as a 
set of functions by identifying T with the set of infinite brenches of T. 


Theorem 2.3 (Konig’s Lemma [106]) /f T ts an infiniie tree and T is 
bounded, then T has an infinite branch. 


Proof. Let oo = A and note that og € T. Assume inductively that o, € T 
and the set {o € T : o, X co} is infinite. Let 


an = utlont ET A |\{o €T: ont X o}| = Nol 


On+1 = Ont 
For all n, a, exists because T is bounded. The sequence ag, a,,... is an 
infinite branch of T. oO 


The proof of Theorem 2.3 given above is noneffective. To see if the proof 
could have been made effective we will look at a potential analogue. In order 
to state this analogue we need some definitions. 


Definition 2.4 A tree T is recursive if the set T is recursive. A tree T is 
recursively bounded if T is recursive, T is bounded, and the bounding function 
is recursive. 


Definition 2.5 A number e = (ei, €2) is an index for a recursively bounded 
tree if 
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(1) e: € TOTO! and decides a set we denote T, 
(2) the set T is a tree, 
(3) e2 € TOT and {e2} is a bounding function for T. 


T is the tree determined by e. The tree determined by e is denoted T. We 
denote the set of indices for recursively bounded trees by TREE. Note that 
TREE is Ilo. 


Potential Analogue 2.6 There is a recursive algorithm A that performs 
the following. Given an index e for an infinite recursively bounded tree T, 
A outputs an index for a recursive infinite branch. A consequence is that all 
infinite recursively bounded trees have recursive infinite branches. 


2.2 Recursive analogue is false 


We show that the potential analogue is false. This was first shown by 
Kleene [104] and seems to be the first negative result in recursive combi- 
natorics. 


Definition 2.7 A pair of sets A and B is recursively inseparable if ANB = @, 
and there is no recursive R such that AC Rand BC R. 


Note 2.8 The sets A = {x : y,(x) |= 0} and B = {x : y,(xr) {= 1} are 


easily seen to be a pair of r.e. recursively inseparable sets. 


Theorem 2.9 There exists an infinite recursively bounded tree with no infi- 
nite recursive branches. 


Proof. Let A, B be a pair of r.e. sets that are recursively inseparable. We 
define a recursively bounded tree T such that every infinite branch of T codes 
a set that separates A and B. Let T be defined by o € T iff 


(1) (Wi < lol) o(z) € {0,1}, 
(2) (Wi < |o|)2 € Ajoj > o(t) =1, and 
(3) (Wi < Jol)2 € By > oft) =0. 


Clearly T is recursively bounded, and every infinite branch of T is the 
characteristic function of a set that separates A and B. Since A and B are 
recursively inseparable, T has no infinite recursive branches. Q 
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Theorem 2.10 The set 
RECBRANCH = {e|T. has a recursive infinite Lranch}. 
is U3-complete. 


Proof. RECBRANCH consists of all (e;,e2) € TREE such that there exists 7 
with the following properties: 


(1) 7 € ToTOL. 
(2) (Vo) [{i}(o) =1 => fer}(c) = 1]. 
(3) (Wo) (Sx) (Wy < {e2}(lol +1), y #2) 
[{i}(o) =1 => ({i}(or)=1 A f{i}(oy) =0)]. 
Clearly RECBRANCH is in ¥3. 
To show that RECBRANCH is %3—complete, we use the ©3—-complete set 
SEP = {(z,y): W, and W, are recursively separable}. 


(For a proof that this set is ©3-complete see [159].) We show 


SEP <,, RECBRANCH. 


Given (x,y), we define a recursively bounded tree T such that every infinite 
branch of T codes a set that separates W, and W,. Let T be defined by 
o €T iff the following hold. 


(1) (Vi < |o]) [o(z) € {0, 1}). 
(2) (Vi < |o|) G E Wr Jo} > a(t) = 1]. 


(3) (Wi < lol) [2 € Wy jo] > o(2) = 0]. 


Clearly T is recursively bounded and every infinite branch of T is the 
characteristic function of a set that separates W, and W,. Hence T has an 
infinite recursive branch iff (rz, y) € SEP. o 
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2.3. Recursion-theoretic modifications 


Kreisel {109] showed that every infinite recursively bounded tree has a branch 
B <q Wv (this follows easily from examining the proof of Konig’s Lemma). 
Shoenfield [149] improved this to B <y A’. Jockusch and Soare [90] improved 
this further to B’ <7 I. This is referred to as “the low basis theorem”. 


We introduce some notation which we will use later when applying the 
low basis theorem, then state the theorem in that notation. 


Definition 2.11 A set of functions F is I? if there exists a recursive 
predicate R, such that 


FEF iM (Wn) [R((F(0), .--, f(n)))].- 
If, in addition, there is a recursive function g such that 
(Vf € F)(Yn) (f(r) < g(n)], 


then F is called a recursively bounded II? class. This definition easily rela- 
tivizes to }" classes by taking R <7 A. 


Theorem 2.12 (Low Basis Theorem [90]) Jf F is a nonempty recursively 
bounded I$ class, then there exists f € F such that f' <7 BK. 


There is also a relativized form. 


Theorem 2.13 (Relativized Low Basis Theorem) Let B be a set and F be 
a nonempty ie class. If there exists g <r B such that 


(Vf € F)\(Vn EN) [f(n) < g(n)], 


then there exists f € F such that f’ <r B’. 


To apply the theorem later, and to see that it yields a recursion-theoretic 
version of Konig’s Lemmawe need the following proposition. 


Proposition 2.14 /f T is a recursive (recursively bounded) tree, then the 
set of infinite branches forms a (recursively bounded) I} class. 


Corollary 2.15 If T is an infinite recursively bounded tree, then T has an 
infinite branch B such that B! <_7 K. 
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2.4 Miscellaneous 


Carstens and Golze [30] considered adding some number of cross connections 
to the tree, and seeing if it then had a recursive path. A tree with cross 
connections is a graph that can be looked at as a tree with some of the 
vertices on a level connected to each other. The n-th level is saturated if, 
for all sets of n vertices on that level, there exist two that are connected. A 
tree is highly recursive if, given a node, you can determine all of its children. 
Carstens and Golze showed that if G is a highly recursive tree with cross 
connections such that every level is saturated, then there exists a recursive 
infinite path. They were motivated by questions about one-dimensional cell 
spaces. 


3  Ramsey’s Theorem 


We consider Ramsey’s Theorem on colorings of [N]*. We present the classical 
proof of Ramsey’s Theorem on colorings of [N]? due to Ramsey [137] (see [68] 
for several proofs), then show that a recursive analogue of F.amsey’s Theorem 
is false and give an index-set version, and then show that there are two 
recursion-theoretic modifications that are true. We will then state some 
results in proof theory that are related to this work, and finally state some 
miscellaneous results. 


3.1 Definitions and classical version 


Definition 3.1 A k-coloring of [N]” isa map from [N]™ into {1, 2, ... , kK}. 
(It does not need to satisfy any additional properties.) The elements of 
{1,2,..., k} are called colors. If k = 2, then we may refer to 1 as ‘RED’ 
and 2 as ‘BLUE’ (note that RED < BLUE). 


Definition 3.2 Let c be a k—-coloring of [N]”, 7 be a color, and ACN. A is 
i-homogeneous with respect to c if 


(1) Ais infinite, and 
(2) for all distinct 21,...,@m € A, c({x1,...,2m}) =. 


A is homogeneous with respect to c if there is an 7 such that A is i-homogen- 
eous with respect to c. We often drop the “with respect tc c” if the coloring 
is clear from the context. 
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We exhibit a whimsical scenario to illustrate these concepts. Suppose 
that you host a party with a countably infinite number of guests. Assume 
their names are 0,1, 2,.... Color each pair of guests RED if they know 
each other, and BLUE if they do not. This is a 2-coloring of [N]?. A RED- 
homogeneous set is an infinite set of people all of whom know each other, and 
a BLUE-homogeneous set is an infinite set of people no two of whom know 
each other. 

We will later see that Ramsey’s Theorem (infinite version) guarantees 
that there is either a RED-homogeneous set or a BLUE-homogeneous set. 
This was first proven by Ramsey [137]. For more on Ramsey theory (mostly 
finite versions) see [68]. 

We study the following simplified version of Ramsey’s Theorem (the gen- 
eral version involves m-colorings of [N]*). We give a direct proof; it can also 
be proven by Konig’s Lemma (Theorem 2.3). 


Theorem 3.3 /f c is a k-coloring of [N]’, then there exists a homogeneous 
set. 


Proof. The variable d will range over the colors {1, ... , k}. 
Let Ap = N and a, = 1. Assume inductively that A,_; CN, a1,...,@n EN, 
and c,..- ,Cn-1 € {1, ... , k} have been defined such that 


(1) An-1 is infinite, 
(2) a), ..., @ are distinct, and 


(3) (Vz)(L<ign—1)(Va € A; — {a;}) [e({z, a;}) = ci]. 


Let 
Ch = pd [|{x : c({z,an}) = d}N Ana] = 00] 
(exists since A,_; is infinite), 
Ag = te scene en AGS 


(is infinite by the choice of c,), 


Gna, = pr [x € A, — {a1,..., an}] 
(exists since A, is infinite). 


It is easy to see that these values satisfy (1), (2) and (3) above. Let d 
be the least color that appears infinitely often in the sequence c,, C2, .... 
Let A = {a; : c; = d}. It is easy to see that A is d-homogeneous. 0 
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The proof of Theorem 3.3 given above is noneffective. 'To see if the proof 
could have been made effective, we look at the following potential analogue. 


Potential Analogue 3.4 There is a recursive algorithm A that performs 
the following. Given an index e for a recursive 2-coloring of [N]?, A outputs 
an index for a recursive homogeneous set. A consequence i3 that all recursive 
2-colorings of [N]* induce a recursive homogeneous set. 


Specker [161] showed that this Potential Analogue is felse. We present a 
simpler proof by Jockusch [87]. We then show that some recursion-theoretic 
modifications are true and are the best possible. In particular, we will show 
the following results, all due to Jockusch. 


(1) There exists a recursive 2-coloring of {N]* such that no homogeneous 
set is re. 

(2) There exists a recursive 2-coloring c of [N]? such tha; no homogeneous 
set is recursive in A. This coloring c also induces nc ©2 homogeneous 
sets. 

(3) Every recursive 2-coloring of [N]* induces a II, homcgeneous set. This 
is the best possible in terms of the arithmetic hierarchy (by (2)). 


(4) Every recursive 2-coloring of [N]? induces a homogeneous set A such 
that A’ <7 @”. 


3.2 Recursive analogue is false 


Definition 3.5 A set A is bi-immune if neither A nor A has an infinite r.e. 
subset. 


Theorem 3.6 There exists c, a recursive 2-coloring of |N]*, such that no 
homogeneous set is r.e.. 


Proof. Let X be a bi-immune set such that X <7 A (such is easily con- 
structed by an initial-segment argument). By the limit lemma (see [159, 
p. 57}]) there exists a 0-1 valued recursive function f(z,s) such that 


X(zx) = lim,40 f(x, s). Let c be the following coloring: 
f(a,6)+1 ifa<b; 

Hide} = 7 
f(j,a)4+1 ifb<a. 


(The purpose of the ‘+1’ is to ensure that range(c) € {1,2}.) 
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It is easy to see that a 1-homogeneous set is an infinite subset of X, 
and a 2-homogeneous set is an infinite subset of X. Since X is bi-immune, 
there are no infinite r.e. subsets of X or X, hence there are no r.e. infinite 
homogeneous sets. 0 


Theorem 3.7 There exists c, a recursive 2-coloring of [N]?, such that no 
homogeneous set ts recursive in Kk. This coloring also has no 2 homogeneous 
sets. 


Proof. By the limit lemma, for every set A <7 A there exists a 0-1 valued 
primitive recursive f such that A(x) = lim, f(r,s). Let fo, fi, fo... 
be a standard enumeration of all 2-place 0-1 valued primitive recursive func- 
tions. Let A; be the partial function defined by A;(z) = lims4oo fi(x, 8) (if 
for x the limit does not exist, then A;(x) is not defined). Note that every 
set recursive in A’ is some A;. We use A; to represent both the set and its 
characteristic function. 


We construct c, a recursive 2-coloring of [N]?, to satisfy the following 
requirements: 
R.: A, total, infinite > (Jz,y,z€ A.) 
[x,y,z distinct and e({z,z}) # e({y, z})]. 


It is easy 7 see that such ac will have no homogeneous set A <7 A’. Let 
ALS 46S f(s) = OA owe Th 


Construction 
STAGE s: 

In this stage we will determine c({s,0}), c({s,1}),... , e({s,s — 1}), and 
try to satisfy Ry, ..., A;. For each RL, 0O<e < s, in ‘fun we look for the 


least two elements z,y € A’ such that c({s,r2}) and c({s,y}) are not yet 
determined. If such an z and y exist, then set c({s,z}) = 1 and e({s, y}) = 2. 
After all the requirements are considered, set c({s,x}) = 1 for alla < s—1 
such that c({s,x}) is not determined. End of the construction. 


It is clear that c is recursive. We show that each R, is satisfied. Assume 
A, is total and infinite. Let 21 < x2 < +--+ < £e42 be the first 2e + 2 elements 
of A,. Let s’ be such that, for all y < v2¢42 and for all t > s’, fe(y,t) = Ae(y). 
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Let s be the least stage such that s > s’ and s € A,. At stage s, when 
considering R,, at most 2e of the pairs {s,z;} will have teen colored (each 
Re, 0 < e' < e-—1, colors at most two pairs). Hence there exist r,y € 
{x1,.-., Leeq2} C Ae such that c({s,r}) # c({s,y}). Since z,y,s € Ae, 
R, is satisfied. 


We now show that c has no homogeneous ¥2 sets. Assume, by way of 
contradiction, that there is a ©, homogeneous set. Every infinite X2 set 
has an infinite subset that is recursive in kK’, hence there exists an infinite 
subset B (of the homogeneous set) such that B <y A. Since an infinite 
subset of a homogeneous set is homogeneous, B is a homogeneous set. Since 
B <7 K, this contradicts the nature of c. Oo 


3.3 How hard is it to tell ifa 
homogeneous set is recursive? 


In Section 3.2 we saw that it is possible for a recursive 2—c:oloring of [N]? to 
not induce any recursive homogeneous. sets. We examine how hard it is to 
tell if this is the case. We will show that the problem o° determining if a 
coloring induces a recursive homogeneous set is 43-complete. 


Notation 3.8 Throughout this section, let D be the set of indices for total 
recursive functions whose range is a subset of {1,2}. We interpret elements 
of D as 2-colorings of [N]?. 


t 


Lemma 3.9 There exists a recursive function f such tha: 
(i) e € COF = {f(x)}* decides a finite set, 
(ii) « ¢ cor > {f(x)}* decides a bi-immune set. 


Proof. Given z, we ‘try’ to construct a bi-immune set A <7 K by an 
initial-segment argument. If z € COF, then our attempt will fail and A will 
be finite; however, if c ¢ COF, then our attempt will succeed. 


We try to construct A to satisfy the following requirements: 
Ro: W. infinite > (dy € W. — A), 
Rey: W- infinite > (dy € W. - A). 


At the end of stage s of the construction, we will have 
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(i) As, an initial segment of A, and 
(ii) 2,, the index of the next requirement that needs to be satisfied. 
Note that if |A,| =n, then A has been determined for0,1,...,n—1. 


Formally the construction should be of an oracle Turing machine {f(a}! ) 
Informally, we write it as a construction recursive in A’, since the only oracle 
we use is fy. 


Construction of { f(x)}* 


STAGE 0: 
Ao = 2 (the empty string). io = 0. 


STAGE s +1: 

Ask K “s € W,?”. If YES, then set A,4, = A,0 and i,4; =7,, and go to 
the next stage. If NO, then we work on satisfying R;,. There are two cases, 
depending on whether 2, is even or odd. 


Case i, = 2e. Then do the following: Ask AW “(Sy € W.)[y > |As|]?”, 
so A(y) has not yet been determined. If NO, then W, is finite, so Ry. is 
satisfied, hence we set A,,; = A,0 and i,4; =72,4+ 1. If YES, then we set 
Agsy1 = A, 0%+1-14#!, so A(y) = 0, and ig41 = i, + 1. 


Case i, = 2e +1. Then do the following. Ask A “(Sy € W.)[y > |As|]?”, 
so A(y) has not yet been determined. If NO, then W, is finite, so Rg is 
satisfied, hence we set A,,; = A,0 and i,4; =i, +1. If YES, then we set 
Aga = A, 04211, so A(y) = 1, and i,4; =2, +1. End of the construction. 


If  € COF, then for almost all s we merely append 0 to A;. Hence A is 
finite, and {f(x)}* decides a finite set. 


If « ¢ Cor, then for every 7, requirement A; is satisfied at stage s + 1, 
where s is the (i+ 1)-st element of W,. Hence all requirements are satisfied, 
A is bi-immune, and {f(z)}* decides a bi-immune set. QO 


Theorem 3.10 The set 
RECRAM = {e:e€ € TWOCOL and {e} induces a recursive homog. set} 


is L3~complete. 
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Proof. RECRAM consists of all e € TWOCOL such that there exist 7,d with 
the following properties: 


(1) 7€ TOTO] and dé {1,2}, 
(2) (A%ax){t}(z) = 1, and 
(3) (Wa,y) [({}(x) =1 A {i}y)=1 Ac Ay) > le}(a,y) =a]. 


Clearly RECRAM is 43. To show that RECRAM is %3-hard we show that 
COF <m RECRAM. 

Given z, we produce an index for a recursive coloring of [N]? such that 
x € COF iff that coloring has a recursive homogeneous set. Let f be defined 
as in Lemma 3.9. Let A, be the set decided by {f(z)}*, and let g be the 
total recursive 0-1 valued function such that 


A,(z) = Jim 9(z, s), 
(g exists by the limit lemma [159, p. 57].) Let c be the coloring defined by 


g(a,b)+1 ifa<b, 


c({a,b}) = 
ne) ieee if b <a. 


(The purpose of the ‘+1’ is to ensure that range(c) C {1,2}.) Let e be the 
index of this coloring. Note that e can be found effectively from z. 


If  ¢ coF, then A, is bi-immune, so c is identical to the coloring in 
Theorem 3.6. Hence, by the reasoning used there, no homogeneous set can 
be &1. Hence no homogeneous set can be recursive. 


If x € COF, then A, is finite. We show that in this case t’1ere is a recursive 
homogeneous set, by defining a recursive increasing function h whose range 
is homogeneous. Let a be the least number such that none of the numbers 
a,a+1,a+2,... arein A,. 


h(0) = a 


n 


h(n +1) = ub[ A (b> ALi) A g(h(),b) = 0)] 


i=0 


By induction one can show that h(n) is always defined. It is easy to see that 
the set of elements in the range of h forms a homogeneous set. Oo 
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3.4 Recursion-theoretic modifications 


Theorem 3.11 /f c is a recursive k-coloring of [N]?, then there exists a II, 
homogeneous set. 


Proof. We prove the k = 2 case. The general case is similar. 


We essentially reprove Ramsey’s Theorem carefully so that the homo- 
geneous set is IIz (the usual proof yields a homogeneous set that is <7 @”). 

We construct a sequence of numbers a, < a2 < --- < a;--- and a sequence 
of colors c), C2,.-., Gj, --- (we think of a; as being colored c;). The set R 
of red numbers will be IIz in any case, but possibly finite. If R is infinite, 
then it will be the homogeneous II, set that we seek. If F is finite, then the 
set B of blue numbers will be Iz and infinite; hence it will be our desired IT, 
set. 

We approximate the a,’s and ¢;’s in stages by a? and c?. We prove that 
both lim,_,.. a7 and lim,_,.. c? exist. 

By coloring a? by c?, for | < i < k, we are guessing that there is an 
infinite number of n such that, for all i < k, c({a?,n}) = c?. We will initially 
guess that a number is colored RED, but we may change our minds. 


Construction 


STAGE 0: 
Set a} = 0 and color it RED, i.e. c? = RED. 


STAGE s+ 1: 

We have aj < --- < aj (some k) and we want to extend it. Let M be 
larger than any number that has ever been an a! for any t < s. Ask the 
following question (recursive in A’): “Does there exist n > M such that, for 
alli < k, c({a?,n}) = c??”. 

If the answer is YES, then look for n until you find it. Set a 
cyt, = RED; and for alli < k, set a?t? = a? and cft! =c?. 

If the answer is NO, then by a series of similar questions find the value 
of max{m:m<k-—1 A (An > M)(Vi < m)f{c({ai,n}) = ci]} (the 
value m = 0 is permitted). Denote this number by m. Let n > M be the 
least number such that (Vi < m) [e({a?,n}) = c?]. Note that since m was 
maximum, the statement “(Vz < m + 1)[e({a?,n}) = c®]” is false. Hence 
e({a5,41,2}) # c,4,. We will keep a¥,,, but change its color, and discard all 
a? with 1 > m+ 2. Formally, 


stl 


ht = 7 and 
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stl __ 


s 
1) set an) = Gan 


s+1 


2) set cy"), to the opposite of what c¥,,, was, 


(1) 
(2) 
(3) fori <m, set aft! = a8 and cit! = c?, and 
(4) 


for 1 > m+ 2, at! and c$*! are undefined. 


The numbers a? for 1 > m+ 2 are called discarded. End of the construction. 


We show that 


(i) the sequences of a;’s and ¢;’s reach limits, and 


(ii) either the set of RED numbers or the set of BLUE. numbers is a IT, 
homogeneous set. 


Claim 1. For all e, lims4.. a2 exists and lim, ¢8 exists. 


Proof of Claim 1. Note that when a value of m is found in the NO case 
of the construction, then the elements discarded are those in places m + 2 
and larger. This observation will help prove the claim. 

We proceed by induction on e. By the above observation, for e = 1, 
aj is never discarded. If ever cj] turns BLUE, it is because for almost all z, 
c({aj,x}) is BLUE. Hence it will never change color again. 

Assume that the claim is true for i < e, hence for 1 < 1 < e —1 there 
exists a; = lim,,. a? and c; = lim... c?. Let s be the least number such 
that all the a? and c? (1 <7 < e—1) have settled down, i.e., for all t > s, 
at = a; and ct = ¢;. By the end of stage s + 1, the values of aft! and c3t! 
are defined. During stages ¢t > s, if the NO case of the construction happens, 
then the resulting value of m will be > e. Hence ai will never be discarded, 
so a’ has reached a limit, which we call a.. Assume a, changes to BLUE at 
some stage t > s. During stage ¢ it was noted that, for almost all n, if for 
alli < e, c({a;,n}) = c; then c({a.,n}) = BLUE. Hence a, will never change 
color during a later stage. Hence c, = lim,_,.. c2 exists. Oo 


Claim 2. Let d be either RED or BLUE. If A = {a. : ce = d} is infinite, 
then it is homogeneous. 


Proof of Claim 2. Let a.,a; be elements of A with e << 1. Let s be the 
least number such that af = a. and c? = d. Note that a; must appear in 
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the sequence at a stage past s, and that for all t > s, a§ = a! and c§ = ct. 
By the construction, it must be the case that c({a.,a;}) = d. Hence A is 
homogeneous. QO 


Claim 3. Let M ={a,,a2,...}, R ={a;:¢; = RED}, B ={a; : c; = BLUE}. 
The set M is infinite. The sets M and R are Ile. If R is finite, then B is 
infinite and II. 

Proof of Claim 3. By Claim 1 and the construction, M is infinite. 


vé€M iff (ds) [ [at stage s the YES case occurred with n > z 
and (Wi)x # a] V [z is discarded at stage s]]. 


The matrix of this formula is recursive in A’, so the entire formula can be 
rewritten in %y form. Hence M is Ip. 


zéR iff «¢M or (As)[z changes from RED to BLUE at stage s]. 


(For x satisfying the second clause, z will either stay in M and be BLUE, or 
leave M. In either case, z is not RED.) 


The second set is £2, since the matrix of the formula is recursive in Kf’. 
Hence FR is the union of two Ny sets, so it is %a; therefore, R is Hp. 


If R is finite then B = M — R is infinite. Note that the equation 
reB iff c¢MorrzeR 


yields a Y2 definition of B, and hence B is Hp. Oo O 


Theorem 3.12 /f c¢ is a recursive k-coloring of [N]*, then there exists a 
homogeneous set A such that A’ <7 9”. 


Proof. We prove the k = 2 case. The general case is similar. 


We define a II® class of functions F such that 
(a) F is nonempty, 
(b) there exists g <7 A’ such that (Vf € F)(Vn)[f(n) < g(n)], and 


(c) for every f € F there exists A <p f such that A is homogeneous. 
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The desired theorem will follow from Theorem 2.13. We describe F by 
describing a recursive tree T (see Proposition 2.14). 


For o = ((ao,Co), (@1,¢1), --- 5 (ak, ck)), o € T iff 
(1) ado = 0, 


(2) for allz,0 <i <k, e; € {1,2} (we think of the c; as being colors), 
and 


(3) forall j,1<j<k, 


a; = pa [x >ajy A (Wis j—1)e({ai,2}) =a]. 


It is clear that testing a € T is recursive. By a noneffective proof (similar 
to the construction of ag, a, ... in the proof of Theorem 3.3) one can show 
that T has an infinite branch, hence F is nonempty. 


We now define a bounding function g <7 A. We need two auxiliary 
functions, NEXT and h. Let o = ((ao,¢0), --- 5 (@ny€n))- 
par[t >a, A (Wi <n) c({a;,2}) = cj] if it exists and o € T 


0 otherwise. 


NEXT(g) = 


Note that NEXT <7 K; and that if o = ((ao,co),.-., (@n,€n)) and o € T, 
then either 


(i) NEXT(o) =a #0, hence 
(a) ((ao,¢0),--- 5 (@n,€n), (x,1)) ET, and 
(b) ((ao,co), --- 5 (@n, en), (t,2)) ET, or 
(ii) NEXT(o) =0, and there are no extensions of o cn T. 


Let h be defined by A(0) = 1, and 


h(n4+1)= max NEXT((do, 0), --+ » (@n,€n)): 
a1,..,4n€{1,2,...,h(n)}, 
Co y+ Cn €{1, 2} 


Note that h <7 K, and for all o € T and for all n, h(n) sounds the first 
component of o(n). 
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Let g(n) = maxzgi(ny{(x, 1), (x, 2)}. Clearly g <r K, and for every o € T 
andn EN, o(n) < g(n). 

Let f be a function defined by an infinite branch of T (i.e., f € F). Let 
c € {1,2} be such that J°nf(n) = (an,c). Let A = {a : (At) f(z) = (a,c)}. 
The set A is homogeneous by the definition of f. Since f is increasing, 
Ax f. Oo 


Theorem 3.12 has been improved by Cholak, Jockusch and Slaman [38]. 
We state the theorem but not the proof. 


Theorem 3.13 If c is a recursive k-coloring of [N]’, then there exists a 
homogeneous set A such that A” <7 @". 


The proof uses the result by Jockusch and Stephan [91] that there is a 
low2 r—cohesive set, as well as a relativization of a new result of the authors 
that, if Ay, Ao, ..., An are A$-sets and U%,A; = N, then some A; has an 
infinite lowg subset. 


3.5 Connections to proof theory 


We have only considered Ramsey’s Theorem for coloring [N]?. The full the- 
orem involves coloring [N]™. 


Theorem 3.14 Let m > 1. If c¢ is a k-coloring of [N|”, then there exists 
a homogeneous set. 


Sketch Proof. The proof is by induction on m and uses the technique of 
Theorem 3.3. oO 


The above theorem will henceforth be referred to as GRT (General 
Ramsey’s Theorem). Jockusch [87] has shown the following three theorems. 
The proofs are similar to the proofs of Theorems 3.12, 3.11, and 3.7. 


Theorem 3.15 Let m > 1. If c is a recursive k-coloring of [N]”, then 
there exists a homogeneous set A such that A’ <y o™, 


Theorem 3.16 Let m > 1. If c is a recursive k-coloring of [N|”, then 
there exists a homogeneous set A € Um. 
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Theorem 3.17 Let m > 2. There exists a recursive 2-coloring c of [N|™ 
such that no homogeneous set is Sim. 


Several people observed that this last result has implications for proof 
theory [168]. We take a short digression into proof theory so that we can 
state the observation. 

Proof theory deals with the strength required by an axiom system in order 
to prove a given theorem. Before discussing axioms, we need a language 
strong enough to state the theorem in question. 


Definition 3.18 Let £, be the language that contains the usual logical sym- 
bols, variables that we intend to range over N, constant symbols 0 and 1, and 
the usual arithmetic symbols +, <, x. Peano Arithmeti: (henceforth PA) 
is a set of axioms that establish the usual rules of addition and multiplica- 
tion (e.g., associative) and allow a sentence to be proven by induction. (For 
details of the axioms see any elementary logic texts.) 


PA suffices for most finite mathematics, such as finite combinatorics and 
number theory. Godel ((67], but see any elementary logic text for a proof in 
English) showed that there is a sentence y that can be stated in £,, which 
is true but is not provable in PA. The sentence y is not ‘natural’, in that 
it was explicitly designed to have this property. Using this result, Gddel 
showed that the sentence “PA is consistent” (which is expressible in £,) is 
not provable in PA. While this sentence is natural to a logician, it may not 
be natural to a non-logician. Later in this section we will see sentences that 
are natural (to a combinatorist) and true, but which are not provable in PA. 


Note that GRT cannot be stated in £,. Hence we go to a richer language 


and axiom system. 


Definition 3.19 Let £2 be £;, together with a second type of variable (for 
which we use capital letters) that is intended to range over subsets of N. 
Let CA (classical analysis) be the axioms of PA together with the following 
axioms: 


(1) (WA)[(OEA A (W2)(w@E€A => x+1€A)) = (Va)(x€ A)] (induction). 


(2) For any formula y(zx) of £2 that does not contain the symbol “A”, we 
have the axiom (4A)(Vz) [x € A y(zx)] (comprehension). 


(3) (VA)(VB) [(Vz) (cE A cE B)=> A= B) (extensionality). 
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The strength of CA can be moderated by restricting the comprehension 
axiom to certain types of formulas. 


Definition 3.20 PPA is CA with the comprehension axiom weakened to use 
only arithmetic formulas (i.e., formulas with no bound set variables) for y. 


Notation 3.21 If S is an axiom system (e.g., PA) and y is a sentence, then 
S - y means that there is a proof of y from S, and -(S + vy) means that 
there is no proof of y from S. 


We can now state and prove a theorem about how hard it is to prove GRT. 
Theorem 3.22 7=(PPA F GRT). 


Sketch Proof. Let A(m,X,Y) be a formula in £2 with no bound set 
variables. If 


Ppa F (Wm)(VX)(4Y) A(m, X, Y), 


then there exists an 2 such that 
PPAF (Vm)(VX)(3Y € DX) A(m, X,Y). 


(See [168] for proofs of a similar theorem by Jockusch and Solovay.) 
We hope to make 


(Vm)(WX)(AY) A(m, X,Y) 


the statement GRT. Let the notation X C [N]” mean that X is a subset of 
N that we are interpreting via some fixed recursive bijection of N to [N]” to 
be a subset of [N]”. This type of bijection can easily be described in PPA 
(actually in PA). Note that one can interpret X C [N]” to mean that X 
represents a 2-coloring of {N]” in which all elements of X are RED and all 
elements not in X are BLUE. 


Let A(m, X,Y) be the statement 
X C[N]” = Y is homogeneous for the coloring X. 


Note that (Vm)(V.X)(SY) A(m, X,Y) is GRT. Assume, by way of contradic- 
tion, that PPA + GRT. Then there exists z such that 


PPAF (Wm)(VX)(SY € EX) A(m, X,Y), 
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hence (Vm)(WX)(SY € E*)A(m,X,Y) is true. If X is recursive then 
Sh = );. Hence we obtain 


(Vm)(WX, X recursive)(JY € U;) A(m, X,Y). («) 


Let m >i. By Theorem 3.17 there exists a recursive 2-coloring of {N]” that 
has no X, homogeneous sets. This coloring will have no ©; homogeneous 
sets. 


(Sm)(SXrecursive)(VY € ¥;) [>A(m, X, Y)]. 
This contradicts (*). Hence -(PPA + GRT). Oo 


Recall that Godel showed there is a true sentence y that is independent 
of a natural system (PA), but is unnatural (to a non-logician). By contrast, 
Theorem 3.22 exhibits a sentence (GRT) that is natural to some mathemati- 
cians (combinatorists), but is independent of an unnatural system (PPA). 
The question arises as to whether there are natural true sentences that are 
independent of natural systems. The answer is yes! 

Paris and Harrington [134] proved the following variant of the finite Ram- 
sey theorem to be independent of PA. Ketonen and Solovay [93] gave a dif- 
ferent proof. A scaled down version of the proof is in Graham, Roth and 
Spencer’s book on Ramsey theory [68]. 


Theorem 3.23 Let p,k,m € N. There exists an n = n(p,k,m) such that 
for all k-colorings of [1,2,..., n]™, there exists a homogeneous set A such 
that |A| > p, and |A| is larger than the least element of A. (Homogeneous 
is the usual definition, except that the set is not infinite.) 


The independence proof of Paris and Harrington used model theory, while 
the proof of Ketonen and Solovay showed that the function n(p, k,m) grows 
too fast to be proven to exist in PA. Both proofs are somewhat difficult. 
For an easier independence proof of a natural Ramsey-type theorem see 
Kanamori and McAloon [92]. For more on undecidability of Ramsey-type 
theorems see [21]. For other examples of natural theorems that are indepen- 
dent of natural systems see [155]. 

While it might be nice to say, “The independence results obtained by 
Jockusch were to foreshadow the later ones of Paris-Harrington and others”, 
such a statement would be false. The observation that Jockusch’s work on 
Ramsey theory leads to results on independence of true sentences from PPA 
happened after, and was inspired by, the Paris-Harrington results. 
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3.6 Miscellaneous 


3.6.1 2-colorings of [N] 


There are versions of Ramsey’s theorem that involve well-behaved colorings 
of [N]”, instead of arbitrary colorings of [N]*. Note that [N]” is the set of all 
infinite subsets of N. View every element of [N]” as an element of {0,1}”, the 
characteristic string of the set represented by that element. View [N]” as a 
topological space, where X is a basic open set iff there exists ¢ € {0,1}* such 
that X = {f € [N]* | o ~ f}. A coloring c: [NJ* > {1,.... m} is clopen 
(Borel, analytic) if there is an i such that &'(z) is clopen (Borel, analytic). 
Recall that clopen (in topology) means that both a set and its complement 
are the union of basic open sets. 

We call a 2-coloring of [N]” Ramsey if it induces a homogeneous set. 
Galvin and Prikry [60] showed that all Borel colorings are Ramsey. Sil- 
ver [150] and Mathias [122] improved this by showing that all ©} colorings 
are Ramsey. This result is essentially optimal, since there are models of set 
theory which have ©} MIL} colorings that are not Ramsey (this happens when 
V = L); and there are models of set theory where all IT} colorings are Ramsey 
(this happens when there is a measurable cardinal [150]). An easier proof of 
the Silver-Mathias result was given by Ellentuck [50]. A game-theoretic proof 
that uses determinancy was given by Tanaka [163]. See [26] for a summary 
of this area. 

A special case of the Galvin-Prikry theorem is that clopen colorings are 
Ramsey. A 2-coloring c : [N]* — {1,2} is recursively clopen if both ¢'(1) 
and c'(2) can be described as the set of extensions of some recursive subset 
of [N]<”. Simpson [151] showed that the recursive version of the clopen- 
Galvin-Prikry theorem is false in a strong way. He showed that for every 
recursive ordinal a there exists a recursively clopen 2-coloring such that, if 
A is a homogeneous set, then @* <7 A. Solovay [160] showed that every 
recursively clopen 2-coloring induces a hyperarithmetic homogeneous set. 
Clote [41] refined these results by looking at the order type of colorings. 


3.6.2 Almost homogeneous sets 


If c is a 2-coloring of [N]*, then an infinite set A CN is almost homogeneous 
if there exists a finite set F’ such that A — F is homogeneous. A 2-coloring 
c of [N]* is r.e. if either C!(RED) or c!(BLUE) is r.e.. An infinite set A 
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is m-cohesive if, for every r.e. coloring of [N]™, A is almost homogeneous 
(1-cohesive is the same as cohesive). 


From the definition it is not obvious that there are sets that are m- 
cohesive. We show, in a purely combinatorial way (no recursion theory), 
that 2-cohesive sets exist (m-cohesive is similar). Let c1, c2,... be the list 
of all r.e. 2-colorings (for this proof they could be any countable class of 
2-colorings that is closed under finite variations). Let Ao = N and, for all 
2 > 0, let A; be a subset of A;_, which is homogeneous with respect to cj. 
Let a; be the least element of A; — {ao,..., aii}. The set {ap, a1,...} 
is 2-cohesive. 

From the above proof it is not obvious that r.e. colorings have arithmetic 
2-cohesive sets. Slaman [157] showed that there are II3 2-cohesive sets. 
Jockusch [88] showed that there are II, 2-cohesive sets. His proof combined 
the Friedberg-Yates technique used to construct a maximal set (see [159, 
Theorem X.3.3]) with Jockusch’s technique used to prove Theorem 3.11 (of 
this paper). This result is optimal in the sense that there is no Lz 2-cohesive 
set (by Theorem 3.7). 

Hummel [84] is investigating, in her thesis, properties of k-cohesive sets. 
She has shown that there exists an r.e. 2-coloring c of [N]? (i.e., one of 
c}(RED) or c!(BLUE) is r.e.) such that if B is a homogeneous set then 
@' <q B; hence, if A is a 2-cohesive set, then @’ <7 A. She has also 
shown that there exists a recursive 2-coloring of [N]* such that if B is a IIS 
homogeneous set, then 6” <7 B@@’; hence, if A is a 2-cohesive I} set, then 
A =r 6". The construction is the same as that in Theorem 3.7 used to obtain 
a 2-coloring such that, if A is homogeneous, then A ¢7 AK. The proof that 
this construction yields this stronger result uses a result of Hummel which is 
analogous to Martin’s result [121] that effectively simple sets are complete. 


3.6.3 Degrees of homogeneous sets 


By Theorem 3.7 there are 2-colorings of [N]* that induce no recursive-in-K’ 
homogeneous sets. The question arises as to whether there are 2-colorings 
of {N]? such that, for all homogeneous sets A, AK <y A. There is such a 
2-coloring of [N]*: color {a < b < c} RED if (Ar < a)[z € K. — Aj], and 
BLUE otherwise, where Ay (K.) is the set containing the first b (c) elements 
of K in some fixed recursive enumeration. This result first appeared in [87] 
with a different proof. The proof here was communicated to me by Jockusch. 
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David Seetapun (reported in [84]) has shown that there is no such coloring 
of [N]?. Formally, he has shown that for any recursive 2-coloring of [N]? there 
is a homogeneous set in which A is not recursive. The proof uses a forcing 
argument. 

This problem arose because of possible implications in proof theory. In 
Paris’s original paper on theorems unprovable in PA (see [133]), he has a 
version of Ramsey’s theorem for 2-colorings of [N]°, that is not provable 
in PA. It uses ideas like the ones in the proof above about 2-coloring [N]°. If 
the above problem had been solved in the affirmative then there might be a 
version of Ramsey’s theorem about 2-colorings of [N]?, that is not provable 
in PA. By contrast, Seetapun’s result shows that Ramsey’s theorem for [N]? 
is not equivalent to arithmetic comprehension over RCAg. (RCAg is a weak 
fragment of second order arithmetic where (roughly) only recursive sets can 
be proven to exist. RCA stands for “Recursive Comprehension Axiom”. 
See [152] for an exposition.) 

Seetapun and Slaman [148] have shown that given any sequence of non- 
recursive sets Co, C,,... and any k-coloring of [N]*, there is an infinite 
homogenous set H, such that (Vz)[C; £1 H]. This result has implications 
for the proof-theoretic strength of Ramsey’s Theorem. 


3.6.4 Dual Ramsey Theorem 


There is a dual version of Ramsey’s theorem that involves coloring the 2- 
colorings themselves. The Dual Ramsey Theorem is proven by Carlson and 
Simpson [25], and examined recursion-theoretically by Simpson [154]. 


3.6.5 Ramsey Theory and Peano Arithmetic 


Clote [42] has investigated a version of Ramsey’s theorem for coloring initial 
segments I of a model of Peano Arithmetic. He has constructed m-colorings 
of [/]" that have no U, weakly-homogeneous subsets (this term is defined in 
his paper). From this he derives independence results for Peano Arithmetic. 


4 Coloring infinite graphs 


We consider vertex colorings of infinite graphs. We present the theorem that 
a graph is k-colorable iff all of its finite subgraphs are k—colorable (originally 
due to de Bruijn and Erdos [23]), show that a recursive analogue is false, then 
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show a true combinatorial modification showing that it cannot be improved. 
We then show that there is true recursion-theoretic modification, and finally 
state some miscellaneous results. 


4.1 Definitions and classical version 


Definition 4.1 A graph G = (V, E) isaset V (called vertices) together with 
a set E' of unordered pairs of vertices (called edges). Edges of the form {v, v} 
are not allowed. If v € V then the degree of v inGis |{r EV: {v,r} € F}}. 


Definition 4.2 Let G = (V,F) be a graph and k > 1. A k-coloring of G 
is a function c from V to {1, 2,..., k} such that no two adjacent vertices 
are assigned the same value. The values {1, 2, ... , k} are commonly called 
colors. The chromatic number of G, denoted y(G), is the minimal & such 
that G is k~colorable. If no such k exists, then by convention x(G) = oo. 
If G = (@,@), then by convention y(G) = 0. This is the only graph that is 
0-colorable. A graph is colorable if there exists a k € N such that y(G) = k. 


We show that G is k-colorable iff every finite subgraph of G is k-colorable. 
We give a direct proof of the theorem; it can also be proven by Konig’s Lemma 
(Theorem 2.3). 


Theorem 4.3 Let G = (V,E) be a countable graph. G is k-colorable iff 
every finite subgraph of G is k-colorable. 


Proof. Assume every finite subgraph of G is k-colorable. Assume V = N. 


Let G; = (V;, E;) be the finite graph defined by V; = {0,1,...,7} and 
E; = [{0,1...., 7}]? A EB. Since G; is a finite subgraph of G, G; is k- 
colorable. Let c; be a k-coloring of G; that uses {1,2,... , k} for its colors. 


We use the c; to define a k-coloring c of G. Let 
e(0) = pa [(3°%i)¢(0) = 2] 


e(n +1) = pe (Fi) ((A aly) = ely) A (an +1) = 2))] 


y=0 


It is easy to see that c is a k-coloring of G. The converse is obvious. QO 


The proof of Theorem 4.3 given above is noneffective. To see if the proof 
could have been made effective we will look at a potential analogue. In order 
to state this analogue we need some definitions. 
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Definition 4.4 A graph G = (V, E) is recursive if V CN and FE C [N}? are 


recursive. 


Definition 4.5 A graph G = (V, E) is highly recursive if every vertex of G 
has finite degree, and the function that maps a vertex to an encoding of the 
set of its neighbors is recursive. 


Definition 4.6 Let G = (V, £) be a graph such that V CN, and let k > 1 
(in practice G will be a recursive or highly recursive graph). G is recursively 
k-colorable if there exists a recursive function c that is a k-coloring of G. 
The recursive chromatic number of G, denoted by y"(G), is the minimal k 
such that G is recursively k—colorable. If no such k exists, then by convention 
x"(G) = oo. If G = (G,@), then by convention y"(G) = 0. This is the only 
graph that is recursively 0-colorable. A graph is recursively colorable if there 
exists a k € N such that y"(G) = &. 


We will represent recursive graphs by the Turing machines that determine 
their vertex and edge sets. An index for a recursive graph will be an ordered 
pair, the first component of which is an index for a Turing machine which 
decides the vertex set, the second the edge set. 


Definition 4.7 A number e = (e€1,e€2) determines a recursive graph if 
€1,€2 € TOTO]. The graph that (e1,€2) determines, denoted by G7, has 
vertex set 


V = {e:{e}(2)=1} 


and edge set 


E= {{x,y} :2,yYE Vz # y, {e2}(z,y) ma, {e2}(y, 2) = 1}. 


Definition 4.8 A number (e1,€2) determines a highly recursive graph if 
e; € TOTO], e2 € TOT; and, if {e2} is interpreted as mapping numbers to 
finite sets of numbers, then z € {e2}(y) iff y € {e2}(x). The graph that 
(€1, €2) determines, denoted by G"", has vertex set 


V = {e:{e}(e)=1} 


and edge set 
E = {{x,y}:z,ye Vic #y,c € {eo}(y)}. 
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Potential Analogue 4.9 There is a recursive algorithm A that performs 
the following. Given 


(1) an index e for recursive graph G7, and 


(2) an index i for a recursive function that will k-color any finite 


subgraph of Gq, 


A outputs an index for a recursive k-coloring of GZ. A consequence is that 
every recursive k-colorable graph would be recursively k—colorable. (A sim- 
ilar analogue and consequence can be stated for highly recursive graphs.) 


We will soon (Theorem 4.15) see that this potential analogue is false. 
Hence, we will look at modifications of it. There are two parameters to 
relax: either we can settle for a recursive f(k)-coloring (f is some function) 
instead of a k-coloring, or we can settle for a k-coloring that is not that 
strong in terms of Turing degree (the coloring will turn out to be of low 
Turing degree). 

We will show the following. 


(1) There exists a recursive graph G such that y(G) = 2, but 
x"(G) = oo. Hence Potential Analogue 4.9 is false. Moreover, 
no modification allowing more colors is true. 


(2) There exists a highly recursive graph G such that x(G) = k, but 
x"(G) = 2k — 1. Hence Potential Analogue 4.9 is false even for 
highly recursive graphs. 


(3) If G is a highly recursive graph that is k-colorable, then one can 
effectively produce (given an index for G) a recursive (2k — 1)- 
coloring of G. Hence a combinatorial modification of Potential 
Analogue 4.9 is true. 


(4) If Gis a recursive graph that is k-colorable, there is a k-coloring of 
low degree. Hence a recursion-theoretic modification of Potential 
Analogue 4.9 is true. 


We will need the following definitions from graph theory. 
Definition 4.10 Let G, = (Vi, £1) and G2 = (V2, Ey) be graphs such that 
V,,V2 CN (in practice they will be recursive graphs). G, and G2 are 


isomorphic if there is a map from V, to V2 that preserves edges. We denote 


this by G, & Go. 
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Notation 4.11 Let G; = (Vi, £,) and G2 = (V2, E2) be graphs. G, C G» 
means that V; C V2 and E, C Fy. G = G, UG, is the graph with vertex set 
V, U V2 and edge set Ey U Ey. 


4.2 Recursive analogue is false for recursive graphs 


We show that for all a,6 such that 2 < a < 6 < ov, there exists a recursive 
graph G such that x(G) = a and y’(G) = 6. The lemmas we prove are more 
general than we need for this application, however they will be used again in 
Section 4.3. 


Definition 4.12 If {e} is a Turing machine and W is a set such that, for all 
ze W, {e}(x) |, then {e}(W) = {{e}(z): 2 € W}. 


The next lemmais implicit in [11], though it was stated and proven in [14]. 


Lemma 4.13 Let i > 0, {e} be a Turing machine, and X be an infinite 
recursive set. There exists a finite sequence of finite graphs L,,..., Ly such 
that the following conditions hold. For notation, L; = (V;, E;). 


(i) L, is a graph consisting of 2' isolated vertices. For every j, 2<j <r, 
Vj-1 C Vj and Ej, C Ej. For each 3, 1 <j <1, 
(1) Vj CX, and 
(2) canonical indices for the finite sets V; and FE; can be effectively 
computed given e,i,7 and an indez for X. 
(ii) For every j, 1 <j <r, 
(1) for all z € Vj, {e}(x) |, and 
(2) Lj41 can be obtained recursively from L; and the values of {e}(z) 
for every x € Vj. 
(iii) There exists a nonempty set W C V, of vertices such that either 


(1) {e} is not total on W, so {e} ts not a coloring of L,, or 

(2) there exist v € V, and w € W such that {v,w} © E, and 
{e}(v) = {e}(w), so {e} ts not a coloring of L,, or 

(3) for all « € W, {e}(xr) | and |{e}(W)| =7+1, so {e} ts not an 


t-coloring of L,. 
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(iv) There is a 2-coloring of L, in which W is 1-colored. Hence y(L,) < 2. 


(v) An index for a recursive (i+1)-coloring of L; can be effectively obtained 
from e,i,7 and an indez for X. 


(vi) L, ts planar. 


The set W witnesses the fact that {e} is not an i-coloring of L,. We call 
W a witness of type 1, 2, or 3, depending on which subcase of (it2) it falls 
under. If it falls under more than one, then we take the least such subcase. 


Proof. The Turing machine {e} is fixed throughout this proof. 


We prove this lemma by induction on 7. Assume 7 = 0 and z is the first 
element of X. Let L; = L, = ({x},@) and W = {zr}. If {e}(z) tT, then W 
is a witness of type 1. If {e}(z) |, then W is a witness of type 3. In either 
case conditions (i)~(vi) are easily seen to be satisfied. 

Assume this lemma is true for 7. We show it is true fori +1. Let 
X = YUZ bea recursive partition of X into infinite recursive sets such that 
indices for Y and Z can be obtained from indices for ¥. Apply the induction 
hypothesis to the values z,e, Y and also to z,e, Z to obtain the following: 


(a) a sequence of graphs L1,, La:,--- , Ly,1, and a set W,, such that the 
sequence together with witness set W; satisfies (i)-(vi) (note that all 
the vertices are in Y), and 


(b) a sequence of graphs [y2, L22,--- , L,,2, and a set W2, such that the 
sequence together with witness set W 2 satisfies (i)-(vi) (note that all 
the vertices are in Z). 


Assume r1 < rg. We define graphs L,, [2,... , L, that satisfy the theorem 
(r’ will be either r,, rg or ro +1). Forl <7 <7 let 


L; = Li U Lj. 
If for all x, x a vertex of Z,,; and {e}(x) |, then for 7; +1 <7 <1 let 
L; = Let U Lj. 


(If this does not occur, then L,, is the final graph, and W, is the witness set.) 
In this case we obtain witness sets as follows. If W; (W2) is a witness of type 


1 or 2, then L,, is our final graph and W = W, (W2). The 2-coloring of the 
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final graph with the witnesses 1-colored can be obtained by combining such 
colorings from L,,; and L,,2. It is easy to see that the sequence of graphs 
and the witness set W all satisfy requirements (i)~(vi). 


If both W, and W, are witnesses of type 3, then there are two cases: 


Case 1. 

If {e}(Wi) # {e}(W2), then either there is some element w € W, such 
that {e}(w) ¢ {e}(W2), or there is some element w € W2 such that {e}(w) ¢ 
{e}(W,). We examine the latter case, the former is similar. Our final graph 
is L,, and we let W = W, U {w}. By the induction hypothesis and the fact 
that W, is of type 3, |{e}(W1)| =7+1. Since w ¢ W, and {e}(w) ¢ {e}(W), 
l{e}(W, U {w})| =7+2. Hence W is a witness of type 3. The 2-coloring of 
the final graph with the witnesses 1—-colored can be obtained by combining 
such colorings from L,,,; and L,,9. 


Case 2. 

If {e}(W1) = {e}(W2), then let w be the least element of X that is bigger 
than both any element used so far and the number of steps spent on this 
construction so far (this is done to make the graph recursive). Let 


Crt = L,, U{{u,w}:ue Wi}, 
WwW — W, U {w}. 


If {e}(w) t, then W is a witness of type 1. If {e}(w) Le {e}(W1), then 


since w is connected to all vertices in Wi, W is a witness of type 2. If 


{e}(w) Lé {e}(W1), and hence {e}(w) ¢ {e}(W2), then 
{e}(W) = {e}(W2U {w}) = {e}(Wa) U fe}(w), 


which has cardinality 2 + 2; hence W is a witness of type 3. Hence W is a 
witness set. A 2-coloring of Z,,41; with W 1-colored can easily be obtained 
from the 2-coloring of L,,; (that 1-colors W,) and the 2-coloring of L,,2 
(that 1—-colors W2). 


It is easy to see that the sequence L,, L2,--- , L,. and the set W satisfy 
(i)-(iv). Given e,7,7 and an index for X, one can effectively find indices for 
Y, Z, and then use the induction hypothesis and the construction to obtain 
an index for an (2 + 1)-coloring of L;; hence v holds. 0 
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Lemma 4.14 Let a > 2,71 >a, {e} be a Turing machine, and X be an infi- 
nite recursive set. There exists a finite sequence of finite graphs L,,... , L, 
such that the following conditions hold. For notation, L; = (V;, E;). 


(i) Every L; is the union of an a-—clique (A, [A]”) and a 2-colorable graph. 
For every j with 2 <9 <r, Vj-1 C Vj and Ej; C E;. For every j 
with 1 <j <r, 


(1) V; OX, and 


(2) canonical indices for the finite sets V; and E; can be effectively 
computed given e,1,7 and an index for X. 


(ii) For every j with 1 <j <r, Lj41 can be obtained recursively from L; 
and the values of {e}(x) for every x € V; — A. 


(iii) y(L,) =a (this is the difference between this lemma and Lemma 4.13). 


(iv) An index for a recursive (t+1)-coloring of L; can be effectively obtained 
from a,e,i,j and an index for X. 


v) Every L; is the union of an a-clique and a planar graph. 
j grap 


Proof. Let x, ..., 2 be the first a elements of X. Let A, be the a-clique 
on the vertices {z;,..., ta}. Let Li, ... , Li be the sequence obtained from 
applying Lemma 4.13 to e, i and X —{z,..., ea}. For all 7, 1 <j <r, let 
L;= DU R4. Oo 


Theorem 4.15 Let a,b be such that 2 <a<b< oo. Let X be an infinite 
recursive set. There exists a recursive graph G = (V,E) such that x(G) =a, 
x"(G) =b, and VC X. If a <4 then G can be taken to be planar. 


Proof. Recursively partition X into sets U;.,;, such that U;.,;) is infinite. Let 
G(e,7) be the graph constructed in Lemma 4.14 using parameters a, e, 1 and 
Urey i.e., G(e,i) is the graph called “L,”. Let G = Uo Useics G(e?): 
Clearly G is recursive and x(G) = a. Since 


(Ve)(Vi < 6) [{e} is not an i-coloring of G(e,2)], 


we have y"(G) 2 b. Since (Ve)(Vi < 6) [x"(G(e,2)) <7 +1] in a uniform way, 
x"(G) < 6. Combining these inequalities yields x"(G) = b. a 
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Corollary 4.16 There exists a recursive graph G such that x(G) = 2, 
x"(G) = oo, and G is planar. 


Note 4.17 The corollary (and its proof) are essentially due to Bean, who 
actually showed that there exists a connected recursive graph G such that 
x(G) = 3 and y"(G) = oo. Both Bean’s result and ours are optimal since 


(i) for connected recursive graphs G, \(G) =2 => y"(G) = 2, and 
(ii) for recursive graphs G, y(G) <1 => y"(G) = x(G). 


In addition, both the graph in Bean’s proof and the graph in Corollary 4.16 
are planar. 


4.3 How hard is it to determine ,’(G)? 


Theorem 4.15 says that there are recursive graphs G such that y(G) and 
x"(G) are very different. Given a graph, how hard is it to tell if it is of 
this type? In this section we show that, even if y(G) is known and y’(G) 
is narrowed down to two values, it is ¥3-complete to determine y”(G). By 
contrast, the following promise problem is II,-complete: (D, A), where 


D 


{e| e is the index of a recursive graph} 


and 
A = {e€ D| the graph represented by e is k-colorable}. 


Lemma 4.18 Let a > 2,1 2a, {e} a Turing machine, and X be an infinite 
recursive set. There exists an infinite sequence of (not necessarily distinct 
finite graphs H,, Hz, ... such that the following hold. For notation, H, = 
(Vs, Es). 


(i) Yow ---. 
(ii) For all s, V, C X and x(H,) =a. 


(ili) Given a, e, 7, s, and an index for X, one can effectively find canonical 
indices for the finite sets V, and E,. 


(iv) There exists a finite graph H and a number t such that 
(Ves 1) (ia =F, 
We call this graph lim,_,.. Hs. 
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(v) H is not t-colored by {e}. 


(vi) x(H) =a. 
(vii) Given a, e, i, s, and an index for X, one can effectively find an index 


for a recursive (i + 1)-coloring of H,. 


Proof. Apply Lemma 4.14 to the parameters a, e, i and X. View the 
construction of Z, as proceeding in stages where, at each stage, only one 
more step in the construction is executed. Let H, be the graph produced at 
the end of stage s. It is easy to see that (i)-(vii) are satisfied. Oo 


Lemma 4.19 Let a > 2, 1 > a, {e} be a Turing machine, and X be an 
infinite recursive set. Let y€ N. There ezists a recursive graph G = (V,E), 
which depends on y, such that the following hold. 


(i) VOX. 


(ii) given a, e, t, y, and an index for X, one can effectively find an index 


for G. 
(iii) Every component of G is finite. 
(iv) x(G) =a. 
(v) If y€ TOT, then 
(a) G consists of a finite number of finite components, and 
(b) G is not i-colored by {e}. 
(vi) If y€ TOT, then 


(a) G consists of an infinite number of finite components, 


(b) given a, e, 2, y, and an index for X, and v € V, one can effectively 
find the finite component containing v, and 


(c) given a, e€, t, y, and an index for X, one can find an index for a 
recursive a—coloring of G (this follows from x(G) = a and items 


(vi) (a) and (b)). 
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Proof. We consider a, e, 2, y, and X, fixed throughout this proof. Let 


be a recursive partition of X into an infinite number of infinite recursive 
sets. Let Hi(j), Ho(j),... be the sequence of graphs obtained by applying 
Lemma 4.18 to parameters a, e, 7 and X;. We use these graphs to construct 
G in stages. 


Construction 


STAGE 0: 
Go = (9,9). 


STAGE s+ 1: 

Let j; be the least element that is not in W,,,. Let Gyy1 be G; U Hs(Js). 
Note that if 7, # js-1 then a new component is started. End of the construc- 
tion, 


Let G =U, Gs. It is clear that G satisfies (i) and (ii). Since for every j, 
both H,(j) and H = lim, H;(7) are finite, (iii) holds. By Lemma 4.18, 
each component of G is a—colorable, therefore G is a—colorable. Hence (iv) 


holds. 


Assume y ¢ TOT. Let j be the least element of W,. Let t be the least 
stage such that 0,1,...,7—1 € Wyys. For all s > t, 3, = 7; therefore G 
consists of a finite number of graphs of the form H,/(j’) (where s’ < ¢ and 
j' <j) along with H = lim,_,.. Hs(j). Hence (v) (a) holds. By Lemma 4.18, 
H is not i-colored by {e}, hence (v) (b) holds. 


Assume y € TOT. Since W, = N, lim,_,. Jj; = 00. During every stage s 
such that j, # js41, a new component is created; therefore G consists of an 
infinite number of components. Hence (vi) (a) holds. 


To establish (vi) (b) we show, given v € V, how to find all the vertices 
and edges in the finite component containing v. Run the construction until 
3,8 € N are found such that v is a vertex of H,(7) (this will happen since 
v € V). Run the construction further until ¢ is found such that 7 < j; (this 
will happen since y € TOT). The finite component of H;(j) that contains v 
is the finite component of G that contains v. im 
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Theorem 4.20 Let a,b € {2,3,...}U {oo} where a < b. Let D be the 
set of indices of recursive graphs with chromatic number a and recursive 
chromatic number either a or b. Let RECCOLa, be the 0-1 valued partial 
function defined by 


1 if e € D and x'(Gt) =a, 
RECCOLas(e) = ¢ 0 if e € D and x"(Gz) = 6, 
undefined if e¢ D. 


The promise problem (D, RECCOLa,}) is L3—complete. 


Proof. Let TOT, be the set of indices for total Turing machines whose image 
is contained in {1, ... , a}. Note that TOT, is IIz. The set A defined below 
is a }3 solution of (D , RECCOL,,). A is the set of ordered pairs (e1, €2) such 
that (e, € TOTOL) A (e2 € TOTO1), and there exists 7 such that 


(1) 1 €TOT,, and 


(2) (V2,y) [(e #y) A (fei}(x) = {er}(y) = 1) 
A (({i}(x) = {i}(y)) > fer2}(2,y) = 0)] 


This definition of A can easily be put into %3 form. 


We show that (D, RECCOL,,) is %3-hard by showing that if A is a solu- 
tion to (D, RECCOL,,»), then COF <, A. Given x, we construct a recursive 
graph G(z) = G such that 


(i) « € COF > x’(G) =a, and 
(ii) 2 ¢ COF > y"(G) =8. 


We use a modification of the construction in Theorem 4.15 of a recursive 
graph G such that y(G) = a, but x"(G) = 6. In this modification, we weave 
the set W, into the construction in such a way that if W, is cofinite, then 
the construction fails and x"(G) = a; and if W, is not cofinite then the 
construction succeeds and y"(G) = b. 

Let N= U,; X' be a recursive partition of N into an infinite number of 
infinite recursive sets. Let yie,i) be defined such that 


Yei)€ TOT iff {(e,7), (e,t) +1,...} C Wy. 


Chapter 16 A Survey of Recursive Combinatorics 1079 


Let G(e,7) = (V(e,7), E(e,z7)) be the recursive graph obtained by apply- 
ing Lemma 4.19 to a, e, 7, Xi, and ye, Let G = U, Useies G(e,2z), and 
G =(V,E). Clearly G is recursive and x(G) = a. 


If x ¢ COF, then for all e,7 we have ye) ¢ TOT. Hence, by Lemma 4.19, 
for all e and all i < 6, G(e,7) is not -colored by {e}. Therefore x"(G) > 0. 
By Lemma 4.19(vi)(c), the graphs G(e,2) are recursively (2 + 1)-colorable 
in a uniform way, hence y"(G) < 6. Combining these two, yields y"(G) = 6. 
(Note that this argument holds when b = oo.) 


If c € COF, then 
S’ = {(e,7) | yey € TOT A OKi<b A CEN} 
is finite. Let 
S” = {(e,i) | yey € TOT AOKi<b A € EN}, 


G' = Upeiyes? G(e, 7) and G" = Ure nes Ge, 7%). Note that G = G’ U Gl 
We show that G’ U G” is recursively a—colorable, by showing that G’ and 
G" are recursively a—colorable (and using that G = G’ UG” is a recursive 
partition of G). 


If (e,2) € S’ then yey ¢ TOT so, by Lemma 4.19, G(e,7) is finite and 
x(G(e,7)) = a. Since S" is finite, G’ is a finite a—-colorable graph. Hence 
x"(G') =a. 

If (e,2) € S” then ye) € TOT so, by Lemma 4.19, one can effectively find 
the finite component of G(e,2) in which a given v € V(e,z) is contained. We 
use this to recursively a—color G”. Let G” = (V”, BE”). 


Given a number v, first check if it is in V”. If it is not then output 1 and 
halt (we need not color it). If v € V” then run the construction until you 
find e,2 such that v € G(e,z). Then find the finite component of G(e,2) that 
contains v. Let c be the least lexicographic coloring of this component. O 


4.4 Combinatorial modification 


Theorem 4.15 shows that there are recursive graphs G such that, even though 
x(G) = 2, no finite number of colors will suffice to color it recursively. If G is 
highly recursive, then more colors do help. The following theorem was first 
proven in {145] but also appears in [31] (independently). 
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Theorem 4.21 /f G is highly recursive and n-colorable, then G is recur- 
sively (2n — 1)-colorable. Moreover, given an index for G (as a highly re- 
cursive graph), one can recursively find an index for a (2n — 1)-coloring 


of G. 


Proof. Assume, without loss of generality, that V = N. Color vertex 1 with 
color 1. Assume the following inductively 


(1) The vertices {1, ... , m} are colored with {1, ... , 2n —1} (additional 
vertices may also be colored with {1,..., 2n — 1}, but not with any 
other colors). 

(2) Let 


Bn = {v | v is colored and v is adjacent to 


a vertex that is not colored }. 


The vertices of B,, are colored with either {l1,...,2 — 1} or 
{n+1,...,2n—1}. 


We color the vertex m+ 1 (and possibly some additional vertices). If m+ 1 
is already colored, then note that (1) and (2) hold for m +4 1, so proceed to 
color m + 2. Otherwise we color m+ 1 as follows. Let H be the set 


{v | v is not colored, Ju that is colored such that d(u,v) < 2} U {m + by 


(d(u, v) is the length of the shortest path from u to v.) Assume B,, is colored 
with {1,..., —1} (the case where B,, is colored with {n+1,..., 2n—1} 
is similar). Color H with {n,... , 2n — 1} such that vertex m +1 does not 
receive color n. We now want to ensure that Bn41 is colored with {n + 
1,..., 2n —1}, ie., does not use color n. This will involve uncoloring some 
vertices. Let 


Be {v | v is colored n and v is adjacent to a non-colored vertex}. 
We uncolor all the vertices in B’. Note that B’N{1, ..., m+1} = @, so (1) 
holds. Note that all colored neighbors of B’ use colors {n +1, ... , 2n — 1}, 
hence all vertices in B,,.41 use only these colors, so (2) holds. Oo 


We will see later (Theorem 4.30) that the upper bound cannot be im- 
proved for general highly recursive graphs. However, if G is connected and 
x(G) = 2, then it is easy to see that y’(G) = 2. This holds for both G 
recursive and G highly recursive. 
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4.5 Recursive analogue is false 
for highly recursive graphs 


Theorem 4.21 gives an upper bound on the number of colors required to 
color an n-colorable highly recursive graph. The question arises, “Can we 
do better?”. We cannot! That is, there exists a highly recursive graph G' such 
that y(G) = n and x"(G) = 2n — 1. The proof requires several definitions 
and lemmas. It was first proven in [145] but our exposition is based on a 
modification which was presented in [14]. 


Definition 4.22 Let n > 3. Let G" = (V, FE) where 
Vi = {(t,7):1<1,7 <n}, 
b=. {{(i,.9), (4s) psa 2 and 7 Fs}. 


If 1 <i <n, then the set of vertices {(7,7) : 1 < j < n} is called the i-th 
column of G". The j-th row of G" is defined similarly. The basic row 
coloring of G” assigns color i to every vertex in the i-th row. The basic 
column coloring of G” assigns color 7 to every vertex in the i-th column. 
Note that both are valid vertex colorings of G” using only n colors. 


Definition 4.23 If x is a coloring of G", then y induces a colorful column 
(row) if x assigns to each vertex in a particular column (row) a different 
color. If the coloring being referred to is obvious, we may say “G has a 
colorful column (row)” to mean that the coloring induces a colorful column 
(row). 


Lemma 4.24 Let x be a coloring of G". Let 1 <i,7 <n with iF 7. 


(1) If color a appears more than once in row 1 (column 1), then a cannot 
appear in row 7 (column 3). 


(2) If color a appears more than once in row i, and color b appears more 
than once in column 7, thena # b. 


Proof. 


(1) Assume y((x,7)) = x((y,7)) = a. Every vertex (z,7) is connected to 
either (x,7), or (y,2), or both, hence y((z,j)) # a. Similar for the column 
version. 
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(2) Assume x((2,4)) = x((ysi)) = @ and x((j,~)) = x((j,2)) = 8. Since 
xz # y, one of {z,y} is not 7; assume z # j. Since w # z, one of {w, z} 
is not 7. If z #72, then (z,2) and (j,z) are connected, soa # b. If w # i, 
then (x,7) and (j,w) are connected, so a # 6. QO 


Lemma 4.25 If y is a (2n — 2)-coloring of G", then x either induces a 
colorful row or induces a colorful column, but not both. 


Proof. Assume, by way of contradiction, that x is a (2n — 2)-coloring of G” 
that induces neither a colorful row nor column. For 1 <i <n let a; (b;) be 
a color that appears more than once in row 7 (column 7). By Lemma 4.24, 


(1) for all i,j with i #7, a; #a; and 6; #b;, and 
(2) for all 2,7, a; # b;. 


Hence the set {a1,..., @n, 61, .-., bn} has 2n colors, which contradicts 
being a (2n — 2)-coloring. Hence x induces a colorful row or column. 


Assume, by way of contradiction, that x induces a colorful row and a 
colorful column. Let row 7 and column 7 be colorful. The only way a vertex 
(k, 7) in the i-th row could have the same color as a vertex (j,m) in the j-th 
column is if they are not connected, i.e., k = j ori = m. If only one of these 
holds, then (k,z) and (j,m) are in the same row or column, and are colored 
differently; hence we must have k = j and i = m. This means they are the 
same vertex. This happens exactly once, so the colorful row and column use 
a total of 2n — 1 colors. This contradicts y being a (2n — 2)-coloring. 


We now define a way to connect two graphs such that if in some coloring 
one of them has a colorful row (column) the other will have a colorful column 
(row). 


Definition 4.26 Let G,; = (Vi, £,) and G2 = (V2, E2) be two graphs such 
that G; = G; = G". Assume the vertices of G, are of the form (k,2,7) in 


such a way that (k,7,7) corresponds to (2,7). The following graph is the 
2-element chain of G, and G2, denoted CH(G, G2). 


E,U E,U Ej 
Ey. = {{(1,2,j),(2,7,8)} :i# 8 and r #7}. 


by 
II 
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The edges in Ey2 are said to link together G, and G2. Let Gj,...,G; 
be graphs of type G". The s-element chain of G,,...,G;, denoted by 
the expression ‘CH(G,,...,G;), can be defined by linking G, to Go, 
Go to Gs, adous ,Gs-1 to Gs. 


In CH(G,,G2) the r-th row of G2 acts like the r-th column of G, in 
terms of which vertices of G, it is connected to. This intuition underlies the 
next lemma. 


Lemma 4.27 Let y be a 2n—2 partial coloring of CH(G,, G2) that induces 
a colorful row (column) of the G, part. Any extension of x to a (2n — 2)- 
coloring of CH(G,,G2) must induce a colorful column (row) in the G2 part. 


Proof. Let x and i be such that y is a 2n —2 partial coloring of CH(G, G2) 
that induces the 7-th column of G; to be colorful. Assume, by way of 
contradiction, that there exists yo such that yo is a (2n — 2)-coloring of 
CH(G,, G2) which is an extension of y, but does not induce a colorful row of 
Go. 

Every row of G2 has some color repeated at least twice. For 1 <7 <n, 
let c¢; = xo((1,2,7)). For 1 < s <n, let d, be the color that, using y, appears 
twice in the s-th row of Go. 

We show that |{c1,...,¢n,di,-.., dn}|] > 2n — 2. Since the i-th row 
was colorful, all the ¢;’s are distinct. By Lemma 4.24 all the d,’s are distinct. 
To show |{c1,..., Cn, di, --. , dn}| > 2n—2, we show that the only element 
that may be in {c1,..., en} N{d,,..., da} is d;. 

Assume c; = d,. Let r; and r2 be such that x((2,71,s)) = x((2,7r2,8)) = 
d,. By definition, y((1,7,7)) = cj. Since c; = d,, there is no edge between 
(2,71, 8) and (1,72,7); hence either r,; = 7 or s = 7. Similarly, there is no edge 
between (2,7r2,s) and (1,2,7); hence either r2 = j or s = 7. If s #2, then 
ry =j and rg = J; so ry = 12, which is false. Hence s = 7. Therefore the only 
element of {c1,..., en} N{di,..., dr} is dj. Oo 


Lemma 4.28 Let y be a 2n — 2 partial coloring of CH(G,...,Gs) that 
induces a colorful row (column) of the G, part. If s is even, then any ez- 
tension xo of x to a (2n — 2)-coloring of CH(Gi,...,G;) must induce a 
colorful column (row) of the G, part. If s is odd, then yo must induce a 
colorful row (column). 


Proof. This follows from the previous lemma and induction. oO 


1084 W. Gasarch 


Lemma 4.29 The graph CH(Gi,...,G;) is n-colorable. 


Proof. For 2 even, color G; by coloring every vertex in row j with color 7. 
For i odd, color G; by coloring every vertex in column j with color 7. This 
is easily seen to be an n-coloring of CH(Gi,...,Gs). O 


Theorem 4.30 Let n > 3. There exists a highly recursive graph G such 


that x(G) =n and y'(G) = 2n-1. 


Proof. We construct a highly recursive graph G to satisfy the following 
requirements: 


R.: If {e} is total, then {e} is not a (2n — 2)-coloring of G. 


Recursively partition N into infinite sets Xo, X1, X2,.... We satisfy R, 
using vertices from X,. Fix e. We show how to construct a highly recursive 


graph G = G(e) such that 

(1) x(G) =n, and 

(2) {e} is not a (2n — 2)-coloring of G. 
The graph G is then simply U2, G(e). 


We construct G = G(e) in stages. To avoid confusion we do not use 
“G,”, we merely speak of “G at stage s”. 


Construction of G = G(e) 


STAGE 0: 
At this stage, G consists of two graphs G, and G2, with G; = G2 = G". 


STAGE s+1: 
(At the end of stage s, G consists of CH(G,,G3,..., Ges41) and 
CH(G2, G4, ..., Gasz2), where each G; is isomorphic to G”.) Run {e}, 


on all the vertices of G; and G2. There are several cases. 


Case 1. There exists a vertex in G; or G2 where {e}, does not converge. 
Let Gos43 and G2,44 be graphs isomorphic to G” that use the least numbers 
from X, that are larger than s, but are not already in G, for vertices. Extend 
the (s+ 1)-chains to (s+ 2)-chains using G2,43 for the odd chain, and Go544 
for the even chain. 
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Case 2. {e}, converges on all the vertices of G; and G2, and either uses 
more than 2n — 2 colors, or is not a coloring. Stop the construction of G 
since R, is satisfied. 


Case 3. {e}, converges on all the vertices in G, and G2, uses at most 2n —2 
colors, is a coloring, and both G; and G2 have colorful rows (columns). By 
Lemma 4.28, any extension of {e}, to a coloring of G will induce G2,4; and 
Gys542 to either both have a colorful column or both have a colorful row. We 
link Gz.41 to a (new) graph H = G", and then link G42 to H (all new 
vertices are the least unused vertices of X.). By Lemma 4.27, any extension 
of the coloring must induce both a colorful row and a colorful column in 
H. By Lemma 4.25, H cannot be 2n — 2 colored in this manner. Stop the 
construction, as ft, is satisfied. 


Case 4. {e}, converges on all the vertices in G, and G2, and is a (2n — 2)- 
coloring of both G; and G; and this coloring induces G to have a colorful 
row (column), and G2 to have a colorful column (row). Link both G2,4, and 
G2s542 to a graph isomorphic to G”. The coloring {e}, cannot be extended to 
a (2n—2)-coloring of G, since in such a coloring the new G” graph would have 
to have both a colorful row and a colorful column. End of the construction. 


We show that the graph G(e) is highly recursive. The vertex set is recur- 
sive since v is a vertex iff v € X. and v was placed into the graph at some 
stage s < v. To determine the neighbors of a vertex v note that, if v enters 
the graph at stage s, then all the neighbors of v will enter by stage s + 1. 


Since G(e) is highly recursive, it follows from Theorem 4.21 that y"(G) < 
2n — 1 (this can also be proven directly). By the comments made before and 
during the construction, it is easy to see that G (the union of all the G’s) is 
not recursively (2n — 2)-colorable. Hence y"(G) = 2n — 1. 


By Lemma 4.29 x(G) =n. Qo 


4.6 Recursion-theoretic modification 


By Theorems 4.15 and 4.30, n-colorable recursive and highly recursive graphs 
need not be recursively n-colorable. But such graphs do have n-colorings of 
low degree. 


The following theorem is due to Bean [11]. 
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Theorem 4.31 If G is a recursive graph that is n-colorable, then there 
exists an n-coloring c that is of low degree. 


Proof. Let G be as in the hypothesis. Consider the following recursive n-ary 
tree T. The vertex o = (a, ... , Gm) (where for all 7, 1 < a; < n) is on the 
tree T iff it represents a non-contradictory coloring (i.e., the partial coloring 
of G that colors vertex 7 with a; does not label two adjacent vertices with 
the same color). We have 


(1) T is recursive, 


(2) T is recursively bounded by the function f(m) = (n,...,n) 
(the n’s appear m times), 


(3) any infinite branch of T is an n-coloring of G, and 


(4) every n-coloring of G is represented by some infinite branch of T 
(note that the set of infinite branches is nonempty, since G is 
n-colorable). 


Since the infinite branches of T form a nonempty recursively bounded II? 
class, by Theorem 2.12 there exists an infinite low branch. Since every infinite 
branch is an n-coloring, the theorem follows. Oo 


The proof of the above theorem actually shows that the set of n—colorings 
of G is a recursively bounded II? class. Remmel [139] has shown the converse: 
for any recursively bounded II? class C and any constant n > 3, there exists 
a highly recursive graph G such that (up to a permutation of colors) there is 
an effective one-to-one degree-preserving correspondence between n-colorings 
of G and elements of C. 


4.7 Miscellaneous 


We state several results about recursive-graph colorings without proof. 


4.7.1 Bounding the genus 


If the genus of a (finite or infinite) graph G is bounded by g, then x(G) is 
bounded by a function of g which we denote c(g). In 1890, Heawood [78] 
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showed that, for g > 1, 


sey < || 


In 1967, Ringel and Young [140] proved that this bound is tight. (See Chap- 
ter 5 of [69] for proofs of both the upper and lower bound). Appel and 
Haken [4, 5, 6] showed that c(0) = 4 (e.g., planar graphs are 4~colorable) 
using very different techniques which involved a rather long computer search. 


We wonder if an analogue of c(g) exists for recursive or highly recursive 
graphs (i.e., perhaps every recursive graph of genus g is c'(g)-colorable for 
some c’). Since the graph G constructed in Corollary 4.16 is planar (i.e., its 
genus is 0) and y’(G) = oo, no analogue of c(g) exists for recursive colorings 
of recursive graphs. However, for highly recursive graphs G, Bean [11] showed 
that x’(G) < 2(c(g) — 1). Using the 4-color Theorem this yields that, if G 
is planar, then x"(G) < 6 (Bean [11] obtained this result without using the 
4-color Theorem). Using the 4-color Theorem, Carstens [27, 29] claims to 
have shown! that, if G is a highly recursive planar graph, then y’(G) < 5. 
It is an open problem to obtain y"(G) < 4. More generally, it is an open 
problem to improve Bean’s bound for general genus g, or show it cannot 
be improved. It may be of interest to impose additional recursion-theoretic 
constraints such as having a recursive embedding on a surface of genus g. 


4.7.2 Bounding the degree 


The degree of a graph is the maximal degree of a vertex. A graph G satisfies 
Aj if it has degree d and does not have a subgraph isomorphic to Ka4, (the 
complete graph on d + 1 vertices). 


Brooks [22] showed that if a (finite or infinite) graph G satisfies Ay then 
x(G) < d. By a variation of Theorem 4.15, for every d there exists a recursive 
graph G that satisfies Ay but x"(G) = d+ 1; hence the recursive analogue 
of Brooks’s theorem fails for recursive graphs. Schmer! [146] showed that 
the recursive analogue does hold for highly recursive graphs. Carstens and 
Pappinghaus[31] discovered the result independently, and Tverberg [164] has 
given a simpler proof. It is an open question as to just how wide the gap 
between y(G) and \’(G) may be for recursive graphs with property Ag. 


1The paper sketches the proof and promises further work with details that, to our 
knowledge, has not appeared. 
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4.7.3 Regular graphs 


A graph is d-regular if every vertex has degree d. Note that a recursive d— 
regular graph is highly recursive. Schmerl [145] posed the following question: 
“If2 <n <m < 2n — 2, what is the least d for which there is a recursive 
d-regular graph which is not recursively m-colorable?”. We denote this 
quantity by d(n,m). 


Schmerl [145] notes that if there exists a highly recursive G with degree 
bound d, then there exists a highly recursive d-regular G’ such that .(G) = 
x(G’) and y"(G) = y’(G’). Bean constructed, for every k > 2, a highly 
recursive G, with x(G) = k, y"(G) = k+1, and degree bound 2k — 2. Hence 
d(n,n+1) < 2n—2 (Manaster and Rosenstein [120] obtained the same result 
with different methods). Schmerl showed how to modify Bean’s construction 
to obtain 


d(n,n+1)< [z+]. 


2 
Since the degree bound of the graph constructed in Theorem 4.30 (of this 
survey) is 3(n — 1)?, 

d(n, 2n — 2) < 3(n — 1)’. 


4.7.4 Perfect graphs 


It is of interest to impose graph-theoretic conditions on a highly recursive 
graph G such that if G satisfies the condition then ”(G) is not too far from 
x(G). A graph is perfect if for every induced subgraph H, w(H) = x(H) 
(where w(f) is the size of the largest clique in H). Kierstead [95] proved 
that, if G is a highly recursive perfect graph, then y"(G) < x(G) +1. Itisa 
(vague) open question to find other graph-theoretic conditions that narrow 
the gap between y(G) and y’(G). 


4.7.5 On-line colorings 


Informally, an on-line algorithm to color an (infinite) graph is an algorithm 
that is given the graph a vertex at a time, and has to color a vertex as soon 
as it sees it. For general graphs it is hopeless to try to bound the number of 
colors such an algorithm will need to use, but we can bound the number of 
colors it uses on the first n vertices. It is trivial to color the first n vertices 
with n colors. Lovadsz, Saks, and Trotter [117] have improved this by showing 
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(i) if x(G@) < 2, then G can be colored on-line via an algorithm that 
uses 2 log n colors on the first n vertices; 


(ii) if y(G) < k then G can be colored on-line via an algorithm that 


uses 
o( log(?*-3) n ) 
log(?*~4) n 


colors on the first n vertices (log'”) n is iterated log). 


There are limits on the extent to which these bounds can be improved: Vish- 
wanathan [165] showed that for every on-line algorithm, and every k and 
n, there exists a graph G on n vertices (and an order to present it) so that 
x(G) < k, and the algorithm must use at least (Senye colors. Irani [86] 
has shown that certain classes of graphs (which include planar graphs) have 
a presentation with which they are on-line colorable with O(log n) colors. 
For a survey of this area see {98, 103]. 

There are connections between on-line coloring algorithms and combina- 
torial analogues of Dilworth’s Theorem. See Section 6.4.2 for an overview. 


4.7.6 Coloring directed graphs 


More complex conditions can be imposed on directed graphs than on un- 
directed graphs. Kierstead [97] has found one such condition that affects the 
recursive chromatic number. He has shown that if G is a recursive directed 
graph that does not have an induced subgraph of the form 


(i) directed 3-cycle, or 
(ii) o —+o0—+0¢—0, or 
(ili) o#+ -o—+0—+0, 


then y"(G) < 2“, where w(G) is the size of the largest clique. 


4.7.7 Coloring interval graphs 


An interval graph is the comparison graph for an interval order (see Sec- 
tion 6.7.1 for the definition of an interval order). Kierstead and Trotter [102] 
have shown that recursive interval graphs are (3w(G) — 2)-colorable, where 
w(G) is the size of the largest clique in G. 
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4.7.8 Decidable graphs 


Bean [11] considered imposing stronger recursive conditions on a graph than 
highly recursive. 


Definition 4.32 A graph G is decidable if there is a decision procedure to 
determine if a given first order sentence about it is true. The language in 
which the sentences are expressed has 


(1) the usual logic symbols including quantifiers that range over vertices, 


(2) the symbol F(z, y) (tests if « and y are connected by an edge), and the 
symbol “=” for equality. 


Bean showed that all negative results that he obtained for highly recur- 
sive graphs also hold for decidable graphs. Combining his technique with 
Theorem 4.30 yields that for every k > 2 there exists a decidable graph G 
such that x(G) = k and y’(G) = 2k—1. That construction can be combined 
with the recursion-theoretic techniques of Theorem 4.20 to obtain that the 
set of indices of decidable graphs G such that y(G) = k and y"(G) = 2k -—1 
is 43-complete. 

It is an open question to find a reasonable recursive condition for graphs G 
that implies y(G) = x’(G). Expanding the language in which the sentences 
are expressed may help. A comprehensive study of types of decidable graphs 
has not been undertaken. 

Dekker[46] examined graphs where one can decide whether two vertices 
are connected by a path, but he did not examine coloring. 


4.7.9 A-recursive graphs 


Gasarch and Lee [65] considered graphs that were intermediary between re- 
cursive and highly recursive. Let nbdg be the function that, on inputing z 
(a vertex of G’) outputs all the neighbors of G. Note that if G is recursive 
then nbdg <7 K, and if G is highly recursive then nbdg <r A. 


Definition 4.33 Let A be any set. A graph G = (V, E) is A-recursive if G 
is recursive and nbd(G) <r A. 


A natural question is to see, for various sets A, if G being A-recursive 
implies any finite bound on y"(G). The answer is no: 
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Theorem 4.34 Let A be a non-recursive r.e. set. Then there exists an A- 
recursive graph G such that G is 2-colorable but not recursively k-colorable 
for any natural number k. 


The proof is a variant of Bean’s original construction with a permitting 
argument. The former enables us to show that the graph is 2-colorable but 
not recursively k-colorable for any k. The latter allows us to show that 
the neighbor function is recursive in the r.e. set A. For a discussion of the 
permitting method, see [159]. It is an open question to extend the theorem 
to all A such that 6 <; A <y A. Even the case where A is 2-r.e. is open. 


The proof technique can be extended to show the following generalization 
of Theorem 4.15. 


Theorem 4.35 Let A be a non-recursive r.e. set. Let a,b be such that 2 < 
a<b<oo. Let X be an infinite recursive set. There exists an A-recursive 
graph G = (V,E) such that x(G) = a, y"(G) = 6, and VC X. If a<4, 


then G can be taken to be planar. 


4.7.10 Complexity of finding \(G) and y"(G) 


Theorem 4.20 says that determining y’(G) will require a 6” oracle. A com- 


prehensive study of how many queries are required to determine x(G) and 
x"(G) was undertaken by Beigel and Gasarch [14, 15]. In those papers 64 
questions were raised (six 2-valued parameters were varied), of which 58 
were solved exactly. We present two theorems that encompass four of these 
questions. 


Theorem 4.36 Let c > 2. Let D_. (D7) be the set of indices of recursive 
graphs G such that x(G) < © (x"(G) < c). Let x. and x7 be the partial 
functions 


x(Gt) ifee D., M(Gl) afee wD, , 
Xe(€) = 


t ife€ D.. t ife€ Di. 


There is a solution to the promise problem (D.,x-) that can be computed 
with [log(e+1)] queries to Wh. For every set X, no solution to (Dz, xc) 
can be computed with [log(c+1)] —1 queries to X. If X is any set such 
that K <7 X then (D-,x-) cannot be computed with X. Similar theorems 
hold for computing (D?, x!) with oracle 6”. Similar theorems hold for highly 
recursive graphs. 


and xi(e) = 
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Theorem 4.37 Let f and g be recursive functions such that 
(1) 352-40 <1, and is an effectively computable real r (i.e., there exists 
7=0 


a recursive function h: QQ such that |h(e) —r| <e), and 


(2) Spare) 1, 
i=0 
Let D be the set of valid indices for recursive graphs. There is a solution 
for the promise problem (D,x) that, on inputing e, takes f(x(Ge)) queries 
to kK. For every set X, no solution to (D, x) can be computed with g(x(G-)) 
queries to X. Similar results hold for x" with a @” oracle. Similar results 
hold for highly recursive graphs. 


4.7.11 Actually finding a coloring 


None of the results looked at so far involve actually coloring the graph. Beigel 
and Gasarch [17] examined this issue in terms of the number of times a 
recursive procedure will have to change its mind while coloring a graph. They 
constructed graphs where a recursive mapmaker has to recolor the map many 
times. 


Definition 4.38 Let G = (V,E) be a k-colorable recursive graph. A local 
k-coloring of G is a function that takes a finite set H C V and outputs a 
k-coloring of H that is extendible to a k-coloring of all of G. 


We examine the complexity of local k-colorings. Our measure of com- 
plexity is “mind-changes”. In particular, we study algorithms for local k- 
colorings that are allowed to change their mind g(n) times on inputs consist- 
ing of n vertices. The function g is the complexity of the algorithm. There 
are recursive graphs for which every local coloring changes its mind many 
times. 

In what follows we will interpret the input to a Turing machine as an 
ordered pair (H,s) where H is a finite set of vertices and s is a parameter; 
and the output as a coloring of those vertices. 


Definition 4.39 Let f be a function from [N]<” to N, and let g be a function 
from N to N. The function f is computable by a g-mind-change algorithm if 
there exists a total Turing machine M such that, for every H € [N]” 
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(1) lim M(H,s) = f(A), i.e., (dso)(Vs > so) M(H, s) = f(H), and 


S00 


(2) [{s: M(H,s) # M(H,s+1)}| < g(n). 


Carstens and Pappinghaus [31] showed that one can color any recursive 
graph with a mind-change algorithm that changes its mind an exponential 
number of times. We sharpen their result and put it in our terminology. 
Let NI(n,k) be the number of non-isomorphic colorings of n vertices with k 
colors. It can be shown that 


For large n and fixed k this is approximately k"/k!. 


Theorem 4.40 Let k > 3. Let G=(V, EF) be a k-colorable recursive graph. 
There exists a local k-coloring of G that is computable by a g-mind-change 
algorithm, where g(n) = NI(n,k)—1. There exists a k-colorable recursive 
graph G such that every mind-change algorithm that computes a local k- 
coloring of G requires NI(n,k) — 1 mind-changes on an infinite number of 
inputs H of arbitrarily large cardinality. 


4.7.12 Polynomial graphs 


Cenzer and Remmel [35] have considered graphs with labels in {0,1}*, such 
that testing for an edge can be done in polynomial time. They have shown 
the following. 


Theorem 4.41 


(i) If G ts @ recursive graph and k € N, then there exists a poly graph 
G’ such that there is an effective degree-preserving map from the k- 
colorings of G to the k-colorings of G. Hence, using Theorem 4.15, 
there exists a poly graph that is 3-colorable, but not recursively k- 
colorable for any k. 


(ii) There exists a poly graph G that is 2-colorable, connected, but not 
primitive-recursively 2—colorable. This is of interest since it shows that 
the natural analog of Note 4.17 (ii) is false. 
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5 Hall’s Theorem on bipartite graphs 


We consider the infinite version of Hall’s Theorem on solutions to bipartite 
graphs. We present the finite and infinite versions (due to Phillip Hall [75] 
and Marshall Hall [74] respectively), show that a recursive analogue of Hall’s 
Theorem is false, and show that a recursion-theoretic modification is true. 
We will then show that there is a modification that is both recursion-theoretic 
and combinatorial which is true, and finally state some miscellaneous results. 
Hall’s theorem for finite graphs also yields an algorithm for testing if a 
bipartite graph has a solution, and, if so, finding it. These algorithms are 
not efficient. See [131] or [58] for efficient algorithms for these problems. 


5.1 Definitions and classical version 


Definition 5.1 A bipartite graph G is a 3-tuple (A, B, EF) where A and B 
are disjoint sets of vertices, and E C [AU B]? —([A]* U[B]?) (i.e., E consists 
of unordered pairs of vertices, one from A and one from B). If Vr € AUB, 
degree(x) < oo, then we say G has finite degree. Henceforth G has finite 
degree. The neighbors of a finite set of vertices X C A are denoted nbg(X). 
Formally we define nbg : P<“(A) > P<*(B) as follows: for each finite 
xX GA, 
nbg(X) = {be B| (dae X) {a,b} € F}. 


Note that from the function nbg one can obtain all the edges of G. When G 
is clear from context we abbreviate nbg by nb. 


Definition 5.2 Let G = (A,B,E) be a bipartite graph. A function 
f :A— Bisa solution for G if f is one-to-one and Va € A {a, f(a)} € E. 
Given X C Aand Y C B, we will sometimes call f : X + Y a solution from 
X to Y. If f is onto then the solution is symmetric. 


We will be considering the infinite version of Hall’s Theorem. We present 
the finite and infinite versions. The proof we give for the finite case does 
not lead to a computationally efficient algorithm to find a solution. The 
most efficient algorithm known for this problem runs in time O(|V|?|E|?) 
(see [131, p. 226]). 


Definition 5.3 Let G = (A, B, E) be a (finite or infinite) bipartite graph. 
G satisfies Hall’s condition if for all finite X C A, |nbg(X)| > |X]. 
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Theorem 5.4 (Finite Hall’s Theorem) Suppose G = (A,B,E) is a finite 
bipartite graph. Then G has a solution iff G satisfies Hall’s condition. 


Proof. If G does not satisfy Hall’s condition, then there is an X C A such 
that |nbg(X)| < |X|. Obviously, there is no solution for X, so there can be 
no solution for G. 


Now suppose G satisfies VX C A, |X| < |nbg(X)|. Let n = |A]. We will 


prove by induction on n that there is a solution for G. 


If n = 1, let A = {a}. Since |nbg({a})| > 1, there is 6 € B such that 
{a,b} € E. Then M = {(a,6)} is a solution for G. 


If n > 1, assume the theorem holds for bipartite graphs (A, B, F) with 
|A| <n. We will consider two cases: 


Case 1. Suppose for all & with 1 < k < n, and for all X C A with 
|X| = k, |nbg(X)| > & +1. Then choose any {a,b} € FE with a € A. Let 
G' be (A — {a}, B — {b}, E’), where E” is FE restricted to edges that do not 
involve a or b. Note that for all finite subsets X¥ C A — {a} with |X| = k, 
we have |nbg:(X)| > k. By our induction hypothesis G’ has a solution M. 
Then M U (a, 8) is a solution for G. 


Case 2. Suppose there is an X C A and k < n such that |X| = 
|nbg(X)| = k. Let G’ = (X,B,E’), where E” is the set of edges be- 
tween elements of X and elements of B. By our induction hypothesis, 
G" has a solution M. Since |X| = |nbg(X)| and solutions are one-to-one, 


image(M) = nbg(X). 


Now we need to show there is a solution from A— X to B—nbg(X). Let 
GU =(A-—X, B—nbg(X), E”), where E” is the subset of FE consisting of 
pairs of elements {x,y} such that ze € A— X, y € B— nbc(X). Assume, by 
way of contradiction, that there exists C C A—X such that |nbgu(C)| < |C]. 
Then 


nbg(C) = (nbe(C) M nbe(X)) U (nbg(C) N nbe(X)) 


(nbg(C) N nbg(X)) U nbgn(C). 
Hence 


nbg(C U X) = nbg(C) U nbg(X) — nbgu(C) U nbc(X). 
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We can now show that |nbg(C U X)| < |CU X|, which contradicts that G 
satisfies Hall’s condition. 


|nbo(CUX)| = |nban(C)| + |nbo(X) 


Inban(C)| + |X] < [C] + IX] = |CUXI, 


which contradicts our hypothesis. 


Then by our induction hypothesis, there is a solution M’ from A — X to 
B—nbg(X). Then M U M’ is a solution for G. Oo 


We now prove the infinite Hall’s Theorem. We give a direct proof; it can 
also be proven by Konig’s Lemma (Theorem 2.3). 


Theorem 5.5 (Infinite Hall’s Theorem) Suppose G = (A, B, E) is a count- 
able bipartite graph with finite degree. Then G has a solution iff G satisfies 
Hall’s condition. 


Proof. If G does not satisfy Hall’s condition, then there is some finite X C A 
such that |nbg(X)| < |X|. Obviously, there is no solution for X, so there 
can be no solution for G. 


Now suppose G satisfies Hall’s condition. Since A is countable, let A = 
{a, < a2 <---}. Given n EN, let A” = {ao,..., an}, B” = nbg(A"), 
E" = EN {{a,b} | a € A*,b € B*}, and G” = (A", B”,E"). Forn EN, 
G" satisfies Hall’s condition, so by the finite Hall’s Theorem, there is a solu- 
tion M” for G". We will build a solution for G from the M”. Let 


M(a) = pa [(3°s) M*(a1) = 2] 


3 


M(anai) = px [(3%s)( A (M*(aj) = M(aj)) A M*(an41) = 2)| 


j=l 


It is easy to see that M is a solution. oO 


The proof of Theorem 5.5 given above is noneffective. To see if the proof 
could have been made effective we will look at a potential analogue. In order 
to state this analogue we need some definitions. 
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Definition 5.6 Let G = (A, B, F) bea bipartite graph with A, B CN. Gis 
a recursive bipartite graph if A, B and FE are recursive, and G has finite 
degree. Note that a recursive bipartite graph is different from a bipartite 
recursive graph. G is a highly recursive bipartite graph if G is recursive and 
the function nbg is recursive. Note that a highly recursive bipartite graph is 
different from a bipartite highly recursive graph. 


We will use the recursive tripling function to represent recursive and 
highly recursive bipartite graphs. 


Definition 5.7 A number e = (€),€2,¢€3) determines a recursive bipartite 
graph if e1,e2 € TOTOL, es € TOT, and the sets A = {a | {e,}(a) = 1} and 
B= {b| {e2}(b) = 1} are disjoint. The recursive bipartite graph determined 
by e is (A, B, E), where 


E = {{a,b}|a€ A,b€ B, {es} (a,b) = {e3}(b,a) = 1}. 


Definition 5.8 A number e = (€1, €2,¢€3) determines a highly recursive bi- 
partite graph if e,,e€2 € TOTO] e3 € TOT, and the sets A = {a | {e1:}(a) = 1} 
and B = {b | {e2}(b) = 1} are disjoint. The recursive bipartite graph de- 
termined by e is (A, B,E), where EF is determined by the fact that {e3} 
computes nbg. (Here, {e3} is interpreted as a function from N to finite 
subsets of N.) 


Definition 5.9 Let G = (A, B, FE) be a bipartite graph such that A,B C 
N (in practice G will be a recursive or highly recursive bipartite graph). 
A function f: N -> B is a recursive solution for G if f is total recursive 
and f, when restricted to A, is a solution for G. 


Potential Analogue 5.10 There is a recursive algorithm A that performs 
the following. Given an index e for a highly recursive bipartite graph that 
satisfies Hall’s condition, A outputs an index for a recursive solution. A 
consequence is that, if a highly recursive bipartite graph G has a solution, 
then G has a recursive solution. 


We will soon see (Theorem 5.13) that this potential analogue is false. We 
will then have a recursion-theoretic modification which is true. No combina- 
torial analogue appears to be true; however, we will then impose combinato- 
rial and recursion-theoretic conditions that will yield a true analogue. 
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5.2 Recursive Analogue is False 
The following theorem is due to Manaster and. Rosenstein [119]. 


Definition 5.11 If v,, v2, ..., un EN, and all the v; are distinct, then the 
line graph of (v,,..., Un) is the graph G = (V, E), where V = {um ,..., vn} 
and FE = {{v;, vier}: 1 <i <n—1}. The vertices {v,, ... , vj} are strictly 
to the left of vi41. The vertex v; is the left endpoint of G. Terms using 
‘right’ instead of ‘left’ can be defined similarly. 


We would like to interpret line graphs as bipartite graphs. To do this we 
need to specify one vertex as being in A (or B), which will determine the 
status of the other vertices. 


The following lemma is easy to prove, hence we leave it to the reader. 
Lemma 5.12 Let G[t,j] be the line graph on 
(OEP Msi Gate Ohy By Wh SE WLS ds oe 4 105)! 
Interpret Gli, j] as being bipartite by assuming y € A. 


(a) If 7 is odd, then (y,x) cannot be in any solution of A to BinG. 


(b) If 7 ts odd, then (y,z) cannot be in any solution of A to B in G. 


Proof. We prove a; the proof for 6 is similar. We use induction on 7. 

Let 2 = 1. Note that v; € A. If M is any solution of G[1,j] then M 
must use (v1, x), else v; (which is in A) will be unmatched. Hence M cannot 
use (y, 2). 

We assume the statement true for odd 2 and we prove it for i + 2. Note 
that vizg € A. Let M be a solution of G[z + 2,7]. M must use (vj+2, vi41), 
else vj42 will be unmatched. Hence M cannot use (v;,v;41). Therefore 
M — {(vi+2, vi41)} is a solution of G[z,j]. By the induction hypothesis, M 
does not contain (y, z). o 


Theorem 5.13 (Manaster and Rosenstein {119]) There exists a highly re- 
cursive bipartite graph G = (A, B, E) that satisfies Hall’s condition, but has 
no recursive solution. 
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Proof. We construct a highly recursive bipartite graph G = (A, B, F) that 
has a solution (hence satisfies Hall’s condition) and satisfies the following 
requirements. 


R.: {e} total > {e} is not a solution of G. 


Recursively partition N into infinite recursive sets Xp, X,,.... We construct 
a highly recursive bipartite graph G(e) = (A(e), B(e), E(e)) such that the 
following hold. 


(i) Ale) U Ble) = Xe, 
(ii) G(e) has a solution, and 
(iii) {e} is not a solution of G(e). 


The union G = U.>0 G(e) is the desired graph. 


In our description of G(e), whenever we need a vertex, we take the least 
unused vertex of X,. We denote the bipartite graph constructed by the end 
of stage e by G(e,s) = (A(e,s), Ble,s), E(e,s)). 


Construction 


STAGE 0: 
Let G(e,0) be the line graph on (a,6,c) (three new vertices — the least 


three elements of X,.), interpreted as a bipartite graph by specifying 
b€ A(e,0). 


STAGE s+ 1: 
(Assume inductively that G(e, s) is a line graph.) Run {e},(b). There are 
four cases. 


Case 1. If {e},(b) t or {e}5(b) | ¢ {a,c}, then form G(e,s+1) by adding 


one vertex to each end of G(e, s). 


Case 2. If {e},_1(b) ft and {e},(b) | =a, then perform whichever of the 
following two cases applies. In all future stages ¢ never place a vertex on the 
left end of G(e,t) again. 


(a) if there is an even number of vertices strictly to the left of a in G(e,s), 
then G(e, s +1) is formed by placing one vertex on each end of G(e, s); 
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(b) if there is an odd number of vertices strictly to the left of a in G(e, s), 
then G(e,s + 1) is formed by placing one vertex on the right end of 
Gie,s) . 


Case 3. If {e},-1(b) t and {e},(6) | = c, then this is similar to case 2 
except that we are concerned with the right side of G(e,s) and G(e,t). 


Case 4. If {e},_1(b) | € {a,c}, then at a previous stage case 2 or 3 must 
have taken place. G(e,s +1) is formed by adding a vertex to whichever end 
of G(e, s) is permitted. End of the construction. 


A(e) and B(e) are both recursive: to determine if p € A(e) or p € B(e) 
either 


(1) p€ Xe, so p ¢ Ale) and p ¢ Be), or 


(2) p€ X¢, in which case run the construction until p appears in the 
graph, and note whether p enters in the A or B side. 


G(e) is highly recursive: if p € A(e) U B(e), then all the neighbors of p 
appear the stage after p itself appears. 


Since G(e) is just the 2-way or 1-way infinite line graph, it obviously has 
a solution. 


We show that {e} is not a solution of G(e). If {e}(b) t or {e}(b) | ¢ 
{a,c}, then {e} is clearly not a solution. If {e}(b) |, then case 2 or 3 will 
occur, at which point {e} will be forced not to be a solution of G(e), by 
Lemma 5.12. Oo 


For recursive bipartite graphs the situation is even worse. Manaster and 
Rosenstein [119] have shown that there exist recursive bipartite graphs that 
satisfy Hall’s condition but do not have any solution recursive in A’. If we 
allow our bipartite graphs to have infinite degree, then the situations is far 
worse. Misercque [128] has shown that for every recursive tree T, there exists 
a recursive bipartite graph G, such that there is a degree preserving bijection 
between the infinite branches of T and the solutions of G. Since there exist 
recursive trees T where every infinite branch is not hyperarithmetic [142, 
p. 419, Corollary XLI(b)], there is a recursive bipartite graph where every 
solution is not hyperarithmetic. 
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5.3 How hard is it to determine 
if there is a recursive solution? 


By Theorem 5.13, there are highly recursive bipartite graphs that satisfy 
Hall’s condition, but have no recursive solution. We investigate how hard it 
is to determine if a particular highly recursive bipartite graph is of that type. 
By contrast the following promise problem is ]j-complete: (D, A), where 


D_ = {e |e is the index of a highly recursive bipartite graph} 


and 
A = {e € D| the graph represented by e has a solution}. 


Notation 5.14 Let HRB be the set of valid indices of highly recursive bi- 
partite graphs. 


Theorem 5.15 The set 
RECSOL = {e : €€ HRB A G, has a recursive solution} 


is L3-complete. 


Proof. For this proof, if e = (€), €2,€3) is an index that determines a highly 
recursive bipartite graph, then we denote the graph that it determines by 
G,. = (A., Be, E-). We abbreviate (Jt) {e,},(2) = 1 by x € A;, and adopt 
similar conventions for B, and E.. 

RECSOL is the set of all triples e = (e1, €2,¢3) of numbers in TOT such 
that there exists an 2 such that 


(i) «€ TOT, and 
(ii) (Va,y) [(x@ € Ae A {i}(z) = y) > {x,y} © E.], and 
(ili) (Va, z) [(z,z € Ae Ax #2) => {i}(z) F {t}(z)] 


Clearly RECSOL is £3. To show RECSOL is ©3-hard we show that COF <,, 
RECSOL. Given z, we ‘try’ to construct a highly recursive bipartite graph G 
that satisfies Hall’s condition but does not have a recursive solution. We will 
always succeed in making G satisfy Hall’s condition. If 2 € COF, then our 
attempt will fail, in that G will have a recursive solution. If ¢ ¢ Cor, then 
our attempt will succeed, in that G will not have a recursive solution. 

We try to construct a highly recursive bipartite graph G = (A, B, E) that 
satisfies the following requirements. 
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R.: {e} total > {e} is not a solution of G. 


Recursively partition N into infinite recursive sets Xo, X,,.... We construct 
a highly recursive bipartite graph G(e) = (A(e), B(e), E(e)) such that the 
following hold. 

(a) A(e)U Ble) = Xe, 

(b) 
(c) IfW,Nf{e,e+1,...} #4, then {e} is not a solution of G(e), and 
(d) If W, {e,e+1,...} =@, then G(e) has a recursive solution. 


G(e) has a solution, 


The union G = U,55 G(e) is the desired graph. If there is an eo such that 
W.N{eo,eo+1,...} =@ then, for all e > e9, W2N{e,e4+1,...} =, 
hence G(e) will have a recursive solution. From this we will be able to deduce 
that G has a recursive solution. 


In our description of G(e), whenever we need a vertex we take the least 
unused number of X,. We denote the bipartite graph constructed by the 
end of stage e by G(e,s) = (A(e,s), Ble, s), E(e,s)). Ge) is itself a union 
of disjoint line graphs. During each stage of the construction we are adding 
vertices to one of those line graphs, which we refer to as “the current com- 
ponent”. 


Construction 


STAGE 0: 

Let G(e,0) be the line graph on (a,6,c) (the least three elements of X.), 
interpreted as a bipartite graph by specifying b € A(e,0). This will be the 
current component until it is explicitly changed. Set [..9 = e. 


STAGE s+1: 

Ifl.. € Wz, then set [e541 = [.,, and proceed to work on R, using the 
current component and current values of a, b and c, as in the construction in 
Theorem 5.13. If P.., € Wz,s, then 


(i) Set Desa: = w2[z >To. A z € Wes]. 


(ii) If the number of vertices in the current component is odd, then 
add a vertex to it (respecting whatever restraints there may be on 
which side you can add to). 
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(iii) Let a,b,c be three new vertices (the least unused numbers in X,), 
and start a new current component with the line graph on (a, 6, c), 
interpreted as a bipartite graph, by taking b € A(e,s +1). 


End of the construction. 


Let G = Lise G(e). For each e, the graph G(e) is highly recursive by 
reasoning similar to that used in the proof of Theorem 5.13. It has a solution, 
since it consists of some number (possibly infinite) of finite graphs with an 
even number of vertices, and at most one infinite graph which is either the 
infinite two-way line graph or the infinite one-way line graph. Since all the 
algorithms for all the G(e) are uniform, G is a highly recursive graph with a 
solution. 


If x ¢ COF then, for alle, W,N{e,e+1,...} #@. Let y be the least 
element of W,f{e,e+1,...}. Then limsooTe,s = Ye, and in particular 
it exists. Eventually the attempt to make sure {e} is not a solution of G(e) 
will be acting on one component. In this case such efforts will succeed, as 
in the proof of Theorem 5.13. Now consider G. This graph has no recursive 
solution since, for all e, {e} is not a solution of G(e). 


If c € COF, then we show that G has a recursive solution. For almost 
alle, W,N{e,e+1,...} =. Hence, for almost all e, limsooTe,3 = 00. 
Hence, for almost all e, all the components of G(e) are finite and have an 
even number of vertices. Let S be the finite set of e such that G(e) has 
an infinite component. For every e € S, G(e) has a finite number of finite 
components which have an even number of vertices, and one component 
that is either the two-way or one-way infinite line graph. Hence G(e) has a 
recursive solution; let M,. be a machine that computes that solution. The set 
S and the indices of the machines M, for all e € S are all finite information 
that can be incorporated into the following algorithm for a recursive solution 
of G. Given a number », first find out if v € U,., Ale). If v € Uses, Ale), 
then we need not match v, so output 0 and stop. If v © Useso Ale), then we 
find out if v € U.es A(e), then find e such that v € A(e), and then output 
M.(v). If v € U.es A(e), then run the construction until all the vertices 
in the same component as v are in the graph (this will happen since every 
component of G(e) is finite). Since the component is a line graph with an 
even number of vertices, there is a unique solution on it. Output the vertex 
to which v is matched. Oo 
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5.4 Recursion-theoretic modification 


Manaster and Rosenstein [119] showed that highly recursive bipartite graphs 
have solutions of low Turing degree. 


Theorem 5.16 If G = (A, B,E) is a highly recursive bipartite graph that 
satisfies Hall’s condition, then G has a solution M of low Turing degree. 


Proof. Let A = {a < a2 <---}. Consider the following recursive tree: The 
vertex og = (b1,..., bn) is on T iff 
(i) for all 7 (1 <i <n) we have 6; € nbe({a;}), and 
(ii) all the 6,’s are distinct (so the vertex o represents a solution of 
the first n vertices of A into B, namely a; maps to 5;). 
We have 
(1) T is recursive, 


(2) T is recursively bounded by the function 
f(n) = max nbc({a;}). 


Igign 


(3) any infinite branch of T is a solution of G, 


(4) every solution of G is represented by some infinite branch of T, 
and 


(5) the set of infinite branches of T is nonempty (by the classical Hall’s 
theorem and the previous item). 


Since the branches of T’ form a nonempty II} class, by Theorem 2.12 there 
exists an infinite low branch. This branch represents a solution of low 


degree. QO 


Theorem 5.17 [f G=(A,B, E) is a recursive bipartite graph that satisfies 
Hall’s condition, then G has a solution M such that M' <7 9". 


Proof. If G = (A, B, E), then the function nb is recursive in A. Define a 
tree T as in the previous theorem. Note that this tree is recursive in A’ and 
is K-recursively bounded. By Theorem 2.13, there exists an infinite branch 
B such that B’ <; 6”. This branch represents the desired solution. Oo 
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5.5 Recursion-combinatorial modification 


We now consider an effective version of Hall’s theorem which is true. The 
modification is both recursion-theoretic and combinatorial. 


Recall that by Theorem 5.5 a bipartite graph G = (A, B, F) has a solution 
iff for all finite Y C A, 
|jnbg(X)| — |X| > 0. 


A stronger condition would be to demand that |nbg(X)| — |X| is large for 
large |X|. In particular, if you want |nbg(X)| — |X| > n then there should 
be some n’ such that |X| > n’ guarantees this. We formalize this: 


Definition 5.18 A bipartite graph G = (A,B, F) satisfies the extended 
Hall’s Condition (e.H.c.) if there exists a function h such that h(0) = 0 
and, for every finite X C A, 


|X| 2 h(n) = |nbe(X)| — |X| 2 n. 


That is, to guarantee an ‘expansion’ of size n, take |X| > h(n). Since 
h(0) = 0, e.H.c. implies Hall’s condition. 


Kierstead [96] proved the following effective version of Hall’s theorem. 


Theorem 5.19 /f G = (A,B, E) is a highly recursive bipartite graph that 
satisfies e.H.c. with a recursive h, then G has a recursive solution. Moreover, 
given indices for G and h, one can effectively produce an index for a recursive 
solution. 


Proof. Let do be the first element of A. We plan to match ag with some bo, 
define a function h’, show that G’ = (A — {ao}, B — {bo}, E’), where 


E’ = {{z,y}: {t,y}€ E, x € A— {ao}, ye B— {bo}}, 


together with h’, satisfies the hypothesis of the theorem, and iterate. This 
will easily produce a recursive solution. Let 


Ao {x € A: there is a path from z to ap of length < 2h(1)}, 
Be -AbatAc): 
Eo = {{x,y}E€ BE: 2 € Ao, y € Bo}. 


II 


Note that the vertices in B are of distance at most 2h(1) +1 from ao. 
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Let Go be the finite bipartite graph (Ao, Bo, Eo). Clearly Go satisfies 
Hall’s condition, so it has a solution. Let bg be the vertex to which ag is 


matched. Let Ah’ be defined by 
(1) A’(0)=0, and 
(2) (Vn > 1)A’(n) = h(n +1). 
Let G’ be as indicated above. We show that G’ satisfies e.H.c. via h’. 
Let n € N, X C A-— {ao}, X finite, and |X| > h(n). We show that 
|nba:(X)| — |X| > n. We need only consider X such that (X , nbg(X), E”) 


(where E” C E’ is the set of edges between X and nbg:(X)) is connected. 
There are several cases, depending on n and X. 


Case 1. n2>1. Then |X| > h'(n) = h(n +1). Hence |nbg(X)| — |X| = 
n+1. Hence |nbg(X)| — |X| > n. 


Case 2. n = 0 and by ¢ nbg(X). Then nbq(X) = nbg(X). Hence 
|nbg(X)| — |X| = |nba(X)| — |X| 2 0. 


Case 3. n=0Oand X C Ap. Since (Ao, Bo, Eo) has a solution where ao 
maps to bo, |nbg(X)| — |X| 2 0. 


Case 4. n=0, bp € nbg(X), and there exists a € X — Apo (this is negation 
of Cases 1,2, and 3). Since bp € nbg(X), there exists a vertex a’ € X such 
that {a’,bo} € E. Since (X,nbg(X), E”) is connected, there exists a path 
(a= 209, %1,.--, To, =’) in G’. Since G’ is bipartite, x; € X iff z is even, 
hence there are at least k elements of X. Since {a’, bo} € E and {ao, bo} € E, 
there is a path of length 2k + 1 from a to ag. The shortest path from a to 
dg is of length > 2h(1) +1, hence 2k + 1 > 2h(1) +1, sok 2 A(1). Thus 
|X| > h(1). Oo 


Kierstead formulated the recursive e.H.c. to prove the following corollary. 


Corollary 5.20 Let G = (A,B,E) be a highly recursive bipartite graph. 
Assume there exists d such that 


(1) for all c € A, deg(z) >d, and 
(2) for all c € B, deg(x) < d. 


Then G has a recursive solution. 
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Proof. We show that G together with the function h(n) = dn satisfies 
the hypothesis of Theorem 5.19. Let X be a finite subset of A such that 
|X| > dn. We claim |nbg(X)| — |X| 2 n. Consider the induced bipartite 
graph (X , nbg(X), E’), where 


E' = EN {{a,b}|ae X AbE nbg(X)}. 
The number of edges is 


S> deg(x) > (d+ 1)|X|. 


But it is also 


d deg(y) < d|nba(X)}. 


yEnbg(X) 
Simple algebra yields |nbg(X)| — |X| > n. QO 


Kierstead [96] has also shown that the assumption that h is recursive 
cannot be dropped. 


5.6 Miscellaneous 


We state several results about recursive solutions without proof. 


Manaster and Rosenstein [119] investigated whether some other condi- 
tions on G yield recursive solutions. They showed that 


(1) if a highly recursive bipartite graph G has a finite number of solutions, 
then all those solutions are recursive, and 


(2) if a recursive bipartite graph G has a finite number of solutions, then 
all those solutions are recursive in K. 


However other conditions do not help: 


(i) there are highly recursive bipartite graphs where every vertex has de- 
gree 2 (this implies Hall’s condition) which have no recursive solutions 
(this was extended to degree k in [120]), 


ii) there are decidable bipartite graphs (similar to decidable graphs, see 
Section 4.7.8) that satisfy Hall’s condition but do not have recursive 
solutions. 
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McAloon [118] showed how to control the Turing degrees of solutions in 
graphs. He showed that there exists a recursive bipartite graph which satisfies 
Hall’s condition and such that A is recursive in every solution. Along these 
lines, Manaster and Rosenstein (reported in [119]) showed that for every n, 
1 <n € No, there exists a recursive bipartite graph with exactly n different 
solutions, and the n solutions are of n different Turing degrees. Manaster 
and Rosenstein also showed that for any Turing degree a <y 0’ there exists 
a recursive bipartite graph that has a unique solution M, and M is of Turing 
degree a. This yields a contrast to highly recursive graphs since any highly 
recursive bipartite graph with a unique solution has a recursive solution. 


Manaster and Rosenstein [119] examined symmetric solutions in highly re- 
cursive bipartite graphs. A symmetric solution is a solution in G = (A, B, E) 
which is a solution of B to A as well as A to B. The results are similar to 
those for solutions, and thus we do not state them. 


Manaster and Rosenstein also showed that for any Turing degree a, there 
exists a recursive bipartite graph that has a unique solution M, and M is of 
Turing degree a. 


Misercque {128] has refined the above theorems by showing the following: 


(1) given a (highly) recursive bipartite graph G, there exists a (re- 
cursively bounded) recursive tree T’ such that there is a bijection 
between the infinite paths through T and the solutions of G which 
preserves degree of unsolvability, 


(2 


— 


the analogue of (1) also holds for symmetric solutions, 


(3) for every (recursively bounded) recursive tree T, there exists a 
(symmetric highly) recursive bipartite graph G such that there is 
a bijection between the infinite paths of T and the (symmetric) 
solutions of G, and 


(4) the analogue of (3) for arbitrary solutions is false (this disproved 
a conjecture of Jockusch and Soare from [90}). 


Hirst [81] has proven several theorems about the proof-theoretic strength 
of Hall’s Theorem. Several results in recursive solution theory can be derived 
as corollaries of his work. 
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6 Dailworth’s Theorem for partial orders 


We consider the infinite version of Dilworth’s Theorem on partial orders. We 
present the finite and infinite versions, which are both due to Dilworth [47, 
48], show that a recursive analogue of Dilworth’s Theorem is false, and show 
that there is a recursion-theoretic modification that is true. We then show 
that there is a combinatorial modification that is true, and show that there 
is a modification that is both recursion-theoretic and combinatorial which is 
true, and finally state some miscellaneous results. 


6.1 Definitions and classical version 


Definition 6.1 A partial order P is a set P (called the base set) together 
with a relation < that is transitive, reflexive, and anti-symmetric. The rela- 
tion < is defined by « < yiffe <yandz#y. Ifeitherr < yory < 2, then 
x and y are comparable. If two elements x,y are not comparable, we denote 
this by x|y. A chain of P = (P, <) isa set C C P such that every pair of 
elements in C is comparable. A w-chain is a chain of size w. An antichain of 
(P, <) is aset C C P such that every pair of elements in C is incomparable. 
A w-antichain is an antichain of size w. The height of (P, <) is the size 
of the largest chain. The width of (P, <), denoted w(P), is the size of the 
largest antichain. If w € N, then a w~cover of (P, <) is a set of w disjoint 
chains such that every element of P is in some chain. We formally represent 
a w-cover as a function ¢ from P to {1,..., w} such that if c(z) = c(y) 
then x is comparable to y. 


Dilworth’s theorem states that if the largest antichain of a partial or- 
der is of size w, then it can be covered with w chains. The first published 
proof is by Dilworth [47, 48], is by induction on the width, and is somewhat 
complicated.? Other proofs have been given by Dantzig and Hoffman [45], 
Fulkerson [57], Gallai and Milgram [59], and Perles [135]. The most efficient 
algorithm to find a covering of a finite partial order (P, <) uses the com- 
putational equivalence of finding a maximum matching in a bipartite graph 
to finding a minimal covering (see [44] or [39, pp. 339-341]) and runs in 
time O(|P|?°). 


*Erdos [51] claims that Galai and Milgram had a complete proof of this in 1947, and 
that Galai did not want this known in his lifetime since he was modest and did not want 
to seem like he was bickering about priority. 
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We present a simple proof of Dilworth’s theorem due to Perles [135]. 


Theorem 6.2 (Finite Dilworth’s Theorem) If P = (P, <) is a finite 
partial order of width w, then P has a w-cover. 


Proof. We prove this by induction on |P| (the size of P) for all w simulta- 
neously. If |P| = 1 then the theorem is clear. Assume the theorem holds for 
all partial orders of size < n—1. Let P = (P, <) be a partial order such 
that |P| =n and w(P) = w. Let 


Pmax = {x € P: (Vy € P)[z comparable to y > y < z}}, 
Phin = {x € P: (Vy € P)[x comparable to y > y > z}}, 
There are two cases. 


Case 1. There exists a w-antichain A = {a,,...,@ } such that A # 
Pmax and A # Pin. Let P+ = (P+, <) and P~ = (P7, <) where 


PP = {ee P x(3i)lev< a}, 


p- 


{x € P : (Jt) [a; > x]} 


Clearly P = P* U P~ (since w(P) = w), A = P+ Po (since A is an 
antichain), |Pt| <n (since A # Pin), |P7| <n (since A # Pmax), and 
w(Pt) = w(P-) = w. Apply the induction hypothesis to Pt and P~ to 
obtain w-coverings COV+ of P+ and Cov~ of P~. Assume, without loss 
of generality, that for all 7, 1 < i < w, covt(a;) = Cov7(a;) = i. Then 
covt UCOV™ is a w-covering of P. 


Case 2. For all w-antichains A, either A = Pyax or A = Phin. Let C be 
a chain that has one endpoint in Pax and one in Prin (such easily exists — 
take an element of Pnax and work your way down). Note that C intersects 
every w-antichain of P (i.e., intersects Pnax and Prin), hence the width of 
P' =(P-C, <) is < w-—1. Since |P — C| <n we can apply the induction 
hypothesis to P’, to yield a (w — 1)-covering of P’. This covering, together 
with C, yields a w-covering of P. Oo 


We now prove the infinite Dilworth’s Theorem. We give a direct proof; 
it can also be proven by Konig’s Lemma (Theorem 2.3). 
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Theorem 6.3 (Infinite Dilworth’s Theorem) Jf P = (P, <) is a countable 
partial order of width w, then P has a w-cover. 


Proof. Assume, without loss of generality, that P = N, though of course < 
need not have any relation to the ordering of N. Let P, = ({0,1,... ,s}, <). 
Let c, be a w-covering of P, (such exists by Theorem 6.2). We use c, to 
define c, a w-covering of P. Let 


c(0) = pt [(4°s) ¢,(0) a il, 


e(n+1) = pil[((A%s)e(n+1)=7%) A (A es(7) = e(Z))] 
It is easy to see that c is a w-covering. o 


The proof of Theorem 6.3 given above is noneffective. To see if the proof 
could have been made effective we will look at a potential analogue. In order 
to state this analogue we need some definitions. 


Definition 6.4 A partial order (P, <) is recursive if both the set P and 
the relation < are recursive. 


We will represent recursive partial orders (P , <) by the Turing machines 
that determine their base set and relation. An index for a recursive partial 
order will be an ordered pair (€;, e2), such that e, is an index for a Tur- 
ing machine that decides P, and e2 is an index for a Turing machine that 
decides <. 


Definition 6.5 An index e is a valid index for a recursive partial order if 
€ = (€1, €2) and the following hold. 


(i) e, € TOTO]. Let P denote {x : {e,}(x) = 1}. 
(ii) eg € TOTOL. 


(iii) The relation defined by z < y iff {e2}(z,y) = 1, when restricted to 
P x P, is a partial order on P. 


The partial order represented by e is (P , <). We denote this partial order P,. 
Note that if {e2}(z, y) = 0 and {e2}(y,r) = 0, then z and y are incomparable. 
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Definition 6.6 If P is a recursive partial order, then the recursive width 
of P is the least w such that P can be recursively covered with w recur- 
sive chains. (Theorems 6.2 and 6.3 justify this definition.) We denote the 
recursive width of P by w"(P). 


Potential Analogue 6.7 There is a recursive algorithm A that performs 
the following. Given an index e for a recursive partial order P = (P, <?) of 
width w, A outputs an index for a recursive w—covering of P. A consequence 
is that all recursive partial orderings P have w(P) = w"(P). 


Kierstead [94] showed that this Potential Analogue is false, but that a 
combinatorial modification is true. We have a recursion-theoretic modifi- 
cation which is true. Schmerl (reported in [94]) has a modification that is 
both recursion-theoretic and combinatorial which is true. In summary, the 
following are true: 


(1) For every w > 2, there exists a recursive partial order P such that 


wPVau. “bat. atpy= ee 
(proved by Szeméredi and Trotter, reported in [97]). For the case of 
w = 2 closer bounds are known: every recursive partial order of width 
2 can be recursively 6-covered; however, there exists a recursive partial 
order of width 2 that cannot be recursively 4-covered. 


(2) There is a recursive algorithm A that performs the following. Given 
an index e for a recursive partial order P = (P, <”) of width w, A 


)-covering of P [94]. 


outputs an index for a recursive ( 


(3) Every recursive partial order of width w has a w-covering that is low. 


(4) If P is a recursive locally finite partial order (defined in Section 6.6) 
then w(P) = w’(P) (proven by Schmerl, reported in [94]). The proof 
does not yield an effective procedure to pass from indices of partial 
orders to indices of coverings. 


We will prove subcases of (1) and (3) to give the reader the ideas in- 
volved. The full proofs use the same recursion-theoretic ideas, but are more 
complicated combinatorially. Items (2) and (4) will be proven completely. 
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We will need the following definitions. 


Definition 6.8 A partial order Q = (Q,<®) extends a partial order P = 
(P, <?) if P C Q and, for all z,y € P, if e <P y then z <? y. (Note 
that elements that are incomparable in (P,, <”) might be comparable in 


(O50) 


Definition 6.9 Let Po, Pi,... be a (possibly finite) sequence of partial 
orders such that, for all 7, Piz; extends P;. Let P; = (P;, <;). Then the 
union partial order of Po, Pi, .-. is 


(UBS) 


where 
z<y iff (Ay)[z,yeP; A z<; yl. 


We denote this partial order by U; Pj. 


6.2 Recursive Analogue is False 


We show that there exists a recursive partial order of width w and recursive 
width wea Actually we prove something more general: for every u such 
that w <u < (“3") there is a recursive partial order P such that w(P) = w 
and w"(P) = u. The proof requires two lemmas; the first one is used in the 
second, and the second is similar in spirit to Lemma 4.13. The proof of the 
main theorem is similar in spirit to the proof of Theorem 4.15. The lemmas 
are more general then is needed for this section, but will be used again in 


Section 6.3. 
Definition 6.10 Let {e} be a Turing machine and let W be a set. If 


(v2 € W)[fe}(z) U 
then {e}(W) is defined to be {{e}(z): 2 € W}. 


In the following lemma we show that, given a width w 2 1 and a Turing 
machine {e}, we can construct a recursive partial order P = (P, <) such 
that w(P) < w, w"(P) = w, but {e} will have a hard time covering P. 
Formally, either 
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(1) there is an z € P such that {e}(2) T, 
(2) there are x,y € P that are incomparable and {e}(z) = {e}(y), or 
(3) there is a chain A = {ay < du-1 <-++ < a;} such that |{e}(A)| = w. 


If (1) or (2) occurs then {e} is not a covering. If (3) happens then {e} may 
still cover P but it has foolishly covered a single chain with w different chains. 


Lemma 6.11 Let w > 1, {e} be a Turing machine, and X be an infinite re- 
cursive set. There exists a finite sequence of finite partial orders P,, ... , Py 
such that r < w, and the following hold. For notation P; = (P; , <;). 


(i) For every j,1 <j <r, P; is a tree with one branch of length 3, denoted 
A; = {a; < +++ < ay}, and leaves consisting of B; U {aj}, where B; 
is an anti-chain, B; = {b1,..., bk} (kK < j—1), and AjN Bj; = 9. 
Every element of B; is placed directly below some element of Aj, but 
no element of B; is above any element of Aj. Since any antichain 
contains at most one element from A;, w(Pj;) << k+1< 7 <w. 


(ii) For every j, 1 <9 <r—1, 
(1) for all x € P;, {e}(x) l, 


(2) Pj41 can be obtained recursively from P; (and the values of {e}(z) 
for every x € P;), 


(3) |{e}(Aj)| = |Aj] = 4, and |{e}(B;)| = | Bil. 
Also, |{e}(B-)| = |B, |. 

(iii) For every j, 1<j <r, 
(1) P; CX, and 


(2) canonical indices for the finite sets P; and <; can be effectively 
obtained from e, j, w, and an index for X. 


Note that r is not needed. 
(iv) For every 7,2 <9 <r, 


(1) Pj is an extension of Pj-1, 


(2) Aj-1 © A;, 
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(3) By C B;, 

(4) a; € A; — Aji, 

(5) the only elements in P; — Pj-, are below and adjacent to aj-1, 
and 


(6) {e}(B;) C {e}(Aj-1). 


(v) At least one of the following occurs. 


(1) {e}(a,) t, (so {e} cannot recursively cover P,). 
(2) (Sz,y € A, U B,) such that x|y and {e}(x) |= {e}(y) | (so {e} 


cannot recursively cover P,). 


(3) = w and {e}(au) 1¢ {e}(Au-t)- By (2), He}(Aua)] = = 1, 
hence |{e}(A,)| = w (so if {e} is trying to cover a partial order 
that includes P,, then it has just foolishly covered a single chain 
with w different chains). 


(vi) P, is a recursive partial order. Moreover, an index for both P, and <, 
can be obtained from e, w, and an index for X (note that we do not 
need r). The algorithm for P, is as follows: given x, wait until x steps 
in the construction have gone by; if x has not entered the partial order 
by that step, tt never will. The algorithm for <, is as follows: given 
x and y, wait until max{z,y} steps in the construction have gone by; 
if x and y are both in the partial order, then x < y iff « < y at that 
stage. (When an element enters the partial order, its relation to all the 
elements numerically less than it that are already in the partial order 
is known.) 


(vii) The following algorithm produces a recursive covering of P, that uses 
|B,|+1< w covers. Map a, to 1; whenever p enters the partial order, 
map p to the least number that is not being used to cover some element 
incomparable to p (note that all elements already in the partial order 
will already be covered). This algorithm will map b; to i. We will refer 
to this algorithm for covering as the greedy algorithm. It is easy to see 
that an index for the greedy algorithm can be effectively obtained from 
e, w, and an index for X. (What needs to be proved is that the greedy 
algorithm yields a w-covering.) 
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Proof. The Turing machine {e} is fixed throughout this proof. 


We prove this lemma by induction on w. Assume w = 1 and z is the least 
element of X. Let P; = P, = ({r},@). If {e}(x) t, then v.a is satisfied. If 
{e}(x) |, then v.c is satisfied (vacuously). In either case conditions (i)-(vii) 
are easily seen to be satisfied. Note that a, = z. 


Assume the lemma is true for w. We show it is true for w+ 1. Let 
P,,..., P, be the sequence of partial orders that exists via the induction 
hypothesis with parameter w. 


If (v)(1) (or (v)(2)) holds for P, with parameter w, then (v)(1) (or 


(v)(2)) holds for P, with parameter w +1. Hence the sequence P;,... , P, 
is easily seen to satisfy (i)-(vii). 

If (v) (3) holds for P,, then note that r = w and let Ay = {a1,..., aw} 
and B, = {b;,..., b,} be as in condition (1). Note that {e} converges on 


all elements of A,,, and |{e}(A.)| = w. We construct an extension of P,. 
Initialize as follows. 


(a) Set p to be a new number chosen to be the least element of X that 
is bigger than both any element used so far, and the number of steps 
spent on this construction so far (this is done to make the partial order 
recursive). 


(b) Set Z to be B,. Place p under a, and incomparable to all elements in 
Z (we do not yet say if this new element is in A,,4, or By41). 


(c) Set k’ to be k. 


Be aware that p, Z and k’ may change in the course of the construction. 
Note that all the elements in Z are pairwise incomparable. This will be true 
throughout the construction and easily provable inductively. Run {e}(p). 
There are several cases; in all cases the only elements in Ay yy — Aw or 
Bw41 — By are those which we place there as follows. 


(1) {e}(p) Lé {e}(Aw). Set au4i to p, Ausi to Ay U {aw4i}, and Busi 
to Z. Since |{e}(Au41)] = [{e}(Aw)| + 1 = w +1, condition (v) (3) is 
satisfied. 


(2) {e}(p) Le {e}(Z) 1 fe} (Aw). Set au41 to p, Ausi to Ay U {au4r}, and 
Busi to Z. Since p is incomparable to all elements in Z, condition 
(v) (2) is satisfied. (Setting a,41 to p is only a technicality to make 
condition (i) true.) 
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(3) {e}(p) Le {e}(Aw) — {e}(Z). Set k’ to k’ +1. Let by be p, and place 
p into Z. Designate a new number to be p, chosen to be the least 
element of X that is bigger than both any element used so far, and 
the number of steps spent on this construction so far (this is done to 
make the partial order recursive). Place p under a, and incomparable 
to all elements of Z. Run {e}(p) considering these cases (1), (2), (3), 
and (4). Note that every time case (3) occurs, |Z| grows by one, and 
l{e}(Z)| = |Z|. Since |A,,| = w (inductively using condition (i)), case 
(3) can occur at most w — k times. 


—— 
= 
a 


{e}(p) t. We (nonconstructively) set dy41 to p, Aus to Aw U {au4r}, 
and By4, to Z. Condition (v)(1) is satisfied. (The w +2 case is 
unaffected by this nonconstructiveness since {e}(p) diverging yields a 
trivial induction step.) 


In any case it is obvious how to define P,41. It is easy to see that in any 
case conditions (i)~(vi) hold. We need to show that (vii) holds, namely that 
the greedy algorithm will (w + 1)-cover P,4;. By the induction hypothesis 
the greedy algorithm (k + 1)-covers P,, and covers 6; with 7. Let Buys, = 
{bi ,..., bk, Oka, --. , bu}. We prove, by induction on 7 > k +1, that the 
greedy algorithm will cover 6; with 7. Let 7 > & +1. When 6; enters the 
partial order the greedy algorithm will cover it with 7 since b;,... , bj are 
covered with {1,... , i—1}, and are the only elements that are incomparable 
to b;. Note that there are k’ < w elements of B,4,, and exactly one element in 
A,41—A, (namely ay41). The element a,,4, will be covered with k’+1 < w+l 
when it enters. Hence the greedy algorithm provides a (k’ + 1)—covering with 
b; getting covered with 2. QO 


In the following lemma, we show that given a width w > 1, a number 
u such that wcu< ( and a Turing machine {e}, we can construct a 
recursive partial order Q = (Q, <) such that w(Q) < w, w’(Q) < u, and 
{e} is not a (u — 1)-covering of Q. Formally, either 


(1) there is an x € Q such that {e}(z) fT, 
(2) there are x,y € Q that are incomparable and {e}(z) = {e}(y), or 
(3) there is a set W C Q such that |{e}(W)] = u. 


If (1) or (2) occurs then {e} is not a covering. If (3) happens, then {e} may 
still cover Q but it has to use at least u different chains. 
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Lemma 6.12 Let w > 1, {e} be a Turing machine, and X be an infinite 
recursive set. Let u be any number such that w <u < aae There exists 
a finite sequence of finite partial orders Q,,..., Q, such that the following 
hold. For notation, Q; = (Q;, <;)- 


(i) For every j, 2 < j <r, Q; is an eztension of Q;-,. For each 7, 
l<jer 
(1) Q; CX, and 
(2) canonical indices for the finite sets Q; and <; can be effectively 
computed given e, j, u, w, and an index for X. 


For every j, 1 <3 <7, 


(1) for all x € Q;, {e}(x) | 
(2) Qj41 can be obtained recursively from Q; (and the values of {e}(x) 
for every x € Q;). 
(iii) One of the following holds. 


(1) (Sr € Q,) [{e}(z) t] (so {e} cannot be a cover of Q,). 

QO} Gs.y Ota) = TGs end aly] Go 1 canial te 
cover of Q,). 

(3) (AW C Q,) [|W] = l{e}(W)| = u] (so {e} cannot be a (u — 1)- 


covering of Q,). 


(ii 


— 


(iv) Q, is a recursive partial order. Moreover, an index for both Q, and <, 
can be obtained from e, u, w, and an index for X (note that we do not 
need r). The algorithm is similar to that in Lemma 6.11 (vi). 


(v) w(Q,) < w. 


(vi) w"(Q,) <u. Moreover, an index for a u-covering of Q, can be effec- 
tively obtained from e, u, w, and an index for X. 


Proof. The Turing machine {e} is fixed throughout this proof. 


We prove this lemma by induction on w. If w = 1, then let Q; = Q, = 
({x},@) where z is the least element of X. If {e}(z) t, then (iii) (1) holds. If 
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{e}(z) |, then (iii) (3) holds with W = {x}. In either case conditions (i)-(vi) 


are easily seen to be satisfied. 


Assume the lemma is true for w (and for all uw with w < u 
show it for w+ 1 and any wu such that w+1<cu< (7) 
partition X into two infinite recursive sets Y and Z. 

Let P1,..., P,, be the sequence that exists via Lemma 6.11 with pa- 
rameters w ek Y. For 1 <j < m let Q; = Pj. If (v)(1) (or (v)(2)) of 
Lemma 6.11 holds for P,,, then (iii) (1) (or (iii) (2)) holds for Q,,. Since con- 
ditions (1)-(v) (of this lemma) are easily seen to be satisfied, we are almost 
done (we did not use the induction hypothesis). We will later see why (vi) 
is true. 

We now assume that (v) (3) of Lemma 6.11 holds for P,,. Let A denote 
A,,, B denote B,,, and A = {ay41 < ++: < ay} (‘<’ is the order on P,,). 
Recall that for 1 < 7 < ri, we have set Q; = P 


Note that u < coe = (a) + w + 1. Let 2 be the least number such 
that u—2 < gee Note that 0 < i < w+ 1. It is easy to see that 
w<u-ic (“f") (this uses w +1 < i Apply the induction hypothesis 
with parameters w, u—12, and Z to obtain the sequence Q),..., Q.,. If 

= 0, then this sequence satisfies (i)-(v) and we are done. For the rest 
of the proof assume i > 1. We now construct Q,,41,..., Qn4r,- For 7, 
r+1<j7< r+, set Q; = (Qi_, UP, , <;) where <; is defined as 
follows. 


< Ei We 


Recursively 


(1) Ifz,ye Qi_,, (or P,,) then order as in Q§_,, (or P,,). 
(2) Ifze{a,...,a;} andy € Qi_,, then set z|y. 
(3) Ife € {aig1,-.., duyi} U Band y € Qi_,., then x <; y. 


(Note that we needed 1 <i < w+ 1.) We examine the width of Q,.4,,. 
If C is an antichain of Q,.4,,, then one of the following occurs. 


(a) CNB #G,so CNQ), =@. Hence C C P,,, and since P,, has 
width at most w+ 1, |C| <w+1, 


(b) COB=6,s0 CN P,, CA. Since A is a chain, |CN P,,| < 
Since Q),, has width at most w, |CNQ,| < w. Hence |C| < et 


Since both cases lead to |C| < w+ 1, Q,,4,, has width < w+ 1. 
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We now prove that condition (iii) holds for Q,,4,,. If (iii) (1) (or (iii) (2)) 
holds for Q), then (iii) (1) (or (iii) (2)) holds for Q,,4,,. If (iii) (3) holds 
for Q)., then let W’ C Qi, be such that |{e}(W’)| = u—7. If {e}(W’) N 


{e}({a1,..., ai}) # @, then there exist z,y such that z|y and {e}(zx) = 
{e}(y), so (ili) (2) holds. If {e}(W’) N {e}({a,,... , ai}) = @, then set W to 
be W’U {a,,..., aj}. Note that |{e}(W)] = |{e}(W)| +i =u—-it+ig=u. 


Hence (iii) (3) holds. 

By Lemma 6.11, we can effectively obtain, from e, w, and an index for Y, 
an index for a (w + 1)-covering COV, of P,,. Inductively, we can effectively 
obtain, from e, u—2, w, and an index for Z, an index for a recursive (u — 7)- 
covering COV, of Q). (Since we can obtain 7 from u and w, we can also 
obtain the index for COV2 from e, u, w, and an index for Z.) Recall that, 
by the definition of a cover, COV: has range {1,...,u—7}. We define a 
u-covering COV of Q,,4,, via 


cov; (z) if c € P,,, 
cov(z) = 


Covo(z) +i ifxe Qi). 


To compute COV(zx), do the following. Given 2, first find if z € Y orr € Z 
(if it is in neither then stop and output 1). If it isin Y (or Z) then run the 
construction of the sequence of P; (or sequence of Q’) until either x appears, 
or the number of steps used is larger than x (in which case x never will 
appear, so output 1). If z does appear then compute and output COVv,(z) 
(or COV2(r) +7). Note that to construct an index for this function, we only 
needed indices for COV, and COV2, we did not need to know the manner in 
which the sequence of P; or Q’; succeeded in meeting its requirements. Hence 
we can effectively obtain this index even if the sequence of P’s satisfies (v) (3) 
of Lemma 6.11. 

It is clear that the range of COV is a subset of {1, ... , w}. We show that 
COV is a covering. If Cov(x) = COV(y), then either 


(1) x,y € P, (or x,y € Q.), in which case x and y are comparable 
since COV;(z) = COV;(y) (or COV2(r) = COV2(y)), 


(2) ceP,—{a1,..., a} and y € Qi, (or vice versa), in which case 
© <r,4r. y by definition of <,,4,,. 


(The case z € {a,,... , aj} and y € Q}, cannot occur since then COV(z) € 
{1,..., i} and cov(y) € {i+1,..., u}.) Hence cov is a u-cover. Oo 
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The following lemma is similar to Lemma 6.12 except that we make 
w(Q) = w instead of w(Q) < w. 


Lemma 6.13 Let w > 1, {e} be a Turing machine, and X be an infinite 
recursive set. Let u be any number such that w<u< eur There exists 
a finite sequence of finite partial orders Q,,..., Q, such that the following 
hold. For notation, Q; = (Q;, <;). 


(i) There exists a w-antichain A such that, for all 7, A C Q;, and all 
elements of A are less than all elements of Q; — A. For each j, 
LCS 


(1) Q; CX, and 


(2) canonical indices for the finite sets Q; and <; can be effectively 
computed given e, i, j, and an index for X. 


(ii) For every j, 1 <7 <r —1, Qj4i can be effectively obtained from Q; 
and the values of {e}(x) for every x €Q;— A. 


(iii) {e} is not a (u—1)-covering of Q,. 
(iv) w(Q,) = w, this is the difference between this Lemma and Lemma 6.12. 


(v) Q, is a recursive partial order. Moreover, an index for both Q, and <, 
can be obtained from e, u, w, and an index for X (note that we do not 
need r). The algorithm is similar to that in Lemma 6.11 (vi). 


(vi) w'(Q,) < u. Moreover, an index for a u—covering of Q, can be effec- 
tively obtained from e, u, w, and an index for X. 


Proof. Let A = {z,,..., tw}, the first w elements of X. Let Q/,..., Q! 
be the sequence obtained by applying Lemma 6.12 to parameters e, u, w, 
and X — {2,,..., w}. For notation, Q' = (Qi, <;). For all j, 1 <j <r, 


let Q; = (QUA, <;) where <; is defined by the following: 
(1) ifz,ye Athen cly, 
(2) ifz,ye Q' then z <; y iffz <; y, and 


(3) if2 ¢ A and y € Q' then z <; y. Oo 
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In Lemma 6.13 we showed, given e, u, and w, how to create a recursive 
partial order P such that w(P) = w, w(P) < u, and {e} does not (wu — 1)- 
cover P. We now combine all these partial orders to get a partial order that 
has width w, recursive width < u, and cannot be (u—1)-covered by any {e}. 
Hence its recursive width is exactly u. 


Theorem 6.14 Let w > 2 and u be such that w <u < Geen Let X be 
an infinite recursive set. There exists a recursive partial order P = (P, <?) 
such that w(P) = w, w(P) = u, and P C X. (Note that if w € {0,1}, 
then for all recursive partial orders P such that w(P) = w, we have w"(P) = 


w(P).) 


Proof. Let X = U,., Xe be a recursive partition of X into infinite sets. 
Let Q(e) = (Qe, <-) be the partial order constructed in Lemma 6.13 using 
parameters e, u, w, and X,. Let 


P = (Ue), S), 


e>0 
where < is defined by 
(1) if (Je) [z,y € Q(e)], then 2 <yiffe < y, 
(2) if € Q(e1) and y € Q(ez), then x < y iff x is bigger than y 
numerically. 


Clearly Q is a recursive partial order and w(Q) = w. Since for all e, {e} is 
not a (u—1)-covering of Q(e), w"(Q) > u. Since for all e, Q(e) is recursively 
u-coverable in a uniform way, w’(Q) < u. Combining the two inequalities 
yields w"(Q) = u. QO 


6.3 How hard is it to determine w’(P)? 


In this section we show that, even if w(P) is known, and w’(P) is narrowed 
down to two prespecified values, it is L3-complete to determine w"(P). By 
contrast, the following promise problem is II,-complete: (D, A), where 


D = {e|e is the index of a recursive partial order} 
and 


A = {e€ D| the partial order represented by e has width < w}. 


The next lemma ‘slows down’ the construction of Lemma 6.12. 
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Lemma 6.15 Let w > 1. Let {e} be aa Turing machine, and X an infinite 
recursive set. Let u be any number such that w<ux< Ce There exists 
an infinite sequence of (not necessarily distinct) partial orders Ry, Re, ... 
such that the following hold. For notation, R, = (Rs, <s). 


(i) Rs4i is an extension of Rs. 
(ii) For all s, R, C X and w(R,;) = w. 


(iii) Given e, u, w, and an index for X, one can effectively find canonical 
indices for the finite sets R, and <g. 


(iv) There exists a finite partial order R = (R, <) and a number t, such 
that R = Ri, and (Vs > t)R, = R. We call this partial order 
limsoo Rs. 


(v) R is not (u —1)-covered by {e}. 


(vi) R is a recursive partial order. Moreover, an index for both R and < 
can be obtained from e, u, w, and an index for X. The algorithm is 
similar to that in Lemma 6.11 (vi). 


(vii) Let x, y, s be such that x,y € R,, and s is the least such number. 
Then for allt >s,2 <,y if <1 y, we. if elements are initially 
incomparable then they remain incomparable. 


(vill) w(R) = w. 


(ix) w"(R) < u. Moreover, given e, u, w and an index for X, one can 
effectively find an index for a recursive u—covering of R. 


Proof. Apply Lemma 6.13 to the parameters e, u, w, and X. Break the 
construction of Q, into stages such that at each stage, either nothing is added 
to the partial order (e.g., one more step of the relevant Turing machine was 
run and did not converge), or an element is added and its relation with 
everything that is already in the partial order is established. Let R, be the 
partial order produced at the end of stage s. It is easy to see that (i)-(ix) 
are satisfied. Oo 


The next lemma is a ‘parameterized version’ of Lemma 6.13. Given e, u, 
w, and a parameter y, we construct a partial order P such that 
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(1) w(P) = w, 
(2) w(P) <u, and 


(3) if y ¢ TOT, then P is not (u—1)-covered by {e}, and if y € TOT, then 
P will be recursively w—covered (in this case we do not care about what 


{e} does). 


Lemma 6.16 Let w > 1. Let {e} be aa Turing machine, and X an infinite 
recursive set. Let u be any number such that w <u < ‘exe Tety EN. 
There ezists a recursive partial order P = (P, <), which depends on y, such 


that the following hold. 
Gi) Pox 


(ii) Given e, u, w, y, and an index for X, one can effectively find an index 
for P. The algorithm is similar to the one used in Lemma 6.11 (vi). 


(iii) P consists of a (possibly finite) set of finite partial orders 
Pp} = (Pt f a Pp? = CPx, ="), Pp = (p>. ee 


such that for all i 4 j, P'N P? = @, and all elements of P! are less 
than (using the order < of P) all elements of P?*!. The P?’s are 


called constituents. The function that takes (j,x) and tells whether 
x € P), is recursive. 


(iv) Jf y € TOT, then 


(a) P consists of a finite number of constituents, and 


(b) P is not (u —1)-covered by {e}. 
(v) If y€ TOT, then 


(a) P consists of an infinite number of constituents, and 


(b) given e, u, w, y, and an index for X, and p € P, one can effec- 
tively find the constituent containing p (i.e., find all the elements 
in the constituent and how they relate to p). 

(c) w(P) = w. This will follow from (a), (b), the finiteness of the 


constituents, and w(P) = w (the nezt item). 
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(vi) w(P) =w. 


(vii) w"(P) < u. Moreover, given e, u, w, y, and an index for X, one can 
effectively find an index for a recursive u—covering of P. 


Proof. We consider e, u, w, y, and X fixed throughout this proof. Let 
X = Uj X; be a recursive partition of X into an infinite number of infinite 
recursive sets. Let Ri(j), Re(y), ... be the sequence of partial orders ob- 
tained by applying Lemma 6.15 to parameters e, u, w and X;. For notation, 
Rs(7) = (Rs(7), <s,j). We use these partial orders to construct P in stages. 
We denote the partial order at the end of stage s by P, = (P;, <5). 


Construction 


STAGE 0: 
Po = Ri (0), jo = 0, and ko = 0. 


STAGE s +1: 

Assume inductively that P, = ( reo P}, <;), Pi! = R5(js), and that for 
all j,0 <j <j, —1, all the elements of P! are <,—less than all the elements 
of Pi+!, Let k,41 be the least element that is not in W,,,. If ks = k.41 then 
set Js41 = Js, else set Js41 = Js + 1. In either case set 


(1) for all j < Jst1 5 Ply = i, and 


(2) Pit = RstilJs+1)- 


(We refer to Rsii(Js41) as the current partial suborder.) Define <,4; as 
follows. 


(i) 21,22 € iy P?, So x1, 22 have been placed into the partial order 
in a previous stage. Set 2) <,41 22 iff rz; <, zo. 


(ii) 21,02 E Rs4i(Jst1): Set Ly <s41 £2 iff Ly Sst ,je41 v2. (If 21,% € 
ey P then this is not in conflict with case (i). The relationship 
between x, and z2 would have been set at a previous stage s’ < s 
via 2) Ss 2 iff ry <j, £2 where 7,41 = js. Note that by (vii) of 
Lemma 6.15, the relationship between x; and x2 cannot change.) 


(iii) 21 ¢ Reyi(Jsta) and ro € Re4i(js4i). So x, is not in the current 
partial suborder, but z2 is. Set 21 <,41 22. (If x1, 22 € Uso P3 
then this is not in conflict with (i) since 2; would have been set 
less than x2 when z2 enters the partial order, and via case (iii).) 
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Note that if k,,; = k, then we do not add any more constituents, we just add 
to the most recent one; and if k, # k,41 then we create a new constituent 
and will never add to the previous constituents. 


Set 
Ist E 
P41 = ( U Pag ’ She 
j=0 


End of the construction. 


Let P = LU, Ps. It is clear that P satisfies (i) and (ii). Since for every 7 
both R,(j) and R = lim, Rs(j) are finite, (iii) holds. By Lemma 6.15 
each constituent of P is w-coverable therefore P has width w. Hence (vi) 
holds. 


Assume y ¢ TOT. Let k be the least element of W,. Let t be the least 
stage such that 0,1,...,k—1€ W,y. For all s >t, J, = 3141; therefore P 
consists of a finite number of finite partial orders of the form R,(j’) (where 
s’<tand 7’ < jr41) along with R = lim, Rs(Jr41). Hence (iv) (a) holds. 
By Lemma 6.15, R is not (w — 1)-covered by {e}, hence (iv) (b) holds. 


Assume y € TOT. Since W, = N, lims0 js = 00. During every stage s 
such that j, # js41 a new constituent is created; therefore P consists of an 
infinite number of constituents. Hence (v) (a) holds. 


To establish (v) (b) we show, given p € P, how to find all the elements in 
the constituent containing p. Run the construction until j,s € N are found 
such that p is an element of R,(j) (this will happen since p € P). Run the 
construction further until ¢ is found such that 7 < 7; (this will happen since 
y € TOT). The constituent of P; that contains p is the constituent of P that 
contains p. 


To establish (v)(c), we show that w(P) = w. Given a number p, first 
test if p € P. If p ¢ P then output 1 and halt (we need not cover it). If 
p € P then, using (v) (b), find all the elements of the constituent containing 
p. By (vi) this constituent has width w. Let c be the least lexicographical 
w-covering of this constituent. Output c(p). 


To establish (vii), we have to effectively find an index for a u-covering of P 
from e, u, w, y, and and index for X. Since X = Uj=0 is a recursive partition, 
we need only find, for each 7, an index for the construction restricted to X;, 
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which we denote P[j]. Let R[j] be the recursive partial order obtained by 
applying Lemma 6.15 with parameters e, u, w, and X;. Note that 

(1) Pj] is a suborder of R[j], and 

(2) we can effectively find an index e; for a u-covering of R[j] from 


e, u, w, and an index for X;. 


The index e; restricted to the subset of X; that is actually used, is an index 
for a u-covering of P[j]. Note that this index is obtained without knowing 
if y € TOT. oO 


Theorem 6.17 Let w > 2. Let u be such that w<u< ee ye Let D be 


the set of all indices of recursive partial orders P such that w(P) = w and 
w"(P) € {u,w}. Let RWIDTH,~ be the 0-1 valued partial function defined 
by 
1 if e€ D and w'(P.) = wu, 
RWIDTH,»(e) = <0 if e € D and w'(P,) = u, 
undefined ife€ D. 


The promise problem (D, RWIDTH,,w) is U3-complete. 


Proof. The following is a Y3 solution for (D , RWIDTHy,w). 


A, is the set of ordered pairs (e;,€2) € TOTO1 such that there exists an i 
such that 


(i) 1€ TOT,, and 
(ii) (Ve,y) (LHe) = ly) A {eH(e) = fey) =) 
=> ({er}(z,y) = 1V {eo}(y,2) = 1)] 
(Recall that x,y are comparable iff either {e2}(x,y) = 1 or {e2}(y, 7) = 1.) 


We show that (D, RWIDTH,,,) is E3-hard by showing that if A is a 
solution to (D, RWIDTH,,), then COF <,, A. Given x, we construct a 
recursive partial order P(x) = P such that w(P) = w and 


z€COF > w'(P)=w, and 


zt ¢COF>w’(P) =u. 
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We use a modification of the construction in Theorem 6.14 of a recursive 
partial order which has width w but recursive width u. In this modification 
we weave the set W, into the construction in such a way that if W, is cofinite 
then the construction fails and w’(P) = w; and if W, is not cofinite then the 
construction succeeds and w’(P) = u. 


Let N = U2, Xe be a recursive partition of N into an infinite number of 
infinite recursive sets. Let y, be defined such that 


yYe€TOT iff {e,e+1,...} CW, 


(it is easy to construct y, from e). Let P(e) = (P(e), <-) be the recursive 
partial order obtained by applying Lemma 6.16 to e, u, w, Xe and Ye. 


Let P = (US, P(e), <), where < is defined as follows: 


(1) ifai,r2 € P(e), then 2 < 2 iff x) <. x2, 


(2) if zy € P(e) and x2 € P(e2), then x; < x iff e; is numerically 
less than eo. 


Clearly P is recursive and w(P) = w. 


If « ¢ COF, then for all e we have y, ¢ TOT. Hence, by Lemma 6.16, 
for all e, P(e) is not (u — 1)-covered by {e}. Therefore w'(P) > u. By 
Lemma 6.16, the partial orders P(e) are recursively u-coverable, and an 
index for a recursive u-covering can be obtained from e, u, w, ye, and an 
index for X,. Hence w'(P) < u. Combining these two inequalities yields 
w"(P) =u. 

If « € cor, then S = {e | ye ¢ TOT} is finite. Let P’ = U,.5 P(e) and 
P" = Ungs P(e). Let P’ = (P’, <') (or P” = (P", <")) where <' (or <") 
is the restriction of < to P’ (or P”). We show that P is recursively w- 
coverable by showing that P’ and P” are recursively w-coverable (and using 
that P = P’U P" is a recursive partition of P). 


Ife € S, then y. ¢ TOT, and so by Lemma 6.16, P(e) is finite and 
w(P(e)) = w. Since S is finite, P’ is a finite w-coverable partial order. 
Hence w’(P’) = w. 


Ife ¢ S, then y. € TOT, so by Lemma 6.16, w"(P”) = w. QO 
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6.4 Combinatorial modifications 


Kierstead ag] PIG that mi recursive partial order of width w has re- 
5” 


rcs in detail, i.e., we show re every recursive partial order of width 2 
can be recursively 6-covered. We then make remarks about how the proof 
for general w goes. We do not claim that from this one could reconstruct the 
proof for general w. In Section 6.4.2 we examine a modification where less 
information about the partial order is given; we provide no proofs. 

By Theorem 6.14 there exist a recursive partial order of width 2 that can- 
not be covered by 3 recursive chains. Kierstead has shown that there exists 
a recursive partial order of width 2 that cannot be covered by 4 recursive 
chains 

Also note that the lower bound of Ca) given in Theorem 6.14 cannot 
be tight, since it fails for w = 2. The exact bound is unknown. It is open to 
find a w such that one can always recursively cover a partial order of width 


w with < ae ers 


6.4.1 Bounding the recursive width 


Notation 6.18 We often deal with several partial orders at the same time. 
In this case, each partial order we deal with will have a superscript on the ‘<’ 
symbol. Hence we use (P, <P) for a partial order, <" for the numerical order 
on the natural numbers, and <* for an order that we define. To indicate which 
order we are using, we use terms like “N-greater than” or “*-comparable”. 


Theorem 6.19 [f P = (P, <”) is a recursive partial order of width 2, then 
P has recursive width < 6. Moreover, given an indez for (P, <?), one can 
recursively find an index for a recursive 6-covering of P. 


Proof. We define a recursive chain B, and then show that A = P — B can 
be recursively 5-covered. Let 


bo = the N-least element of P. 


bi, = the N-least x such that 6; <" x and x is P-comparable 
to b,,... , b; (if no such @ exists, then b:4; = 5;). 


B = {b; |i€N} 
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The set B might be finite, but note that B is recursive and that an algorithm 
for it can be obtained effectively from an index for (P, <?). 

Note that B is a recursive chain and that for all p € A there exists p’ € B 
such that p’ <" p and p|p’ (we will use this later). 

By convention, elements of A will be denoted by small letters (e.g., p), 
elements of B will be denoted by small letters with primes (e.g. p’). Usually 
p and p' will be P-incomparable elements. 

To show that A is recursively 5-coverable we will define a total order- 
ing <* and an equivalence relation ~ such that the following hold (the class 
that p is in is denoted [p]). 


(0a) Every equivalence class of ~ is a <P-chain. 
(Ob) Ifp<*q<*randp~r, thenp~gq~r. 


(Oc) Ifay~ 22,41 ~ yo, and 2, ~ yy, then 21 <* y iff zz <* ya. Hence 
we can define <* and <* on equivalence classes via [p] <* [q] iff 


[p] # [q] and p <* q; and via [p] <* [q] iff [p] = [4] or [p] <* [a]. 
Both these definitions are independent of the representatives from 
[p] or [gq] that are chosen. 


(Od) If [p] <* [q] <* [r] <* [s], then p<? s. 
(Oe) Both <* and ~ are recursive. 
We postpone the definitions of <* and ~. 


Notation 6.20 If A CN and n EN, then A” is the set containing the first 
n elements of A numerically. 


Claim 0. If <* and ~ can be defined to satisfy (0a)—(0e), then there is 
a recursive 5-covering of A. 


Proof of Claim 0. We describe a recursive 5-covering of A. Inductively 
assume that the elements of A” have been distributed among 5 disjoint sets 


C,,..., Cs such that 


(1) if p~q, then p and gq are in the same C; (hence we may speak of 
the set that [p] is in), 
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(2) if p ~ s and p,s € C;, then there exist gq and r such that either 
[p] <* [a] <* [r] <* [s],_ or [s] <* [r] <* [q] <* [p], and 


(3) each C; is a <?-chain, this follows from (2) and condition (0d). 


Let a be the numerically (n+ 1)-st element of A. We determine which set 
to place a into by going through the following cases in order. (All elements 
referred to below, except a, are in A”.) 


CASE 1: There exists p € C; such that p ~ a. Then place a into C;. It is 
easy to see that the inductive conditions still hold. 


CASE 2: There exists an 2 such that C; = @. Let ig be the least such 7. 
Place a into Cj). It is easy to see that the inductive conditions still hold. 


CASE 3: There exist r, s and ¢ such that [a] <* [r] <* [s] <* [t],t € Ci, 
and for no t’ € C; is [t’] <* [t]. Then place a into set C;. It is easy to see 
that the inductive conditions still hold. 


Case 4: There exist 0, p and q such that [o] <* [p] <* [q] <* [a], 0 € Ci, 
and for no o' € C; is [o] <* {o’]. Similar to Case 3. 


CASE 5: There exist elements 0, p, q, r, s and t such that [o] <* [p] <* 
[q] <* [a] <* [r] <* [s] <* [t], and there exists 7 such that 0,¢ € C;, and for all 
u with [o] <* [u] <* [t], u ¢ Ci. Place a into C;. By (0d) and the induction 
hypothesis, the inductive conditions still hold. 


We show that at least one of these cases occurs. In particular, we assume 
that none of Cases 1, 2, 3, or 4 occur, and show that Case 5 holds. Let 
k (or m) be the number of sets containing elements that are *~smaller (or 
*-larger) than a. Let Ci,,..., Ci, (or Cj,,..., Cj,,) be all the sets con- 


taining elements that are +-smaller (or *-larger) than a. Let 6;,,... , b;, (or 
b;,,--., 6;,,) be the *-largest (or *-smallest) element of Cj,,..., Ci, (or 
Cj, ,--+, Cj) that is *-smaller than @ (or *-larger than a). Without loss 


of generality assume the following holds: 


[bi] Abaca od (bi, ] a [a] a [b5,] ee [b;,.]- 
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We show that & > 2 (a similar proof shows m > 2). Assume, by way of 
contradiction, that k < 1. Since = ate not hold, m > 4. Hence there 
exist three elements r,s,t € {b;, , 6;,, bj, , b;,} such that r <* s <* ¢ and, if 
k=1,r,s,t € [b;,]. Case 3 holds with these values of r, s and t, which is a 
eanitvadiction: 


Let p = 6;,, q = bi,, r = 6;, and s = b;,. Let o be some element that 
has been placed into a set, but o ¢ Ci, UC;, UC), U Cj, (such exists, since 
by the negation of Case 2 all five sets are used). Assume o <* a (the case 
a <* o is similar, though there we would call the element ¢ instead of 0). 
Since o € [p] U [gq] we have [o] <* [p] <* [q] <* [a]. Let C be the set that o 
is in. We can assume that o is the *-largest such element of C’ that is <* a. 
C' must also contain some element t, a <* t, else Case 4 holds. Let ¢ be the 
+-least such element. Since ¢ € C,t ¢ [r] U[s]. Hence [a] <* [r] <* [s] <* [é]. 
Since o is the *-largest element of C that is <* a, and ¢ is the *-smallest 
element of C that is >* a, the elements 0, p, qg, r, s and t satisfy Case 5. O 


We describe a relation <* on A and then prove that it is a recursive linear 
ordering. 


Definition 6.21 If p € A, then inc(p) = {p': p'’ € B and p’|p}. If p,qeE A 
then inc(p) <” inc(q) means that (Vp! € inc(p))(Vq' € ine(q)) (p' <? q’). 
Let inc(p) <? inc(q) mean that either inc(p) <’ ine(q) or inc(p) = inc(q). 
If inc(p) <” ine(q) or ine(q) <? ine(p), then inc(p) and inc(q) are P- 
comparable. 


Definition 6.22 We define a relation <* on A. We later show that <* is a 
recursive linear ordering. Given p,q € A apply the least case below that is 
satisfied by p and q. 


(i) if p <? q, then p <* q, 
(ii) if¢< <? p, then q <* p, 


) 

) 

(iii) if ine(p) <”, ine(q) then p <* q, 

(iv) if ine(q) <?, inc(p) then q <* p. 
) 


(v) if none of the above cases apply then p,q are +-incomparable 
(we later show this never occurs). 
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) For every p,q € A, either p <* q or q <* p. 
) <* is reflexive and transitive. 

lc) <* is a recursive linear ordering. 
) 


If paar € A, p <* q <* 7, and s' € ine(p) NM inc(r), then 
s’ € inc(q). 


(le) If p <*q and inc(p) N ine(q) # @, then p <? q. 


Proof of Claim 1. 


(la): We show that if p|q then either inc(p) <” ine(q) or ine(q) <? ine(p) 
(which implies that p and q are *-comparable). If not, then there exist 
p',p" © ine(p) and q’ € ine(q) such that p! <P q' <? p” (or the analogue 
with gq’, p’ and q”). Since P has width 2, and p|q and q’|q, we have that 
p is comparable to q’. However, p <? q’ yields p <? p", and q' <? p yields 
p’ <? p, both of which contradict p’, p” € inc(p). 


(1b): <* is clearly reflexive. We show that <* is transitive. Assume p <* g 
and q <* r and that p, q, and r are distinct. There are several cases to 
consider. 


(i) Ifp <P gand q<" r then p<" r, hence p <* r. 


(ii) If ine(p) <? ine(q) and ine(q) <? ine(r), then ine(p) <P ine(r), hence 
pwr. 


(iii) Assume p <? q and inc(q) <? ine(r). By (la) either p <* r or 
r <* p. Assume, by way of contradiction, that r <* p. If r <? p, 
then r <P p <? gq, contradicting gq <* r. If ine(r) <? ine(p), then 
ine(q) <? ine(p). Hence we have p <? q, q! <? p’ (for all p’ € inc(p), 
and q’ € inc(q)). The elements p and q’ must be P-comparable, since 
otherwise gq’ € inc(p), which violates inc(q) <? inc(p). But p <? q¢’ 
implies p <P p’, and q’ <” p implies q’ <? q, both of which are 
contradictions. Hence p <* r. 


(iv) Assume ine(p) < ine(q) and q <? r. Similar to (iii). 
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(1c): From (la) and (1b), <* is a linear ordering. We describe an algo- 
rithm that determines how p and q *-compare. First determine how p and q 
P-compare. If p <? q then p <* q, and if q <? p then q <* p. If p|q, then 
by (la), inc(p) and inc(q) P-compare. Find p’ € inc(p) and q’ € inc(q). 
Now p <* q iff p’ <? q’. 


(1d): Assume by way of contradiction that s’ <P q. Then q <? r (else 
s' <P r). Since q <* r and q £” r, we have inc(q) <P inc(r). Since 
s’ € ine(r), we have inc(q) <? s’ <? gq, which is a contradiction. Hence 
s’ £P q. Similar reasoning yields q £” s’, so s’ € ine(q). 


(le): Let x € inc(p) Ninc(q). Since P has width 2 and p|z, q|z we know 
p and q are P-comparable. If q <” p, then q <* p, hence p <? q. oO 


We describe a recursive equivalence relation ~ on A inductively. Assume 
that the elements of A” have been put into equivalence classes. Given q, the 
numerically (n + 1)-st element of A, we proceed as follows. Find g~,q* € A” 
(if they exist) such that 


q_ is the *-max element such that q™ <”* q. 
q* is the *-min element such that q <* q*. 


(Note that q7 <* q <* qt.) 

If there exists q’ € B, q’ <" q, q'\q and q’|q-, then place q in the same 
class as q~. If not, but if there exists q’ <‘ q, q'|q and q’|qt, then place q 
in the same class as q*. If neither of these occurs, then q becomes the first 
element of a new class. 

We can now prove (0a)~(0c), the first three properties that were required 
of <* and ~. We restate them because we need a slightly stronger version 
(strengthening the induction hypothesis). 


Claim 2. For every n, when only the elements of A” are put into classes, 


the following hold. 
(2a) If p and q are two *~adjacent elements such that [p| = |q], then 


(1) Agr € ine(p)Nine(q) with x <N N-max{p,q}, and 


(2) p and q are P-comparable. Every class is a <?—chain. 
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(2b) If p<*q<*r and p~r, thenp~rgq~r. 


(2c) If pi ~ pr, ~ qa, and py * q, then py <* q iff po <* qa. 


Proof of Claim 2. By induction on n. Assume all three items are true 
for A", and consider what may happen when gq, the numerically (n + 1)-st 
element of A, is considered. Let g~ and gt be as in the definition of ~. Note 
that qg~ and qt are *-adjacent elements in A”. 


CASE 1: If gq ~ qt, then q~ and gt are *-adjacent elements, and 
[q-] = [qt]. By the induction hypothesis there exists x € inc(q7) NM inc(q*) 
with « <“" N-max{q-,qt}. By Claim (1d), we have x € ine(q). Since 
a <“ N-max{q7,qt} <" q, the element q is placed in [q7]. By Claim (le), 
q <?q<? qt. Hence (2a) holds. It is easy to see that (2b) and (2c) hold 
as well. 


CASE 2: q” ~ qt and q” ~ q. Since q was placed in [q7], we have 
(dz <N q)[x € ine(q) Nine(q7)]. By Claim (le), q7 <? q. Hence, since 
q = N-max{gq,q7}, (2a) holds. It is easy to see that (2b) and (2c) hold as 
well. 


CASE 3: q” ~ qt and qt ~q. Similar to Case 2. 
CASE 4: q becomes the first element of a new class. In this case (2a), (2b) 
and (2c) hold trivially. QO 


Definition 6.23 We define <* and <”* on classes via [p] <* [q] iff [p] 4 [q] 
and p <* q; and [p| <* [q] iff [p] = [q] or [p] <* [gq]. Claim (2c) shows that 
these definitions are independent of representation. 


We need one more claim before we can prove item (0d) about ~. 
Claim 3. Let a be the N-least element of [a]. Let 6 be such that a <* b. 
(i) If there exists c! such that ca, c'|b, ¢ <Na and c' € B, then a~b. 
(ii) Jf a b, then for all ¢ <% a such that c € B and c'|\a, we have 
e <6, 


(ili) If a ~ 6, then there exists d such that a ~ d, [a] <* [d] <* [6], d is the 
N-least element of [d], and for all cl such that ce’ <“ d, ¢ € B, and 
c|d, we havea <? ¢. 
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Proof of Claim 3. 
(i): We first show that a <N 6. Let S= {dE A: d<Na,a<* d <* b}. We 


show S = @ which easily implies a <" 6. Assume, by way of contradiction, 
that S 4 9. Let d be the +~smallest element of S. Note that 


(1) since a <* d <* b, c'|a, and c’|b, by Claim (1d), c’|d, and 


(2) when a is placed into an equivalence class, d is the value of at (i.e., the 
*-least element that is *-larger than a and N-less than a). 


Consider what happens when a is placed into an equivalence class. If a is 
placed into [a7] then a will not be the N-least element of [a]. If a is not 
placed into [a7] then, since c’|a, c'|d, cl <" a, and d = at, a is placed 
into [d]. In either case a is not the N-least element of its class, contrary to 
hypothesis. Hence S = ¢. 

We now know that when 6 is placed into a class, a has already been so 
placed. We show b ~ a by induction on n, the number of elements N-smaller 
than 6 and *-between a and b when 6 is considered. If n = 0, then when 6 
is considered a <* b (adjacent), c’|a, c’|b, and c’ <N a <% b. Hence, b will 
be placed in [a]. If n > 0, then let 6~ be the *-largest element that is *-less 
than 6 when 6 is placed (so a <* --- <* 6” <* 6b). Since c'|a and c’|b, by 
Claim (1d) ¢’|6-. Since there are <“ n — 1 elements +-between a and 6- 
when b7 is placed, and since c’ <“ a <" b- (by the above argument) we may 
apply the induction hypothesis to a and b-, hence a ~ b-. Thus 6 will be 
placed into [b7] = [a], so a ~ 6. 


(ii): By the contrapositive of (i), we know that c’ is comparable to b. Since 
a <* b, either a <? bor ine(a) <? inc(b). Hither case leads to 6 £? c’, hence 
Cee 


(iii): If <" a, let d be the N-least element of [6] (we prove later that this 
choice of d works). If a <% b, let S = {d € A: d <“ b,a <* d <* b}. Let 
d* be the *-least element of S such that a ~ d*. (Note that d* exists, since 
be Sand a~b.). Let d be the N-least element of (d*]. 

The remainder of this proof is valid for either choice of d. Since a ~ a, 
d~ d*,a ~ d*, and a <* d, by Claim (2c) [a] <* [d]. Since d <* 6, by 
definition [d] <* [b]. Hence [a] <* [d] <* [8]. 

Let cd, ¢ <‘ d, and c € B. We first show that c’ and a are P- 
comparable, and second that a <? c. There are two cases. 


Chapter 16 A Survey of Recursive Combinatorics 1137 


Case 1: c' <N a. Note that c’|d, ce’ <N a, and c € B. If c'|a, then by (i) 
(of this claim), a ~ d. Hence c’ and a are P-comparable. 


Case 2: a<% ec <N d. Note that a <% d. Hence when d is placed into a 
class, a has already been so placed. Let d~ be as in the definition of classes. 
Note that, since d is the N-least element of [d], we have [a] <* [d~] <* [d]. 
Note that c’|d. If c'|a, then by Claim (1d), c’|d~. But then d will be placed 


into [d~], which is a contradiction. 


We show that a <? c’. Since a <* d either a <? d or inc(a) <? ine(d). 
Either case implies c’ £? a. Since a,c’ are P-comparable we have a <? c'.O 


We can now prove (0d). 
Claim 4. If [p| <* [q] <* [r] <* [s], then p<? s. 


Proof of Claim 4. We can take q to be the N-least element of [gq]. Let 
d be as in Claim 3 (iii) with a = q and b=,7, and Jet q’,d’ € B be such that 
qld, ¢ <q, d|d’, and d’ <% d. Then [p] <* [q] <* [d] <* [r] <* [s], d is 
the N-least element of [d], and q <? d’. By Claim 3(ii) with a = d, b= s 
and c’ = d', we obtain d’ <? s. Since q <? d’, and q/,d’ are comparable (as 
all elements of B are), q’ <? d' (else q <? d' <? q'). If p <? q, then we 
have p<? q <P d' <? s, so we are done. If p|q, then since q|q’ and (P,<?) 
has width 2, p is comparable to gq’. Assume, by way of contradiction, that 
q' <? p. Since p <* q, either 


(1) p<’ q, soqg’ <P p<? q, or 

(2) ine(p) <* ine(q), so p' <? q' <? p for p’ € inc(p). 
Hence we have p <? q’, sop <?q<?d'<’ s. Oo oO 
Theorem 6.24 If (P, <?) is a recursive partial order of width w, then P 


has recursive width < 4(5”—1). Moreover, given an index for (P, <"), one 
can recursively find an index for a recursive 1(5” — 1)-covering. 


Sketch Proof. This is a proof by induction. The base case of w = 2 is 
Theorem 6.19. Let (P,<?) be a partial order of width w > 3. First, a 
linear suborder is defined similar to B in Theorem 6.19. Second, a recursive 
partial order <* on A = P—B is defined which is somewhat similar to the <* 


1138 W. Gasarch 


in Theorem 6.19. Third, prove that (A, <*) is a recursive partial order of 
width w— 1. By induction, (A <*) has recursive width < 4(5”7! — 1). We 
then show that every recursive *—chain of A can be covered by five P-chains. 
Thus P can be recursively covered by 14+5(4(5"7! —1)) = }(5”—1) recursive 
chains. Oo 


6.4.2 Bounding the recursive width 
given partial information 


In the algorithms in Theorems 6.19 and 6.24 we needed the ability to tell 
how elements compared. What happens if we only have the ability to tell if 
elements compare? 


Definition 6.25 If P = (P, <) isa partial order, then the co-comparability 
graph of P is Gp = (P,E), where E = {{z,y} : x,y are incomparable}. 
The set of all co-comparability graphs of finite or countable partial orders is 
denoted I... 


Notation 6.26 If G is a graph, then w(G) is the size of the largest clique 
in G. 


A (recursive) a-coloring of Gp yields a (recursive) a-covering of P; and 
w(P) = w(Gp). Hence we examine recursive colorings of recursive graphs 
in G ET. with fixed w(G). 

Schmerl asked if there exists a function f such that, for every recursive 
GET, x'(G) < f(w(G)). Kierstead, Penrice, and Trotter [101] answered 
this affirmatively. Their result is a corollary of a theorem in combinatorics, 
and is part of a fascinating line of research. We sketch that line of research 
and their theorem. For a fuller account of this area see [98]. 


Definition 6.27 A class of graphs G is x-bounded if there exists a function 
f such that, for all G € G, x(G) < f(w(G)). (The function f need not be 


computable.) 


Notation 6.28 If H is a graph, then Forb(H) is the set of graphs that do 
not contain H as an induced subgraph. (“Forb” stands for “Forbidden”.) 


The question arises as to which classes of graphs are y-bounded. If 


Forb(H) is y-bounded then, by a result of Erdés and Hajnal [52], H is 


Chapter 16 A Survey of Recursive Combinatorics 1139 


acyclic. Gyarfas [70] and Sumner [162] conjectured the converse, i.e., if T’ is 
a tree, then the class Forb(T) is y-bounded. Gyarfas [71] showed that if P 
is a path, i.e., a graph with 


¥ Soda naa tet 


and 
Boe eos tet Sala kat 


then Forb(P) is y-bounded. Kierstead and Penrice [100] showed that if T is 
a tree of radius 2 (i.e., there is a vertex v such that for all vertices x there 
is a path of length < 2 from v to x), then Forb(T’) is y-bounded. More is 
known if we restrict attention to on-line colorings. 


Definition 6.29 An on-line graph is a structure GS = (V, E, <) where 
G = (V,F) is a graph and < is a linear ordering of V (if V is infinite then 
< has the order type of the natural numbers). G*< is an on-line presentation 


of G. 


Definition 6.30 Let GS = (V, Ef, <) and V = {uv < v2 <---}. An on- 
line algorithm to color G< is an algorithm that colors v, , v2, ... in order, so 
that the color assigned to v; depends only on G restricted to {v1 ,..., vi}. 


Definition 6.31 A class of graphs G is on-line y-bounded if there exists a 
function f such that, for all G € G and for all on-line presentations G* of G, 
there exists an on-line algorithm to color GS with < f(w(G)) colors. 


The question arises as to which classes of graphs are on-line y-bounded. 
Chvatal [40] showed that Forb(P,) is on-line y-bounded where P, is the 
path on n vertices. Gyarfas and Lehel [72] showed that Forb( Ps) is on-line 
y-bounded, but that Forb( Ps) is not. Hence if Forb(T) is on-line y-bounded 
for some tree T, then T' has radius 2. Kierstead, Penrice, and Trotter [101] 
proved this condition is not only necessary but also sufficient. Combining the 
results we have mentioned of Erdés-Hajnal, Gyarfas-Lehlel (that Forb(P) is 
not y-bounded), and Kierstead-Penrice-Trotter, one obtains the following. 


Theorem 6.32 Let G be a connected graph. Forb(G) is on-line y-bounded 
iff G is a tree of radius 2. 


Theorem 6.32 can be applied to [',o. 
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Corollary 6.33 I. is on-line y-bounded. 


Proof. Let T be the tree formed by subdividing each edge of 4,3 (i-e., place 
a new vertex on every edge of 13). By a case analysis, one can verify that 
[.o € Forb(T). Since T has radius 2, by Theorem 6.32, Forb(T) is on-line 
y-bounded. QO 


Every recursive G € I’, has a recursive on-line presentation. Hence the 
on-line coloring algorithm in Corollary 6.33 yields a recursive coloring of all 
recursive graphs in [’,,. Hence we have the following corollaries. 


Corollary 6.34 There exists a function f such that 
(i) for every recursive GE Teo, x"(G) < f(w(G)), and 


(ii) for every partial order P, w'(P) < f(w(P)) via an algorithm that only 
uses the information in Gp. 


If we did not already have Theorem 6.24, then we could have used Corol- 
lary 6.34 to obtain some bound on w"(P) in terms of w(P). The function 
f(w) obtained in the proof of Corollary 6.34 is rather complicated, and grows 
faster than 4(5” —1), though it is bounded by an exponential. Hence it does 
not offer an improvement to the bound in Theorem 6.24. However, since the 
recursive covering uses less information, it is an improvement in that sense. 


6.5 Recursion-theoretic modification 


By Theorem 6.14 there are recursive partial orders of width w that are not 
recursively w—coverable. We prove that there is always a w-covering of low 
degree. 


Theorem 6.35 If (P, <) is a recursive partial order of width w, then there 
exists a w—covering of low degree. 


Proof. Assume, without loss of generality, that P = N (but of course < has 
no relation to <‘). Consider the following recursive w-ary tree: The vertex 
o =(a,...,4,) ison T iff 


(i) For allt, 1 <i <n we have 1 <a; < w. 


(ii) the map that sends 7 to a; is a w-covering of (P,<) restricted to 


eee an 


Chapter 16 A Survey of Recursive Combinatorics 1141 


(1) T is recursive, 


(2) T is recursively bounded by the function f(n) = (w,..., w) 
(w appears n times), 


(3) any infinite branch T is a w-covering of (P, <), 


(4) every w-covering of (P , <) is represented by some infinite branch 
of T, and 


(5) the set of infinite branches of T is nonempty (by the classical 
Dilworth’s Theorem and the previous item). 


Since the branches of T form a nonempty II? class, by Theorem 2.12 
there exists an infinite low branch. This branch represents a covering of low 
degree. Oo 


6.6 Recursion-combinatorial modification 


We now consider an ‘effective version’ of Dilworth’s theorem which is true. 
The modification is both recursion-theoretic and combinatorial. It is not 
quite as effective as we might like: while it shows that (under certain condi- 
tions) a partial order of width w has a recursive w-covering, the proof is not 
uniform. Schmer] [147] showed that the proof cannot be made uniform. 

This effective version is reported without proof in [94] and credited to 
Schmerl. This is the first published account. 


Definition 6.36 Let (P, <) bea partial order. Define J: P x P > 2? via 
I(e,y)={ze€ P|a<z<y}. (/ stands for “In between”.) 


Definition 6.37 Let (P, <) be a partial order. (P, <) is locally finite if 
for all x, y, the set I(x, y) is finite. (P, <) is recursively locally finite if it 
is a locally finite recursive partial order, and the function I is recursive. We 
abbreviate “recursive locally finite partial order” by “r.l.f.p.o.”, and “recur- 
sively locally finite” by “r.1-f.”. Indices for r.1.f.p.o.’s can easily be defined. 


Note that the above definition is equivalent to being able to recursively 


find |I(x,y)|- 
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Theorem 6.38 [f P = (P,<) is an r.lf.p.o., then w(P) = w"(P). 


Proof. We prove this theorem by induction on w = w(P). For w = 1 
the theorem is trivial. Assume it holds for all P such that w(P) < w — 1. 
Let P = (P, <) bea recursive locally finite partial order of width w. Let 
{a,,..., @w} be a w-antichain in P. (One cause of the proof being nonuni- 
form is that we need to find a w-antichain. If one allows w as a parameter 
to an alleged uniform algorithm then w then this step would not cause non- 
uniformity.) Let 


P, PO {x | (di) x > a;} 
< aj} 


P, = PN{x| (3i)z 


a; 


Let Pi = (Pi, <) and P2 = (P2, <). We will recursively w-cover P; and P2, 
and then combine these w-coverings into a recursive w-covering of P (this 
combining is easy and hence omitted). The advantage of working with Py 
(or P2) instead of P is that P; (or P2) has no infinite descending (ascending) 
chains. 

We describe how to recursively w-cover P,. The w-covering of P2 is 
similar. 

Let A be the set of all w-antichains of P, (note that A, suitably coded, 
is recursive). A chain C is saturated if for every A € A, ANC F @ (since 
A is an antichain and C is a chain, |AMC| = 1). It is clear that if C is 
a recursive chain which is saturated, then P’ = (P; — C, <) is r.l.f., and 
w(P’) = w—1. Hence it suffices to construct a recursive chain C’ which is 
saturated, and then use the induction hypothesis on P’. 

We define a recursive partial order on A as follows: 


A<B iff (Vae A)(ADE B)[a <4] 


(as usual A < B means A < B and A # B). We define a binary operation 
glb on pairs of elements of A. We will later see that glb(A, B) < A, B, and no 
antichain that is larger has this property (so g/lb(A, B) is the greatest lower 
bound of {A, B}). If A, B € A then 


glb(A, B) = {z € AUB: (Vy € AU B)[x comparable to y > rt < y)}. 


We show that glb(A,B) € A, i.e., glb(A, B) is an antichain of size w. 
Clearly glb(A, B) is an antichain. Hence |glb(A, B)| < w. We show that 
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|glb(A, B)| > w. Let glb(A, B) denote (A U B) — glb(A,B). Note that 
AN B C glb(A,B), and that (AM B) U glb(A, B) is an antichain, so it 
has < w elements. Using this we have the following. 


|glb(A, B)| + |glo(A, B)| = |AU BI 


\glb(A, B)| + [glb(A, B)| = 2w —|AN BI 


|gib(A, B)] = 2w —|AN Bl - |g(A, B)| 


\glb(A, B)| = 2w ~ (AN B)U GCA, B) 
(above line uses AN B C glb(A, B)) 


|glb(A, B)| > 2w—-w=w (use |(AN B) U glb(A, B)| < w). 


Using that P; is r.I-f. and has no infinite descending chains, one can show 
the following. 


(i) Let A,B € A. glb(A,B) < A,B. For all D, if D < A,B, then 
D < glb(A, B). (Le., glb(A, B) is the greatest lower bound of A, B.) 


(ii) Let Be A. Let Less(B) = {X € A| X < B}. This set is finite. 
Moreover, given B € A one can effectively find LESS(B), suitably 
coded. 


(iii) Let B € A. The set LESS(B) has a unique minimal element. That 
is, there exists exactly one antichain A € LESS(B) such that for all 
D € LESS(B), D ¢ A. (Proof: If A and D are both minimal, then note 
glb(A, D) < A, D and glb(A, D) € LESS(B).) One can easily find the 
minimal antichain by brute force and (ii). 


(iv) Let A’ ¢ A be such that if A,D € A’ then glb(A,D) € A’. There 
exists a unique minimal antichain in A’. Moreover, given an index for 
A’, one can effectively find that antichain (unless A’ = @ in which 
case the algorithm diverges). To do this, find some B € A’ and then 
use (iii). (Proof of uniqueness: if A, D are both minimal, then note 


glb(A, D) < A, D and glb(A, D) € A’) 


Using item (iv), the following function from 24 to A is well defined and can 
be partially computed via indices: 
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the min. antichain in A’ if A’ is closed under glb and A’ # 9; 


+ otherwise. 


less( A’) = 


If less(A’) |, then we say that less(A’) exists. 


We construct a recursive saturated chain in stages. The construction 
might get stuck in some stage forever. If so then the chain constructed will 
still be saturated, and will be finite (hence recursive). We cannot tell which 
case occurs, hence we cannot (from this proof) obtain an index for the set of 
elements in the chain. This is why the proof is nonuniform. 


Let C, denote the finite chain constructed by the end of stage s. Let 
A, ={AEA| ANC, = G}. It is easy to see that A, is recursive and that, 
given C’, and an index for A, we can effectively obtain an index for A;. For 
all s > 0, C, and A, will satisfy the following 


(1) (WA’ Ee A)[A'NC, = @ iff A’ € A,], 

(2) less(As1) € As, for s 21, 

(3) (Wa' € UA,)(Ve' € C,)[a’|c V a’ > cl], 

(4) A,D € A, = glb(A,D) € A, (hence if A, # @, then less(A;) 
exists), 


(5) if A, 4 @, then less(A,) € As. 


Construction 


STAGE 0: 
Co = {a;} (recall that a, was defined when P,,P2 were defined), Ao = 
A—{A| a; € A}. Clearly (1)-(5) hold for s = 0. 


STAGE s +1: 

Find A = less(A,). (If A, # @, then by (4) and (5) less(A,) exists; 
if A, = @ then this computation will not halt. This is why the proof is 
nonuniform.) Let c be the <-largest element of C,. By (3), we have (Va € A) 
[alc V a>cl. If (Va € A) [a|c], then AU {c} would be a (w + 1)-antichain, 
sO 


(da € A) [a > e]. 
Let Cy41 = C, U {a}, and note that A,y, = A, — {A’|@ € A’}. End of the 


construction. 
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If the construction gets stuck during stage s + 1 then let C = C,, else let 
C=U,Cs. 


It is clear that (1), (2), (4) and (5) hold at the end of stage s + 1. We 
show by induction on s that (3) holds. Clearly (3) holds for s = 0. Assume 
(3) is true for s but not for s+ 1. Hence 


(Sa’ € U Asai) (Sc’ € Cs41) [a’ < Cc’. 
Since A,4, C As, 
(da’ € UA.) (Se € Coy) [a’ < ce). 


Let A and a be as in the construction during stage s + 1. Note that a # 
a’ by the construction. Since (3) holds for s, the value of c’ must be in 
Coat — Cy = {a}, hence ce’ = a. So (Sa’ € UA.) [a’ < a]. Let Ay € A, 
be such that a’ € A,;. Let Ay = glb(A,A,). Note that Ay € A,. Since 
a,a’ € AUA, anda’ < a, a ¢ Ao, so Ag # A. Hence Ay < A, which 
contradicts A = less(A,). 


We show that C is saturated. We need some auxiliary notions. For m > 1, 
let 
Fy, = {A€A: |LESS(A)] =m}. 


We show that, for every m > 1, Fy is finite. For m = 1, note that F'; consists 
of the unique minimal element of A, so |F\| = 1 and the claim is true. Let 
m 2 2. For every A € F,,, there exists B € LESS(A) C Us<iem F; that is 
right below A, i.e., there is no D such that B < D < A (if not, then LESS(A) 
is infinite). Since Uj <;<, Fi is finite (by the induction hypothesis), and the 
number of A that are right below a particular element of A is finite (by local 
finiteness), the number of elements in F,,, is finite. 


We show, by induction on m, that for every A € Fy, ANC #@. For 
m = 1 this is clear, since the minimal antichain of A is {a,, ... , a}, which 
intersects Co. Let m > 1, and let A € F,,. Let s be the least stage such that 
all antichains in LU), ¢;.,, / intersect C, (s exists by the induction hypothesis 
and the finiteness of Wiesy F;). lf Ad A, then ANC, # @, and if AE A, 
then A = less(A;), so AN C,41 #@. In either case ANC, # @. Oo 


The question arises as to whether the proof of Theorem 6.38 can be made 
uniform. Schmer! [147] showed that, in a strong sense, it cannot. 
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Definition 6.39 A partial order P = (P, <) is a strongly recursively lo- 
cally finite partial order (abbreviated s.r.].f-p.o.) if it is an r.l.f.p.o., and the 
following functions from P to N are recursive. 


‘ if {ys 2 < y}| = 0, 


ty: 2 <y}| otherwise. 


up(z) = 


0 if |{y: y<2}| = 00, 
down(z) = It i 

l{y:y <2x}| otherwise. 
An index for an s.r.1.f.p.o. can easily be defined. P, is the s.r.l.f.p.o. that is 
associated to index e. 


Schmer! showed that, even if the index of an s.r_l.f.p.o. of width 2 is given, 
one cannot uniformly find an index for a recursive 2-covering. 


Theorem 6.40 There does not exist an algorithm A that, on inputing e, 
an index for a s.r.Lf.p.o. of width 2, will output an inder for a 2-covering 


of Pe. 


Proof. Assume that such an A exists. We construct an s.r.Lf.p.o. P., such 
that A(e) is not an index for a recursive 2-covering of P.. By the recursion 
theorem, we can assume that the construction may use e, an index for the 
s.r.l.f.p.o. being constructed. Let 1 = A(e). 


Construction 


STAGE 0: 

Initially the base set is {0, 1,2}. The elements 0 and 1 are incompara- 
ble, and 2 is greater than both 0 and 1. Set DIAG = FALSE (we have not 
diagonalized against {7} yet), and TOP = 2. 


STAGE s +1: 

Place the least unused number u directly above TOP, and then set TOP = u. 
If DIAG = FALSE, then run {7}(0), {z}(1) and {i}(2) for s steps. If all 
three halt, then set DIAG = TRUE, and do the following: if {7}(0) = {7}(2), 
then place the least unused number above 0 and incomparable to everything 
else, otherwise place the least unused number above 1 and incomparable to 
everything else. End of the construction. 


It is easy to see that the construction yields an s.r.].f.p.o. of width 2 that 
has index e, but A(e) is not a recursive 2~—covering of it. i) 
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6.7 Miscellaneous 


We have been concerned with the width of a partial order. Other parameters 
of partial orders (and recursive partial orders) have also been examined. We 
state several theorems along these lines. No proofs are given. 


6.7.1 Recursive dimension 


A realizer of a partial order (P, <?) is a set of linear orders L,,..., La 
such that each one uses P as its base set, and 


a<Py iff (Vi)(2<y in Lj). 


The dimension of a partial order is the minimal number of linear orders in 
a realizer. (An alternative definition of dimension is the least d such that P 
can be embedded in Q?, where Q is the rationals.) The notions of recursive 
realizer and recursive dimension can be defined easily. 


It is known that the dimension of a partial order is < its width. Is this 
true for recursive dimension and recursive width? Kierstead, McNulty and 
Trotter [99] have shown that this is false; but for low widths, bounds on the 
recursive dimension can be obtained. They showed that if P is a recursive 
partial order, then 


(1) if w"(P) < 2, the recursive dimension of P is < 5, 


(2) if w"(P) < 3, the recursive dimension of P is < 6 (this is tight 
~~ there exists a recursive partial order P with w’(P) = 3 and 
recursive dimension 6), 


(3) there is a partial order P with w’(P) = 4 which has no finite 
recursive dimension (P also has width 3). 


If we impose conditions on P, then better bounds can be obtained. Let Q 
be the order on four elements {a, 6, c, d} where a < b, c < d, and no other 
pairs of elements are comparable. An interval order? is an order that does 
not have @ as an induced suborder (alternatively, an interval order is formed 
by taking the base set to be a set {J,, 2, ...} of open intervals of reals, 
and declaring J; < J; iff every element in J; is less than every element in J;). 
Hopkins [83] showed that if P is a recursive interval order of width w then 


3Interval Orders were named by Fishburn in [54] but were known to Norbert Weiner. 


1148 W. Gasarch 


(1) if w = 2, P has recursive dimension < 3, 


(2) P has recursive dimension < 4w — 4; however, for all w > 2, there 
exists a recursive interval order P of width w that has recursive 
dimension [3 w]. 

If the recursive width is bounded, then there are different results. Kierstead 
et al. [99] have shown that, for recursive interval orders, if the recursive width 
is < w then the recursive dimension is < 2w. 

A crown is a partial order on {a,,..., dn, by, ... , bn } (n > 3) such that 

(1) for alli <n, a; < 8;, 

(2) for alli ¢n—1, digi < 8;, 

(3) a, < b,, and 

(4) no other relation exists between the elements. 


A partial order is crown-free if none of its induced suborders are crowns. 
Kierstead et al. [99] have shown that 


(1) every crown-free recursive partially ordered set with recursive 
width w has recursive dimension < w!, and 


(2) For w > 3, there is a recursive crown-free ordered set with re- 
cursive width w, width w, but recursive dimension at least w(‘’) 
where t = [5 (w—1)]. 


Combining the former result with Theorem 6.24 yields that every crown- 
free recursive partially ordered set of width w has recursive dimension < 


(2 (5" — 1))!. 


6.7.2 Improving the recursive width 


Theorem 6.24 states that a recursive partial order of width w has recursive 
width < 4(5” —1). If further restrictions are made on P, then this can be 
improved. Kierstead and Trotter [102] showed that if P is an interval order of 
width w then it has recursive width < 3w—2 (and this covering can be found 
from the index of P). They also showed that this bound is tight — there are 
recursive interval orders of width w that have recursive width exactly 3w —2. 
Kierstead et al. [99] showed that if P has width w and recursive dimension d, 


; , . d— 
then the recursive width of P is < (2) Ps 
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6.7.3 Height 


It is easy to show that if a partial order has height h, then it can be covered 
by / antichains. Is this true recursively? Schmerl proved (reported in [97]) 
that it is not, but that a combinatorial modification is true. In particular, he 
showed that every recursive partial order of height h can be covered by ee 
recursive antichains, but there are recursive partial orders of height Ah that 
cannot be covered by () — 1 recursive antichains. Bounding the recursive 
dimension does not help: Szeméredi and Trotter showed (reported in [97]) 
that there exist recursive partial orders of height A and recursive dimension 2 
which cannot be covered by < (2) — 1 recursive antichains. The proof we 
presented for Theorem 6.14 is based on this proof. 

Every height-h recursive partial order can be covered by h low antichains. 


The proof uses the Low Basis Theorem (Theorem 2.12). 


7 Miscellaneous results in 
recursive combinatorics 


We state several results in recursive combinatorics without proof. 


7.1 Extending partial orders 


It is easy to show that any finite partial order (P , <) has an extension to a 
linear ordering. In fact, it can even be done efficiently in O(|P|+ | < |) time 
[105]. A compactness argument (similar to Theorems 3.3, 4.3, 5.5, and 6.3) 
shows that this is true for countable partial orders. Perhaps surprisingly, a 
recursive analogue is true, that is, given an index for a recursive partial order 
one can effectively find an index for a linear extension of it. 


Case [34] studied r.e. partial orders. He showed that the r.e. analogue is 
false, that is, there are r.e. orders (P, <) (both P and the set of ordered 
pairs < are r.e.) that have no r.e. linear extensions. Moreover, he showed 
that, given any infinite r.e. set A, there is an r.e. partial order < on A such 
that there are no r.e. linear extensions of (A, <). Roy [144] proved that 
every recursive partial order has a recursive linear extension and, independent 
of Case, also proved that there is an r.e. partial order with no r.e. linear 
extension. 
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7.2 Vizing’s Theorem 


An edge k-coloring of a graph G is a k-coloring of the edges such that no 
two incident edges have the same color. The edge chromatic number of G, 
denoted 7(G), is the least k such that G is edge k-colorable. Recursive 
edge-colorability and "(G) are defined in the obvious way. 


Vizing [166] ({19] is a more readily available source) showed that, if G has 
maximal degree d, then n(G) < d+1. His proof applied only to finite graphs, 
but by the usual compactness arguments (similar to Theorems 3.3, 4.3, 5.5, 
and 6.3), it also holds for infinite graphs. There has not been much work done 
on recursion-theoretic versions of Vizing’s Theorem, however Kierstead [95] 
has shown that if G is a highly recursive graph, then n’(G) < n(G)+1. This 
yields a combinatorial modification of Vizing’s theorem, namely that if G is 
highly recursive and has maximum degree d, then n’(G) < d+ 2. 


7.3. Graph isomorphism and recursive categoricity 


Two graphs are recursively isomorphic if there exists a recursive isomorphism 
between them. A recursive graph G is recursively categorical if, for every G’ 
isomorphic to G, G’ is actually recursively isomorphic to G. The corre- 
sponding notions for highly recursive graphs are defined similarly. Recursive 
categoricity of models has been extensively studied; see [43]. 


It is an open problem to determine which (highly) recursive graphs are 
recursively categorical. Gasarch, Kueker, and Mount [64] have solved the 
problem for connected highly recursive rooted graphs (i.e., graphs with a 
distinguished vertex). 


Definition 7.1 Let G = (V, E) bea graph such that every vertex has finite 
degree. An automorphism of G is a map 7: V -— V that is an isomor- 
phism of G onto itself. Aut(G) is the set of automorphisms of G. NUMAUTg 
is the function that, on input of a nonempty finite function X C V x V 
and a finite sequence of elements of 71, ..., 2n € V, outputs the number 
l{(r(z1),..., t(@n)) : m € Aut(G), 7 extends X}|. Since every vertex of G 
has finite degree, and X is nonempty, this number is finite. 


Gasarch, Kueker, and Mount [64] showed that, if G is a connected highly 
recursive rooted graph, then G is recursively categorical iff NUMAUTg is re- 
cursive. 


Chapter 16 A Survey of Recursive Combinatorics 1151 


7.4 Eulerian and Hamiltonian paths 


Definition 7.2 Let G = (V,E) be a graph with V CN. A path in G 
is a sequence v1, v2,... such that for every 7 > 1, {v;, vi4i1} € FE. An 
Eulerian (Hamiltonian) path is a path that uses every edge in FE (vertex 
in V) exactly once. A recursive Eulerian (Hamiltonian) path is an Eulerian 
(Hamiltonian) path v1, ve,... such that there exists a total recursive func- 
tion f with f(i) = v;. A graph is called Eulerian (Hamiltonian) if it has an 
Eulerian (Hamiltonian) path.* 


Bean [12] showed that there exist Eulerian (Hamiltonian) recursive graphs 
with no recursive Eulerian (Hamiltonian) paths. For highly recursive graphs 
the scenario changes dramatically. Bean [12] showed that every Eulerian 
highly recursive graph does have a recursive Eulerian path; moreover, one can 
effectively find an index for the path given an index for the graph. However, 
Bean also showed that there are Hamiltonian highly recursive graphs that 
have no recursive Hamiltonian paths. 


Beigel and Gasarch [13], and Harel [76] have studied the complexity of 
determining if a recursive or highly recursive graph has a (recursive) Eulerian 
or Hamiltonian path. Beigel and Gasarch showed 


(1) the problem of determining if a recursive graph has a recursive Eulerian 
(Hamiltonian) path is %3~complete, 


(2) the same holds for highly recursive graphs, and 


(3) the problem of determining if a recursive graph has an Eulerian path 
is II3-hard and is in X44 (its exact complexity is not known), 


(4) the problem of determining if a highly recursive graph has an Eulerian 
path is in IT, and is both ©,-hard and IJ,-hard. 


Harel showed that the problem of determining if a (highly) recursive graph 
has a Hamiltonian path is N{-complete. (This implies that the problem is 
not in the arithmetic hierarchy.) This is only one of two results in recur- 
sive combinatorics whose complexity is outside the arithmetic hierarchy (see 
Section 7.13 for the other). 


“The definition of Eulerian (Hamiltonian) graph is nonstandard. Usually the graph is 
finite and is required to have an Eulerian (Hamiltonian) cycle, i.e., a path that starts at 
the same vertex where it ends. 
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The vast difference between determining if a recursive graph has an 
Eulerian path, and determining if a recursive graph has a Hamiltonian path, 
might be related to the fact that the Eulerian path problem is in P, while the 
Hamiltonian path problem is NP-complete (see [61] for a discussion of these 
concepts). An open problem is to make that analogy rigorous. 


7.5 Van Der Waerden’s Theorem 


Van der Waerden’s theorem [167] states® that if A CN, then either A or A 
has arbitrarily long arithmetic progressions. As an easy corollary, either A or 
A has, for each k, an infinite number of arithmetic progressions of length k. 
Consider the weaker statement that either A has arbitrarily long arithmetic 
progressions or A has, for each k, an infinite number of arithmetic progres- 
sions of length k. Jockusch and Kalantari [89] considered the following ‘r.e. 
version’ of the statement: “if A is r.e., then either A has arbitrarily long 
arithmetic progressions, or there is an r.e. subset of A that has, for each k, 
an infinite number of arithmetic progressions of length k”. They showed 
that this statement is false, but a finite form of it is true. In particular they 
showed the following. 


(1) There exists an r.e. set A, such that 


(a) A has no arithmetic progressions of length 3, and 


(b) no r.e. subset of A has, for each k, an infinite number of arithmetic 
progressions of length k. 


(2) For every r.e. set A, either 


(a) A has arbitrarily long arithmetic progressions, or 


(b) for every k there is an r.e. subset of A that has an infinite number 
of arithmetic progressions of length k. 


Gasarch [62] investigated van der Waerden’s theorem in a different way. 
If c is a 2~-coloring of N, then a sequence function for c is a function that 
maps k to the ordered pair (a, d) such that there is a k-long monochromatic 
arithmetic sequence starting at a with difference d. If cis recursive, then there 


50Our formulation is equivalent to the c = 2 case of the standard formulation: for every c 
and k there exists an n such that if you c-color {1, ... , n} then there is a monochromatic 
arithmetic progression of length k. 
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is a recursive sequence function by just looking for an arithmetic sequence 
until you find one (such will exist by van der Waerden’s theorem). He posed 
the following conjecture: 


If a is a nonrecursive Turing degree, then there exists a coloring 
c€a such that c has no recursive sequence function. 


It is easy to show that all weakly 1-generic sets [112] are 2-colorings 
that satisfy the conjecture, hence the conjecture is true for weakly 1-generic 
degrees. If the conjecture holds for a, then it holds for all b such that a <7 b. 
Hence the conjecture is true for every degree above some weakly 1-generic 
degree. This includes the l-generic sets and the n-r.e. sets. These results 
were proven directly in [62] without using weak 1-genericity (it is easier to 
use weak |-genericity). 


7.6 Sets of positive density 
A set A has positive upper density if 


: 1 
Jim AIAN, .-.. nm} > 0. 


It is easy to show that for all sets A C N, either A or A has positive upper 
density. Consider the following ‘r.e. version’ of this statement: “if A is r.e., 
then either A has positive upper density or there is an r.e. subset of A that 
has positive upper density”. Jockusch (personal communication) has shown 
that this statement is false. Let A be a simple set of upper density 0 (which 
is easily seen to exist by replacing the bound 2e by e? in Post’s simple set 
construction in [159]). Then, since all r.e. sets disjoint from A are finite, 
neither A nor any r.e. subset of A has positive density. 


7.7 Abstract constructions in 
recursive graph theory 


In virtually all the proofs in recursive graph theory, the recursion theory part 
is ‘easy’ and the combinatorics is ‘hard’ or ‘clever’. Carstens and Papping- 
haus [32] isolated the recursion theory from the combinatorics by proving a 
general theorem from which, given the proper graph-theoretic constructions, 
theorems from recursive graph theory can be obtained. They give three ex- 
amples of theorems that can be obtained in their framework: 
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(1) for all d > 3, there exists a connected highly recursive graph that is 
d-colorable, but not recursively d-colorable (originally proved in [11}), 


(2) for all d > 2, there exists a highly recursive d-regular bipartite graph 
(all vertices have degree d) which has no recursive solution (originally 
proven in [120]), 


(3) for every g > 1, there exists a connected highly recursive graph of 
genus g that cannot be recursively embedded on an orientable surface 
of genus g (this seems to be new in [32]). 


We suspect that the strengthening of (1) that we presented in Theorem 4.30 
can be obtained in their framework. 


7.8 Relativized results 


Carstens [28] considered relativized versions of several of the results stated 
here. Instead of recursive graphs (bipartite graphs, partitions), he considered 
a-recursive graphs, where V and FE are recursive in a (a-recursive bipartite 
graphs, etc.). All the negative results relativize easily (e.g., there exists 
a highly a-recursive graph which is k-colorable but not a-recursively k- 
colorable). For the positive results, he used the relativized version of the 
Jockusch-Soare low basis theorem (Theorem 2.13). 


7.9 Applications to Complexity Theory 


Carstens and Pappinghaus [33] use recursive graph theory to show that cer- 
tain types of algorithms (‘extendible algorithms’) will not work on several 
finite problems. The problems considered are matching, maxflow, and inte- 
ger programming. 


7.10 Applications using ¥}—completeness 


David Harel and Tirza Hirst [82] have been working on connecting recur- 
sive combinatorics with finite optimization problems. Given an optimization 
problem A that is based on an NP problem, they have set up a way to define 
a related problem A* in recursive combinatorics. Thus, for example, the infi- 
nite version of maximum-clique becomes the question of whether a recursive 
graph has an infinite clique. 
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They have shown that if At ¢ II? then A ¢ Max-nP, and hence A ¢ Max- 
SNP either (see [132] for definitions). They also have a general result that 
makes it possible to “lift up” certain NP reductions to become Dj reductions. 
This enables one to prove that, for some A’s, the recursive counterpart At is 
&!-complete; hence At ¢ II, and so A ¢ Max-NP. These two results provide 
a framework for proving that certain optimization problems are outside Max- 
NP and Max-SNP. 

Arora et al. [7] have shown that, unless P = NP, problems that are hard for 
the class Max-SNP by a certain kind of approximation-preserving reduction, 
cannot be approximated by a polynomial-time approximation scheme unless 
P = NP (see their paper for exact definitions). The results of Harel and Hirst 
show that certain problems are not directly subject to this bad news. Of 
course, these problems may still be hard to approximate, but the techniques 
of [7] are probably not able to establish this. 

Harel and Hirst [77] have used these two results to prove that many 
problems in recursive combinatorics are ©}-complete. Here is a partial list 
of the finitary versions, which, as explained, are therefore all outside Max—NP 
and Max-SNP: 


(1) maximum-clique (this was known to be outside Max-snpP [8]), 
(2) max-independent-set (this is essentially the same as max-clique), 


(3) max-Hamiltonian-path (in the sense that we seek the path having 
maximum tag, where we tag a path by k if it covers the first k nodes 
of the graph in some fixed ordering), 


(4) max-set-packing (i.e., the maximal number of nonoverlapping sets 
from among a given collection of sets), 


(5) complement of min—vertex—cover, this is really the same as max~clique, 


(6) max-subgraph (given graphs H and G, find the subgraph of H with 
maximal tag that is part of G; here again we tag a subgraph with k if 
it covers the first k nodes), 


(7) complement of min-set—cover, 


(8) largest common subsequence (given a set of strings, find the largest 
string that is a — perhaps noncontinuous — substring of each string 
in the set), 
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(9) max-color (very much like max—independent-set), 
(10) max-exact—cover (even restricted to sets with 3 elements), 


(11) max-domino or max-tiling (maximum k for which the k x k subgrid of 
an n x m grid is tileable). 


7.11 Ramsey-Type edge colorings 


In this section we do not restrict edge colorings as we did in Section 7.2. 


Definition 7.3 A graph is i—connected if removing any 7 — 1 vertices leaves 
it connected. Let [3 be the set of 3-connected graphs unioned with the 
triangle graph. 


Let Hi, Hz € T3. Burr [24] showed that it is undecidable if a given partial 
(finite) edge coloring of a highly recursive graph can be extended to a coloring 
c such that there are no RED H,’s or BLUE A’s. (He actually used a much 
more restrictive notion than highly recursive.) 

Gasarch and Grant [63] showed that there are highly recursive graphs 
that can be edge colored in a triangle-free manner, but not recursively so 
colored. They also showed that determining if a particular graph can be 
recursively colored in a triangle-free manner is 13—complete. 


7.12 Schroder-Bernstein Theorem 
and Banach’s Theorem 


The Schroder-Bernstein theorem® states that, if there exists a pair of injec- 
tions f : A— Band g: B — A, then there exists a bijection h : A > B. 
Banach [10] refined this theorem by showing that, if there exist injections 
f:A-— Band g: B- A, then there exist partitions A = A; U Ag and 
B= B,U Bs, such that f restricted to A, is a bijection between A; and By, 
and g"! restricted to Ag is a bijection from A2 to Ba (in short, f[A1] Ug {A9] 
is a bijection of A onto B). 

Remmel [138] showed that the recursive analogue of the Schréder-Bern- 
stein theorem holds, but the recursive analogue of Banach’s theorem does not. 


SSchroder announced the theorem in 1896, but his proof was flawed (see [108] for the 
full story). Bernstein published the first correct proof in 1898 in [20]. Cantor also had a 
proof, but it used the axiom of choice, which was not needed. 
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For both recursive versions, the premise is that there exist partial injections 
f and g, and recursive sets A and B, such that f (respectively g) is defined on 
all of A (resp. B). From this, the existence of a partial recursive bijection from 
A to B (defined on all of A) is easily shown. However, Remmel constructed 
f,g, Aand B such that no recursive Aj, Az, B;, Bz (as in Banach’s theorem) 
exist. 


7.13 Konig’s Max-Min Theorem 


Let G = (A, B, FE) bea finite bipartite graph. A matching is a set of disjoint 
edges. A cover is a set of vertices C such that every edge contains a vertex 
in C. The matching number is the maximum cardinality of a matching. The 
covering number is the minimal cardinality of a cover. 

Konig ({107], see [116] for a modern version in English) showed that the 
matching number and covering number are identical. Lovasz and Plum- 
mer [116] consider this to be the most important theorem in matching theory. 
We consider Konig’s matching theorem for countable bipartite graphs. To 
give the statement substance we need the following special type of cover. A 
cover C of G is a Konig cover if there exists a matching M such that C can 
be obtained by picking one vertex from every edge in M. 

Aharoni [1, 2] showed that every bipartite graph has a Konig cover. Aha- 
roni, Magidor, and Shore [3] investigated this theorem in terms of both proof 
theory and recursion theory. They showed that 


(1) compactness, or Konig’s Lemma on infinite trees, is not enough, from 
a proof-theoretic viewpoint, to prove the theorem, 


(2) there exist recursive bipartite graphs such that all Konig covers are of 
degree above all the hyperarithmetic Turing degrees, and 


(3) for every recursive bipartite graph there exists a Konig cover of degree 


<r O where O is Kleene’s O (of degree ©). 


7.14 Arrow’s Theorem 


Let V be a finite set which we think of as being individuals (or voters). Let 
X bea finite set which we think of as alternatives being decided upon by the 
society of individuals (perhaps by voting). Let P be a subset of all rankings 
of X which we think of as the orders on X that are allowed to be chosen. 
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Let G be a function that takes the information consisting of every individual’s 
preferred ranking of X (these rankings must be in P) and outputs a ranking 
in P. The tuple (V, X, P,G) is called a society, and is intended to model how 
a society chooses among alternatives. 


Arrow [9] showed that a set of four reasonable conditions on a society 
imply that there exists a ‘dictator’, i.e., an individual v € V such that G will 
rank X the same way v does. Skala [156] showed that the infinite version of 
Arrow’s theorem depends on the model of set theory. In particular, if ZF is 
consistent, then there is a model of ZF+AC where Arrow’s theorem is false for 
countable V; however, if one assume the Axiom of Determinacy then there 
is a model where Arrow’s theorem is true for countable V. 


Since the classic Arrow’s theorem is not true for countable V, recursive 
combinatorics will play a different role than usual. In this context it is used 
to recover some version of Arrow’s theorem that is true. Lewis {114] defined 
r.e. society, recursive society, and recursive dictator functions. He has shown 
that an r.e. version of Arrow’s theorem, with countable V, is true; and that 
a recursive version of Arrow’s theorem, with countable V, is true with a 
primitive recursive dictator function. 


See [113] and [125, 126, 127] for more on this topic. 


7.15 An undecidable problem in 
finite graph theory 


Let G be a finite graph, v be a vertex of G, and r € N. The r-neighborhood 
of v is the induced subgraph with vertex set consisting of all vertices of 
distance at most r from v. Let r—-neib(G) be the set of all r-neighborhoods 
of a graph G. Note that r-neib(G) is a set of graphs. Consider the following 
problem: 


Given a finite set of graphs {H,,..., H,}, and a number r € N, 
does there exist a graph G such that r-neib(G) = {Hy ,... , Hy}? 


Winkler [171] has shown that this problem is undecidable in general. 
However, if the cycle length of G is bounded, then the problem is solvable. 
This result can be used to solve the following problem: given k and a finite 
set D CN, does there exist a k-ary tree whose degree set is D? This problem 
had been solved earlier by Winkler [170]. 
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7.16 Hindman’s Theorem 


Hindman [80] proved the following remarkable theorem: If c is a k-coloring 
of N, then there exists an infinite monochromatic set X such that every sum 
of elements from X is the same color. We call such a set sum-homogeneous. 

Blass, Hirst, and Simpson [18] have analyzed this theorem recursion- 
theoretically. They have shown 


(1) there exists a recursive 2-coloring of N such that, for all sum-homo- 
geneous sets X, X £7 Kk, 


(2) for all k-colorings c of N, there exists a sum-homogeneous set that is 
recursive in g“t?. 


7.17 Recursive linear orderings 


A recursive linear ordering (henceforth RLO) is a linear ordering where the 
order relation is recursive. For a survey of recursive linear orderings, see [49]. 
We give one example of a line of research in this area which fits into our 
theme. 

It is a classic theorem that, if Z is an infinite linear order, then it has 
either an infinite ascending or infinite descending suborder. Tennenbaum 
(see [143]) has shown that this theorem is false recursively, that is, there 
exist infinite RLO’s with no r.e. suborder isomorphic to either w or w* (w* is 
the order ... ,3,2,1,0). Tennenbaum’s order is isomorphic to w* + w. 
Watnick [169] characterized exactly which order types may have RLO’s that 
are recursive counterexamples. Let £ be the set of all such order types. He 
showed that L € £ iff L = w+ Za+w* where a is a II, linear order (IIz base 
set and I, relation). 


7.17.1 Recursive automorphisms 


It is easy to see that the order w* + w has a non-trivial automorphism. 
Moses [129] has shown that this is not true recursively. He has shown that 
an RLO L has a nontrivial automorphism iff £ has a dense suborder. 


7.18 Well-quasi-orderings 


A quasi-order P is a set P (called the base set), together with a relation < 
that is transitive and reflexive, but not necessarily anti-symmetric. (e.g., 
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take P = {0,1}% and < is subsequence). A well-quasi-order (henceforth wqo) 
is a quasi order (P , <) with the following additional property: if pi, pz, ... 
is an infinite sequence of elements from P then there exists 7 < 7 such that 
Pi S Pj. 

Kruskal [110] showed that the set of trees, ordered via homeomorphic 
embedding (or minor), form a wqo (see [130] for an elegant proof). Robertson 
and Seymour [141] have shown the far more difficult result that the set of all 
graphs, ordered under minors, is wqo. Another interesting example of a wqo 
is &* (where © is a finite alphabet) under subsequence (proof uses similar 
techniques to those in [130]). 


What makes wqo’s interesting is the following theorem: If (P, <) is a 
wqo, and @ C P is closed downward under <, then there exists a finite 
number of elements p; , ... , px € P such that 


Q = {qEP:. Pi £ 4}. 


The set {pi ,... , px} is called the obstruction set for Q. For example, since 
the set of graphs of genus < g (some fixed g) is closed under minors, and 
graphs under minor is a wqo, for every g there is a finite obstruction set O, 
such that G has genus g iff G does not have an element of O, as a minor. For 
genus | (planar), the obstruction set is known to be {K5, 3,3}. For another 
example, let © be any finite alphabet and let X C 4*. Let SUBSEQ(X) be the 
set of all subsequences of strings in X. Since ©* under subsequence is a wqo, 
and SUBSEQ(X) is closed under subsequence, there is a finite obstruction set 
for SUBSEQ(X). This implies the (somewhat remarkable) theorem that if X 
is any language whatsoever, then the set of subsequences of X is regular. 
Kruskal [111] notes that this was first proven (using different terminology) 
by Higman [79] and has been proven several times since then, most recently 
by Haines [73]. 


The proof that sets closed downward under < have finite obstruction sets 
is not hard, but it is noneffective. In [16], the recursive analogue is considered 
and shown to be false. 


Harvey Friedman has shown that finite versions of Kruskal’s Theorem are 
unprovable in Peano Arithmetic. See [153] or [115] for a proof, and see [158] 
for an exposition. Friedman, Robertson, and Seymour have examined proof 
theoretic considerations of the Graph Minor Theorem [55]. 
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Introduction 


In the theory of constructivizable models, the basic problems are those of 
existence, uniqueness and extensions of constructivizations. Investigations 
of these problems are developed in the context of general model theory for 
specific classes of algebraic systems. The present chapter is devoted to an 
exposition of basic results of the theory of constructivizable abelian groups. 
Investigations in this field began with the work of Mal’tsev [67]. Further re- 
sults in this field are contained in the works of S. S. Goncharov, V. V. Dzgoev, 
V. P. Dobritsa, N. G. Khisamiev, C. Lin, A. B. Molokov, A. T. Nurtazin, 
F. Richman, R. Smith and many others. The main sources for the theory 
of constructivizable models are the survey of Mal’tsev [66] and the books of 
Ershov [19] and Goncharov [31]. 
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Algorithmic problems in group theory (the word problem, the conjugacy 
problem, etc.) arose before the appearance of a precise concept of an algo- 
rithm. At the beginning of the 1930’s, this concept was made more pre- 
cise, and the first results of the theory of algorithms were obtained. On the 
basis of these results, Novikov [75] proved the undecidability of the word 
problem for groups. At first, algorithmic problems were considered only for 
finitely presented groups. Later, the importance of studying recursively enu- 
merably presented groups was clarified. The concept of a numerable group 
was introduced in order to study recursively enumerably presented groups in 
connection with the rich theory of algorithms. A numerable group is called 
constructivizable if these is an algorithm which, for any numbers m,n,s of 
elements a,b,c of the group, answers the question: is it true that ab = c? 
We give some notation and definitions. Let w denote the set of all natural 
numbers, P the set of all prime numbers, p a prime number, (zo, ... , 2n-1) 
an ordered sequence with z; € w, 7 < n—1, and (z0,..., tn-1) the num- 
ber of (zo, ... , &n-1). Let Zpn be the cyclic group of order p” and Zp« be 
the quasi cyclic p-group. The sign © denotes the direct sum. By the term 
group we mean a countable abelian group. Let G be a group and M C G be 
some subset. We use gr(M) to denote the subgroup of G generated by the 
set M. If M = {g1,..., Gn} is finite, then we write (g:,... , gn) instead of 
gr(g1,--- Gn). The order of an element g € G is denoted by |g|. If a is an 
ordinal number, then G® denotes the direct sum of a copies of G. 

We now define a (strongly) constructivizable group. Fix a numeration 
y of the set of all formulae A(uo,..., vs-1), § € w, with free variables 
Vo, +--+; Us-1 in the signature o consisting of the binary operation +. A 
map v of the set w onto a group G is called a numeration of this group. The 
pair (G,v) is called a numerable group. We take 


D,(G) = {(m, n, s)|GE (un+vm =vs)} 


D*(G) = {(m, no, .-., Ms-1) |G E ym(uno, ... , vns-1)} 


Let X be a subset of w. The pair (G,v) is called (strongly) X -constructive 
if the set (D*%(G)) D,(G) is X-recursive. If X denotes some class of subsets 
of w, then we replace the phrase “is X-recursive” by “belongs to the class X”. 
A group G is called (strongly) X -constructivizable if there exists a numera- 
tion v of G such that the pair (G, v) is (strongly) X-constructive. If X is a re- 
cursive set, then instead of “X—constructivizable” and “X—-constructivizable” 
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we write “constructive” and “constructivizable”. The proofs of all assertions 
which contain X as an oracle in the formulations are given only for X = @. 


1 Operations over constructive groups 


The simplest examples of groups are the cyclic group Zp. of order p”, the 
quasicyclic group Z,~, the additive group Z of integer numbers, and the 
additive group Q of rational numbers. The elements of Z,» are 0,1,... ,p”—1, 
and the group operation is addition modulo p”. Define the numeration 
a:w—> Zon by the rule: if = p"m+k,0<k <p", thena,r =k. It is 
easy to check that (Zp.,a,) is a constructive group. 

The quasicyclic group Zpe is the set of all complex roots of all equations of 
the form 2?" = 1, n € w with the usual multiplication. Let €, be a primitive 
root of the equation z?"” = 1. Zp~ is generated by the elements €,, n € w. 
Define the numeration £, of this group by the rule: if = p?+k,0<k <p”, 
then @,2 = k€,. It is easy to verify that (Z,«, G,) is a constructive group. 
We can define constructive numerations y, and 6, of the groups Z and Q 
similarly. Let the groups Zpn, Zp~, Z and Q have the numerations an, Bp, 
7, and 6; respectively. 

We next show that these groups are in fact strongly constructive. Define 
the one-place predicates p*|, p € P, s € w by the rule Sy(p*y = x). Say that 
the element z is divisible by p* in the group A if and only if the predicate p*| 
is true of z. Let o’ = (+, p*|; p€ P,s €w). We say that a numerable 
group (A,v) is X-constructive with an algorithm for divisibility, if (A,v) is 
X-constructive in the signature o’. 


Proposition 1.1 A numerable abelian group (A, v) is strongly X —construct- 
tve if and only if the theory, Th(A), of A ts X—recursive and the pair (A,v) 
is X-constructive with an algorithm for divisibility. 


Indeed, Ershov [19] proved that the complete theory of abelian groups 
in the signature o’ is model-complete. By Proposition 5 from Ershov [19, 
p. 316], it follows that the pair (A,v) is strongly constructive. oO 


Corollary 1.2 The groups Zyn, Z,~,Z and Q are strongly constructivizable. 


Indeed, it is easy to compute the Szmielew invariants (see §7) of these 
groups. Therefore the theories of these groups are decidable. O 
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We introduce two important operations over constructive groups. A se- 
quence of (strongly) X-constructive groups {(G;,;) | 7 € w} is called X- 
computable if the sequence of sets ({D%,(G:)}) {Du,(G:)} is X-computable. 
Fix a Godel numbering of all finite sequences of natural numbers. This 
means that for any given sequence of numbers (zo, ... , Zn-1) we can ef- 
fectively compute its Godel number (zo, ..., 2n-1), and vice versa. Let 
G = @Q{G; | i € w} be the direct sum of groups G;. The numeration py of G 
is defined by 


HL= (Hoo 9g Shee finaifnct) 


where x = (709, ..., fn-1). The pair (G,p) is called the direct sum of the 
numerable groups {(G i, Hi)}, and is denoted by (G, yz) = O{(Gi, wi) | 7 € wh. 


Proposition 1.3 The direct sum of an X-computable sequence 


of (strongly) X-—constructive groups is (strongly) X -constructive. 


Hence the numerable groups (Q”,6) = (Q, 41)”, (Fu, 7) = (Z,7)”, and 
(U, 8) = P{(Zp~, By)” | p € P}@(Q”, 45) are strongly constructive. Here F,, 
is a free abelian group of countable rank. Consider the groups U, F,, and QY 
as the numerable groups (U, 3), (F.,y) and (Q”, 4) respectively. 

We can show that the condition of computability of the sequence {(Gj, ;)} 
is essential. Indeed, if the group A is constructive, the set of prime numbers 
{p | A  Ax(pr = 0)} is recursively enumerable. Let S be some non- 
recursively enumerable set of prime numbers. The group @{Z, | p € S} is 
not constructivizable, although each of the summands Z, is constructive. 

Let (A,v) be a numerable set. A subset Ap C A is called recursively 
enumerable if there is a recursively enumerable set So of the natural numbers 
such that So = Ao. Let (A,v), (B,u) be numerable sets, and ® be a map 
from A into B. If there exists a recursive function y such that ®yn = py(n) 
for any number n € w, then © is called a recursive map of the numerable 
set (A,v) into the numerable set (B,). The notions of a recursive homo- 
morphism, a recursive isomorphism, etc., are defined analogously. 


Proposition 1.4 Let Ao be an X-recursively enumerable subgroup of an 
X-constructive group (A,v). There is an X~-constructivization vo of the 
subgroup Ag such that the embedding of Ao into A by the identity is an 
X-recursive isomorphism of the numerable group (Ao, Yo) into (A,v). 
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From here it follows that any recursively enumerable subgroup of the 
group U defined above is constructivizable. In the following section, we will 
prove that the converse is also true; i.e., any constructivizable abelian group 
is isomorphic to some recursively enumerable subgroup of U. 


Corollary 1.5 The torsion part of an X-constructivizable group is X —con- 
structivizable. 


Let A be a torsion abelian group. The subgroup 
A, = {a € A| 3n(p"2 = 0)} 
of A is called the p-component of A. It is known that A = Q@{A, | p € P}. 


Corollary 1.6 Let (A,v) be a (strongly) X—constructive torsion abelian 
group. There exist numerations vp of the p-components A,, p € P, of A 
such that the sequence {A,,vp)} is an X-computable sequence of (strongly) 
X-constructive groups, and the pair (A,v) is X-recursively isomorphic to 
the direct sum @{(Ap,%p) | p € P} of the numerable groups (Ap, Vp). 


Proof. Let (A,v) be a (strongly) constructive group. The subgroups Ap, 
p € P, are recursively enumerable. Define the numerations v, of subgroups 
A, as in Proposition 1.4. If (A,v) is a strongly constructive group, then from 
Proposition 1.1 and the decidability of Th(A,), it follows that the groups 
(Ap, Yp) are strongly constructive. For every element vz € A it is possible to 
find numbers zo, ... , £n-1 such that vx; € A,,, 7 <n —1, and 


VX =VIg9t-:: + VFy_1. 


Indeed, let x € w, and suppose the order of vz is m > 0 with m = ph? -- pens} 
and m; = m/p*", 2 <n-—1. There are numbers u; € Z such that 


1 = upmo + +++ + Un-1Mn-1- 


Hence vx = upmovx + +++ + Un-1Mp-1Vvx. The elements vz; = ujm;vzx are 
the ones for which we were looking. gq 


From Corollary 1.6 it follows that the problem of the existence of a con- 
structivization in the class of torsion abelian groups reduces to the same 
problem for the class of abelian p-groups. 
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2 Constructivizations with a recursively 
enumerable basis 


In this section we show that the existence problem of constructivizations 
for the class of abelian groups can be reduced to the same problem for the 
classes of periodic groups and torsion-free groups. Theorems for existence of 
a (strong) constructivization with a recursively enumerable basis and some 
of their corollaries are given. 


2.1 Constructive extensions 


Let (B,v) and (C,) be constructive groups. Denote the elements of B by 
a,6,..., and the elements of C by u,v,.... A system of factors from C 
into B is a function ® : C x C + B which satisfies the following conditions 
for all u,v,w EC. 


(i) ®(u,v) = O(v, uv). 
(ii) O(u,v) + O(u+v,w) = O(u,v + w) + Ov, w). 
(iii) ©(u,0) + 6(0,v) =0. 


The system of factors ® is called recursive if there is a recursive function 
yp: w? + w such that O(n, um) = vy(n,m). Given the groups B, C and 
a system of factors ® from C' into B, we define a group A as follows: the 
elements of A are pairs (u,a), u € C, a € B and the group operation is given 
by 

(u,a) + (v,6) =(utv,a+b+ O(u,v)) 


A is called an extension of B by C respecting the system of factors ®. We 
define a numeration y of A by yn = (ur,vs), where n = (r,s). It is easy 
to verify that if the system of factors is recursive, then the group (A,7) 
is constructive. The pair (A,7) is called an extension of (B,v) by (C,p) 
respecting the system of factors ®. 


Proposition 2.1 Let (A,y) be an X-constructive group and B be a sub- 
group of A. The following conditions are equivalent. 


(i) The subgroup B is X-recursive in (A,7). 
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(ii) There are X -constructivizations v and » of B and A/B respectively, 
and an X-recursive system of factors ® from (A/B, 1) into (B,v) such 
that the pair (A,-) is recursively isomorphic to the extension of (B,v) 
by (A/B, “) respecting the system ©. 


Proof. From the definition of an extension of a numerable group it follows 
that (ii) implies (i). We prove that (i) implies (ii). From the recursiveness 
of B it follows that there is a recursively enumerable set of representative 
{u; | 7 € w} of cosets of A/B. We can suppose that ug = 0. Derive both 
a numeration yu of A/B and a system of factors ® by setting ui = @,; and 
O(t;,U;) = ue — uj — uj, where Uy, = U; + Uj. q 


Let (A,v) be a constructive group and T be its periodic part. It is clear 
that IT is recursively enumerable. As a matter of fact, there is a construc- 
tivization 4 of A such that T is a recursive subgroup of (A, y). 

A set of elements ag, ... , @n—1 of A is called linearly independent if and 
only if the equality 


Qo dg + +++ + Qn-14n-1 = 0, 


a; € Z,i <n—1, implies a;a; = 0 for all 7. A maximal linearly independent 
set of elements of A, each of which has either prime order or infinite order, 
is called a basis of A. The cardinality of a basis of A is called the rank of A. 


Theorem 2.2 (Dobritsa [7], Nurtazin [76]). Every X-constructivizable abel- 
ian group A has an X -constructivization possessing the following property: 
there is an X-recursively enumerable set of elements {c; |i € I} such that 
the cosets {c;+T} form a basis of the factor group A/T of A by its periodic 
part T. 


Proof. We can suppose that the basis {c; + T} of A/T is infinite. Let v be 
a constructive numeration of A. The elements ag, ... , ax; of A are called 
t-dependent if there are numbers m;, i < k—1, |m;| < t and not all m; equal 
to zero, such that mado +--+ + mp_1a@4_-1) = 0. We construct the required 
numeration y in stages. Suppose ¢ steps have been completed, and a set of 
t-independent elements C‘ = {ci,,... , ci} has been defined. The set 


Cr = {yEe Alay=angt-:: tac, fal, lal <t, a #0} 


is called the t-closure of the set C‘. 
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STEP t+1: We set cj,, =0. Let i <¢ t+ 1 be the least number such that 
ci is (t+ 1)-dependent on cf, ... , ci_,. Find the elements ci, ;, 7 <t+1-1 
with the least v-numbers such that the set 


t t U ; 
Gn ote ee rene 


is (¢ + 1)-independent. Set cf? = Gk < i, dt} =e, + (t+ I! et,,, 
j <t+1-i7. It is easy to verify that the map y(ci) = ctt!, s < t, is 
an isomorphic embedding of the partial group C; (relative to the predicate 
z+y =z) into the partial group Ci4,. We can define a numeration p't! of 
the set C41. Suppose the numeration yu’: N‘ + C; has been defined, where 
Ne 4051, oe Shs and 


Cr4t N“ Ct or {ao, ra Gnas 


We take p't!e = pute for z < st and p'*!(s' +72) = aj_-1, 1 <i < m. Step 
t+ 1 is finished. Qo 


Corollary 2.3 Every X -constructivizable abelian group has an X —constru- 
ctive numeration yt such that the periodic part T 1s X-recursive in (A, 11). 


Indeed, let the numeration ys and the set {c; | i € J} be as in Theorem 


2.2. For every element x we can effectively find numbers s, mo, ... , Mn—1 
such that 

MX = US + MoCo + +++ Mn-1€n-1- 
Thus ya € T if and only if mp = --- = mn_, = 0. Hence the subgroup T is 
recursive in (A, 4). O 


We have already defined the notion of X-constructive with an algorithm 
for divisibility. In a similar way, we can define X-constructive with an algo- 
rithm for linear independence and X-constructive with an algorithm for the 
order of elements. Let the numeration y: of A and the set {c; | i € I} 
be defined as in Theorem 2.2. It is clear that we can choose a recursively 
enumerable basis {t; | 7 € J} of the periodic part T of A. Thus the system 


{t)|7 € J} Ufa lze 7} (+) 


is the basis of A. From here we obtain: 
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Corollary 2.4 Every X-constructivizable abelian group has an X-constru- 
ctivization with an algorithm for the order of its elements and for linear 
independence. 


The strongly constructive group 
U = Q{Zp~ | pe P} oe 


was defined in §1. It is evident that every recursive map of the basis (*) 
into U can be extended to a recursive embedding of (A, ) into U. Therefore 
the following corollary holds. 


Corollary 2.5 An arbitrary abelian group is X -constructivizable if and only 
if it is isomorphic to some X-recursively enumerable subgroup of U. 


From Proposition 2.1 and Corollary 2.3 we obtain: 


Corollary 2.6 An arbitrary abelian group A is X-constructivizable if and 
only if there are X-constructivizations v and yp of its periodic part T and 
the factor group A/T respectively, such that the group A is an extension of 
(T,v) by (A/T, ) respecting some X-recursive system of factors. 


Hence the existence problem of constructivizations for the class of abelian 
groups is reduced to the same problem for the classes of periodic groups and 
torsion-free groups. 


Remark 2.1 If the factor group A/B is finite, then any system of factors 
from A/B into B is recursive. Hence any extension of a constructivizable 
group by a finite group is constructivizable. 


P. Smith [87] showed that Corollary 2.5 can be made stronger. A group D 
is called divisible if for every integer n > 0 and for every g € D, the equation 
nz = g has at least one solution in D. The pair (D,q) is called a divisible 
closure of A if D is a divisible group, y : A > D is an embedding, and for any 
dé D,d #0, there are m € w, and g € A, g £0, such that md = y(g). A 
constructive group (D, a) is called a divisible closure of a constructive group 
(A, v) if there is a recursive embedding y : (A,v) + (D,a) and (D,y) isa 
divisible closure of A. 


Theorem 2.7 (P. Smith [87]). Every X—constructive abelian group has an 
X-constructive divisible closure. 
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2.2 A generalization 


We next consider a generalization of Theorem 2.2 and some of its corollaries. 


Theorem 2.8 (Khisamiev [48]). Let (A,v) be a (strongly) X —constructive 
group, and B be an X-recursively enumerable subgroup such that the factor 
group A/B is torsion-free. There is a numeration py of A for which the 
following properties are true. 


(i) The group (A, ) is (strongly) X-constructive. 
(ii) The subgroup B is X-recursive in (A, 1). 


(iii) There is an X-recursively enumerable set {c; | 1 € I} of elements of 
(A, 1) such that the cosets {c; + B} form a basis of A/B. 


Remark 2.2 Theorem 2.8 remains true when “strongly X—constructive” is 
replaced by “X-constructive with an algorithm for divisibility”. 


Corollary 2.9 Let (A,v) be a (strongly) X-constructive abelian group, and 
T be its periodic part. There is a (strong) X—constructivization yx of A such 
that the subgroup T is X-recursive in (A, 1). 


Corollary 2.10 Let (A,v) be a (strongly) X -constructive torsion-free abel- 
ian group, and B be an X~-recursively enumerable pure subgroup. There is 
a (strong) X-constructivization ye of A such that the subgroup B is X- 
recursive in (A, 1). 


Corollary 2.11 [f (A,v) is an X~-constructive torsion-free abelian group, 
and B is an X-recursively enumerable pure subgroup, then the factor group 
A/B is X-constructivizable. 


Corollary 2.12 Any X-recursively enumerable definable torsion-free abel- 
tan group is X -constructivizable. 


Proof. Let F be a free abelian group of countable rank. It was shown in 
§1 that F is strongly constructive. We can choose a recursively enumerable 
subgroup B of F such that the factor group F/B is isomorphic to A. As the 
group A is torsion-free, it follows that B is pure in F. Hence by Corollary 2.11, 
A is constructivizable. oO 
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Latkin [61] announced that Corollary 2.12 is not true for 2-step nilpotent 
torsion-free groups. 
The strongly constructive group Q’ was defined in §1. 


Corollary 2.13 A torsion-free abelian group A is X-—constructivizable with 
an algorithm for divisibility if and only if it is isomorphic to some X- 
recursive subgroup A’ of Q”. 


Theorem 2.7 is also true for strongly constructivizable groups. 


Theorem 2.14 (Khisamiev [48]). Any strongly X-constructive abelian 
group has a strongly X -constructive divisible closure. 


In conclusion, we formulate an open question. Suppose every recursively 
enumerable definable group in a given quasivariety M of groups is construc- 
tivizable. Is M a quasivariety of abelian groups? 


3. Direct sums of cyclic and 
quasicyclic p—groups 


In this section we consider the problem of the existence of constructivizations 
for the class of groups indicated in the title. We recall some notions from 
abelian group theory. If the orders of all elements of a periodic group A are 
bounded, then their least common multiple is called the period of A. We say 
that a group element g # 0 has a finite p-height h if the equation p"x = g 
has a solution exactly when n < h. If the equation p"x = g has a solution 
for each n, then the p-height of g is co. A group G is called a p-group if for 
each g € G there is an n € w such that the order of g is p”. If a p-group 
has a finite period, then it cannot have any elements of infinite height. The 
following theorem is well known. 


Theorem 3.1 (Priifer). Every countable abelian p-group without elements 
of infinite height is a direct sum of cyclic subgroups. 


Thus from Proposition 1.3, we obtain: 


Corollary 3.2 Every countable abelian p~group of finite period is strongly 
constructivizable. 
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Let A = @Q{Z,», |i Ew}. The set 


x(A) = { (mm, k) | Shiedtcl. Je Gti Rig ees. =m)} 


lgrfscgk 
is called the characteristic of A. 


Theorem 3.3 Let G= A®Z}., where a €w+1 and A is a direct sum of 
cyclic p-groups. G ts strongly X -constructivizable if and only if the charac- 
teristic y(A) is X—recursive 


Proof. Assume G is strongly constructivizable. Notice the following equiv- 
alence: 


(m,k) € y(A) if and only if there is a pure subgroup Zin of G. 


The right half of this equivalence can be expressed by a ©9-formula in the 
signature of abelian groups. 


Apm(z) = (pz =0 A dy(p™ ty = z)) 
Appi Sbigsak Sk 
(A Apm(zi) A (A {-Avimen (Ss 8i2:) | 0<s,<p,is,F o})) 


Thus, by the decidability of Th(G), the characteristic (A) is recursive. 
Sufficiency follows from Proposition 1.3. oO 


An s-function is a function f(z, 2) for which the following conditions hold. 
(i) The function Ar f(i, x) is non-decreasing for each 7. 
(ii) For every 7, lim, f(7,2) = m; exists. 


If, in addition, mp < m, <---, then f(i,2z) is called an s,—function. Let 


pf = {(m,k) | tara A eeam == mj, =m)} 


lgrZsc¢k 
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Theorem 3.4 (Khisamiev [43]). Let A be a direct sum of cyclic p-groups 
whose orders are unbounded. A is X-constructivizable if and only if the 
following conditions hold. 


(i) The characteristic y(A) € =X. 
(ii) There exists an X-recursive s,—function f(i,x) such that pf C y(A). 
Proof. To prove necessity, let (A,v) be the constructive group 


DP{Zpr | 7 Ew}. 


From the proof of Theorem 3.3, it follows that y(A) € ©9. We prove the 
existence of the function f(z,z). Let mo be the least number such that 
vmp # 0 and pymo = 0. We take 


f(0,x) = max{f(0,2-—1), s +1 | p’vr = vmo}. 


To define f(1,z), we use the lexicographical order on the set of pairs of 
natural numbers. Find the least pair (¢,&) such that p’vk = vi, pvi = 0, 
vi ¢ (vmy), and s > f(0,2). We take f(1,2) = s+ 1. Similarly, we can find 
f(2, x), etc.. Necessity is proved. 

To prove sufficiency, let M = y(A) € NS. The set M is recursively 
enumerable with respect to @“). Therefore there is a recursive function 
(x,y) such that M is the domain of the function g(x) = lim, y(z,y). The 
desired group can be built in stages with the help of y and f. If the function 
y “makes a mistake”, i.e., p(x, y) > y(x,y + 1) for some pair (z,y), then a 
cyclic summand, corresponding to this pair, is built with the help of f. O 


Theorem 3.5 Let A= B® Dies be an abelian p-group with k <w and B 
be a direct sum of cyclic p-groups. A is X—constructivizable if and only if 
B is X-constructivizable. 


Proof. Sufficiency is evident. Necessity can be proved as in Theorem 3.4. 
The only difference is that in the construction of f we should choose elements 
vmg and vi which do not belong to the subgroup Zi... 0 


Theorem 3.6 (Khisamiev [44]). Let A = B @ Zs. be an abelian p-group 
where B is a direct sum of cyclic groups. A is X-constructivizable if and 
only if the characteristic y(B) is a UX -set. 
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Proof. Necessity follows from the proof of Theorem 3.3. We take h(i,n) =n. 
The proof of sufficiency is similar to the proof of Theorem 3.4 with f replaced 
by h. Here, the summands, built with the help of the function h, are iso- 
morphic to the quasicyclic p-group. go 


Let Ay f(x,y) be a non-decreasing function. If lim, f(z, y) does not exist, 
then we say lim, f(x,y) = oo. 


Theorem 3.7 (Khisamiev [51]). Let A be a direct sum of cyclic and quasi- 
cyclic p-groups. A is X-constructivizable if and only if there is an X —partial 
recursive ternary function f,(x,y), p € P, satisfying the following conditions. 


(i) For every p,z,y,z with y < a, if f,(r,0) is defined, then f,(y,z) ts 
defined, and f,(y,z) < fpo(y,z +1). 


(ii) A~ {Zp | pe P,i ew}, where my, = limy f,(2, y). 
The proof is similar to the proof of Theorem 3.4. 


The definition of a divisible group was given in §2. A group which does not 
contain a non-zero divisible subgroup is called a reduced group. It is known 
that an arbitrary abelian group A is a direct sum of its reduced part R and 
its divisible part D, i.e, A= R@ D. This raises the question of whether 
Rand D are (strongly) constructivizable if A is (strongly) constructivizable. 
The following examples show that the answer is negative. 

Let S be a non-recursive recursively enumerable set of prime numbers. 


Example 3.1 (Dobritsa, Goncharov [8]). Let Ro = P{Z, | pe PS} and 
Do = @{Zp~ | p € S}. It is easy to verify that Ro is not constructivizable 
and the group Ap = Ro ® Dp is constructivizable. 


Example 3.2 Let G, = @{Z,.|n Ew, n> 0} and 
Ai = @{G, |p € P} © P{Ze~ | pe P~ S}. 


It is easy to verify that A, is constructivizable, but that its divisible part D, 
is not constructivizable. 


We consider this question restricted to abelian p-groups. A countable di- 
visible p-group D can be decomposed into a direct sum of quasicyclic groups. 
By Proposition 1.3, the group D is strongly constructivizable. Therefore the 
divisible part of a p-group is constructivizable. We consider the reduced part 


of a p-group. 
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Proposition 3.8 (Khisamiev [43]). There is an X“)-recursive set M such 
that for every X-recursive s,~function f, pf Z M. 


Therefore, from Theorem 3.6 we obtain: 
Corollary 3.9 There is an abelian p-group A such that 
(i) A can be decomposed into a direct sum of cyclic and quasicyclic groups, 
(ii) A ts constructivizable, but its reduced part is not constructivizable. 
Corollary 3.10 There is an abelian p-group A such that 
(i) A can be decomposed into a direct sum of cyclic and quasicyclic groups, 


(ii) AY’ is constructivizable, but the group A is not constructivizable. 


Proof. Let M be as in Proposition 3.8, and A = Q{Zpm | m € M} @ Zp». 
By Theorems 3.4 and 3.5, the group A is non-constructivizable, and by The- 
orem 3.6, the group A” is constructivisable. Oo 


Remark 3.1 From Theorem 3.3, it follows that Corollary 3.9 is not true 
for strongly constructivizable groups. By Theorem 3.5, it is not possible to 
replace w by k < w in Corollary 3.10. 


4 Constructive abelian p—groups 


In this section we consider the problem of the existence of (strong) con- 
structivizations for abelian p-groups. According to Ulm’s theorem (Fuchs 
[24, p. 63]), any countable abelian p-group A is fully defined by its Ulm se- 
quence. The problem of the existence of (strong) constructivizations is solved 
below for abelian p-groups with finite Ulm length. 

Recall the following definitions. Let A be a countable reduced abelian p- 
group. A’ denotes the subgroup consisting of the elements of A with infinite 
height. If o is an ordinal, then the o-th Ulm subgroup A®° of A is defined 
by: A° = A, A’t! = (A?)! and A? = Nao A®, when g is a limit ordinal. 
The least ordinal number 7 for which A’ = 0 is called the Ulm length u(A) 
of A. For every o < 7, the factor group A, = A’/A°*? is called the o-th 
Ulm factor of A. The well-ordered sequence 


Bp Avis: Rescees, , (oe a) 
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is called the Ulm sequence of A. By Priifer’s theorem, every factor A, can 
be decomposed into a direct sum of cyclic p-groups. By Ulm’s theorem, a 
countable reduced abelian p-group A is uniquely defined by its Ulm sequence. 


The following theorem gives a sufficient condition for the constructiviz- 


ability of a reduced p-group. 


Theorem 4.1 (Dobritsa, Khisamiev, Nurtazin [9]). Let A be a countable 
reduced abelian p-group for which the following hold. 


(i) The Ulm length u(A) is equal to r. 


(ii) There are constructive numerations 7 and vp, of the ordinal tT and 
the Ulm factors Aj(n) such that the sequence of constructive groups 
{(Ar(n), Yn) | 2 € w} is computable. 


Then the group A has a constructivization v such that the set 


{(n, m) | vm € A™} 


is recursive. 


Theorem 4.2 (Dobritsa, Khisamiev, Nurtazin [9]). If a reduced abelian p- 
group ts constructivizable, then its Ulm length is a constructivizable ordinal. 


The following theorem gives a connection between the constructivizability 
of A and the constructivizability of both A! and A/A'. 


Theorem 4.3 (Khisamiev [53, 54]). Let A be a countable abelian p—group 
which is not a direct sum of cyclic and quasicyclic groups. A is (strongly) 
X-constructivizable if and only if the subgroup A! is (X\-) X@)—con- 
structivizable and the factor group A/A“) is (strongly) X -constructivizable. 


Proof. To prove necessity, let (A, ) be a constructive group. It is easy to 
verify that the subgroup A! is ¢)-recursive. We prove that the factor group 
Ao = A/A! is constructivizable. By Theorem 3.4, it is sufficient to prove 
that the following holds. 


(i) The characteristic y(Ao) € D9. 


(ii) There is a recursive s;-function f(z,x) such that pf € x(Ao). 
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Condition (i) follows from the proof of Theorem 3.3. To prove (ii), use the 
hypothesis that A cannot be decomposed into a direct sum of cyclic and 
quasicyclic groups. This implies that there is an element g of infinite height 
in the reduced part R of A such that, for every element h, the equality ph = g 
implies that A has finite height. The construction of the required function 
f(z, x) is similar to the proof of Theorem 3.4 with zero replaced by g. 


To prove sufficiency, we need the following proposition. 


Proposition 4.4 Let (A!,v) be an @)-constructive abelian p-group, and 
g(t,2) be a recursive s,-function. There is a constructivizable abelian p- 
group G such that 


GG Saal 
(ii) G/G! ~ @{Zpm, |i € w}, where m; = lim, g(t, x). Oo 


The proof of this proposition is complicated, and therefore we omit it. To 
deduce the theorem from this proposition, suppose A satisfies the following 
conditions. 


(i) The Ulm length of the reduced part R of A is more than 1. 
(ii) The subgroup A? is )-constructivizable. 
(iii) The factor group Ap = A/A! is constructivizable. 


From (i), it follows that Apo is a direct sum of cyclic p-groups of unbounded 
orders. By Theorem 3.4, we have: 


(1) x(Ao) € ae 
(2) there is a recursive s;~function f(i,x) such that pf C x(Ao). 
We take 


Olt 2) Ft, 2), h(i,z) = f(2i+1,2), 


x(Ao) = M, Mo =pg, M, =M.~ Mo 


It follows that ph C M,. As f is an s;-function, the following equivalence is 
true: 


zéM, iffeeM and =Wi<g2r+1 dyVz 2 y (g(t,z) #2) 
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Hence M, € ¥3. By Theorem 3.4, there is a constructivizable group 
B, such that y(B,) = M,. By Proposition 4.4, there is a constructivizable 
group G such that conditions (i) and (ii) are true. The group G @ B, is 
constructivizable and isomorphic to A. 


The proof of the theorem for the case of strong constructivizability is 
similar. Oo 


We give a number of corollaries to this theorem. In the corollaries, criteria 
for the (strong) constructivizability of p-groups with finite Ulm length are 
given. In what follows, instead of writing “strongly X-constructivizable” we 
write “X(—)_constructivizable”, and we let X © denote X. 


Corollary 4.5 Let A be a countable reduced abelian p-group with finite Ulm 
length u(A) =n. A is (strongly) X-constructivizable if and only if the Ulm 
factors Aj, i<n, are (X'%-)_-) X@)_constructivizable groups. 

The proof is by induction on n. 


Let fo(a, y) be an X-recursive function. fo(z, y) is called X(-)-recursive 
if the following conditions hold. 


(i) fo(z,y) is independent of y. 


(ii) Ifo <x, then fo(to,y) < fo(x1,y). 
From Corollary 4.5 and Theorems 3.3 and 3.7, we obtain: 


Corollary 4.6 Let A be a countable reduced abelian p-group with finite Ulm 
length u(A) =n. A is (strongly) X—constructivizable if and only if there is 
a system of s-functions {f;(z,y) |t <n} such that 


(i) the function fi(x,y) is (X%-)_-) X@)_recursive, 
(ii) A; ~ P{Zp-, |r Ew}, where mi, = lim, fi(r, 2). 


Corollary 4.7 Let A= R@Z%.. be an abelian p-group whose reduced part 
R has finite Ulm length u(R) =n > 1. A is (strongly) X-constructivizable 
if and only if the Ulm factors R;, i < n—1, of R are (X#-Y)-) X@4)_ 
constructivizable, and the characteristic x(R"~!) is a ([X__,-) UX,-set. 
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The proof is done by induction on n using Theorems 4.3, 3.3 and 3.6, and 
the following equalities for r,s € w. 


xls) _ X(str) (R'), = Rest. 


{r) 
ss = ys. 
Corollary 4.8 Let A= RO Zk, k <w, where R is the reduced part of A, 
and R has a finite Ulm length n. A is (strongly) X—constructivizable if and 


only if R satisfies the same conditions as in Corollary 4.7. 


The proof is done by induction on n using Theorems 4.3, 3.3 and 3.5. 


In Section 5 we prove that in the case of strong constructivizability, Corol- 
lary 4.8 holds for any p-group. 


Corollary 4.9 Let A be a (strongly) X—constructivizable abelian p-group 
whose reduced part has infinite period. There are (strongly) X-constructi- 
vizable groups G and B, such that A= G@® By, and B, is a direct sum of 
cyclic p-groups of unbounded orders. 


The proof is similar to the deduction of Theorem 4.3 from Proposition 4.4. 


Numerations v and p of a group A are called autoequivalent if there exists 
an automorphism y of A and a recursive function f such that 


gu(n) = pw f(n). 


A group is called autostable if every two of its constructivizations are auto- 
equivalent. It is not difficult to prove that the group B, of Corollary 4.8 is 
not autostable. Hence, from this corollary, we obtain that a constructiviz- 
able group which is not a direct sum of cyclic and quasicyclic p-groups is 
not autostable. The following theorem, which was proved independently by 
Goncharov and Smith, describes autostable p-groups. 


Theorem 4.10 (Goncharov [28], Smith [87]). An abelian p-group A is auto- 
stable if and only if either 


AL OF or AD Zin BLS O F, 
where F is a finite p-group, and m,n € w. 


Corollary 4.11 Let A be an abelian group whose reduced part R has 
finite Ulm length. A finite direct power A* of A, k < w, is (strongly) X- 
constructivizable if and only if A is (strongly) X—constructivizable. 
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The proof is done by induction on the length u(R) = n using Theorem 
4.3. For n = 1, the corollary follows immediately from Theorems 3.3 and 3.6. 


Dzgoev [13] showed that Corollary 4.11 is not true for torsion-free groups. 
By Corollary 3.10, it is impossible to replace k by w in Corollary 4.11. 


Corollary 4.12 Let the Ulm length of the reduced part R of A be equal to 
n<w. If A is (strongly) X-constructivizable, then the factor group A/A‘ 
is (strongly) X -constructivizable for any s <n. 


Indeed, let A be (strongly) X-constructivizable, s <n, and A/A*% = B. 
It is easy to verify that B; = A; for i < s — 1. Hence from Corollaries 4.5, 
4.7 and 4.8, B is (strongly) X—constructivizable. 


Corollary 4.13 Let A be a strongly X-constructivizable abelian p-group 
whose reduced part R has finite Ulm length. Then R is X -constructivizable. 


Indeed, let A = R® ZS. and u(R) = n, n < w. By Corollary 4.7, the 
factors R;, i <n —1, are X~!)-constructivizable, and the characteristic 
x(r™-!) € DX _,. Hence the group R°-! is X@"-?)-constructivizable. By 
Corollary 4.5, R is X-constructivizable. 

From Proposition 3.8 and Corollary 4.7, it follows that there is a strongly 
constructivizable p-group such that the Ulm length u(A) of the reduced 
part # is equal to 2, and R is not strongly constructivizable. 


We note that the problem of necessary and sufficient conditions on Ulm 
invariants for a countable p-group to be (strongly) constructivizable is open. 


5 Strong constructivity and 
Kulikov’s basis 


The concept of a p-basis introduced by Kulikov [57] has important meaning 
in the theory of abelian groups. In this section we present a connection 
between the constructivizability of groups with an algorithm for divisibility 
by p", n € w, and the existence of a recursive p-basis. From this connection, a 
criterion for the strong constructivizability of an abelian p-group is obtained, 
and an application of this criterion is given. 

Let A be an arbitrary abelian group and p any fixed prime number. A 
set {a; | 7 € I} of elements of A not containing 0 is called p-independent if, 
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for any finite subset {a,,... , a,} and for any positive integers n1,... , Nk, 
na, ++++npay € p"A implies p"|n; (i =1,... ,k). 

A maximal p-independent set of elements of A is called a Kulikov basis 
(or p—basis). The subgroup generated by some p-basis is called a Kulikov 
subgroup. 

Let (A,v) be a constructive group. If there is an algorithm which deter- 
mines whether vm is divisible by p” for any n,m € w, then the pair (A, v) is 
called a constructive group with an algorithm for p* —divisibility. 


Proposition 5.1 (Khisamiev [45]). [f the pair (A,v) is a constructive abel- 
ian group with a recursively enumerable Kultkov basis, then (A,v) has an 
algorithm for p*—divisibility. 


Proof. Let the elements 
bo, b),... 


be a recursively enumerable Kulikov basis. We show that the predicate p"| 
is recursive. The definition of a Kulikov basis implies that for an arbitrary 


element z € A, there are y € A and integers ao, ... , @m—1 such that 

z+ agbo + +++ + Om-1bm-1 = Pp" y (*) 
The constructivity of (A,v) and the recursive enumerability of the Kulikov 
basis implies that the element y and integers ao, ..., @m-1 can be found 
effectively from x. From (*) and the p-independence of bg, ..., bn-1, we 
have that 

p’|x => A (p" fai). 
7<gm-l1 

Hence the predicate p”| is recursive. Oo 


The following theorem shows that for abelian p-groups the converse also 


holds. 


Theorem 5.2 (Khisamiev [44]). Let (A,v) be a constructive abelian p- 
group with an algorithm for divisibility. A has a recursive Kulikov sub- 
group B. 


This theorem is used to obtain the following criterion for the strong con- 
structivizability of an abelian p-group in terms of generators and defining 
relations. 
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Theorem 5.3 (Khisamiev [44]). An abelian p-group ts strongly construc- 
tivizable if and only if it can be presented by generators a;, cj,,1 <a, j < B, 
n€w and defining relations 


pia SO, pea "0. pes = eS bey (1) 


bj, = Mo ao tere + Mr, Gris (2) 


where a, 3 € w+, the order of b;, is less that p"*?, the functions n(t) = nj, 
and f(j,n) = the Gédel number of the sequence (mo, ..., My,,) are recur- 
sive, and the set 


M = {(m,s)|3i,i(( A kA ie xi) A( Am, =m))} 


l¢krg¢s 1<gk€s 


is recursive. 


Proof. If a Kulikov subgroup B of A has finite period, then it is a direct 
summand of A, and all is proved. Therefore suppose that B does not have 
finite period. According to Theorem 5.2, there is a recursive Kulikov sub- 
group B of (A,v). Suppose that the rank r(A/B) is infinite, as the case 
of r(A/B) < oo can be considered analogously. In B, we can effectively 
select elements a;, 7 € w, such that B is a direct sum of cyclic groups (a;), 
B= @{(a) |1 € w}. The function n'(i) = |a;| = p™ is recursive. The decid- 
ability of the theory Th(A) implies that the set M is recursive. To describe 
a procedure for the choice of cjo, 7 € w, suppose the elements coo, ... , Cjo 
have been selected. There is an element c of order p with a least number such 
that the elements coo, ... , jo, ¢ are linearly independent in the module B. 
We take c(j41)0 = c. To describe the choice of ¢; (n41) and 6;n, suppose the el- 
ements cjn and 6; (n-1) have been selected such that p"t!ejn = p"b;(n-1) = 0. 
As A/B is a divisible group, there are elements b € B, d € A such that 
Cjn +b = pd. Since B is pure, the elements d and 6 can be selected such that 
prt?d = p™*1b = 0. We take c;(n41) = d and bj, = 6. Since B is recursive, 
it follows that the function f(j,n) is recursive. An arbitrary element a € A 
can be uniquely written in the form 


A = 810; +++) + Sindign + t1Cjyny $11 $tCjn, (3) 


where s;,t; are integers, 0 < t; < p, and the indices 2,,...,%m as well 
as ji, ---, Jr are distinct. If the group A is defined by the generators and 
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defining relations (1) and (2), then the map ¢ : a; + aj, Y : Cjn — Cjn Can 
be extended to an isomorphism of A onto A. Necessity is proved. 


Sufficiency follows from Proposition 5.1 and the uniqueness of the normal 
form (3) for each a € A. Oo 


The set of elements a;, Cjn, 1,7, € w of A defined in this theorem 
is called a quasibasis of A. The proof of the theorem implies that, given a 
quasibasis, every element a € A has a unique normal form (3). The induced 
numeration y is called the numeration defined by the given quasibasis. 


Corollary 5.4 An arbitrary strongly constructive numeration of an abelian 
p-group is recursively equivalent to the numeration defined by some quasi- 
basis. 


With the help of Theorem 5.3, we can make Corollary 4.8 stronger. 


Theorem 5.5 (Khisamiev [44]). Let D be the divisible part of an abelian 
p-group A, and suppose D has finite rank. A is strongly constructivizable if 
and only if its reduced part R is strongly constructivizable. 


Proof. Sufficiency is evident. We give a sketch of the proof of necessity. Let 
A= R®D bea strongly constructivizable group. A has the presentation 
defined in Theorem 5.2. Using the finiteness of the subgroup 


Dp] = {d € D | pd = 0}, 


we can define a presentation of the subgroup R similarly. To do this, replace 
some of the elements cjn, J = m1,..., Mx by the suitable elements d,n, 
s=1,...,q. All that remains is to apply Theorem 5.3. im 


Remark 5.1 Corollary 3.9 implies that 
(1) Theorem 5.2 is not true for constructive abelian p-groups, 


(2) the condition of finiteness of rank is essential. 


An abelian group A is called an R,-group if for any a € A and for any 
number n € w which is not divisible by p, there is a unique solution of the 
equation nz = a. 
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Remark 5.2 Theorems 5.2, 5.3, 5.5 and Corollary 5.4 are true for torsion- 
free ,-groups. Of course, in the case of torsion-free ,-groups, the ele- 
ments @;, cj, in Theorem 5.3 have infinite order. The proof of this result is 
similar to the proof for abelian p-groups. 


An insignificant modification of the proof of Theorem 5.2 implies the 
following result for any abelian group. 


Theorem 5.6 An abelian group is constructivizable with an algorithm for 
p’—divisibility if and only if there is a constructive numeration yp of the group 
A such that 


(i) there is a recursively enumerable Kulikov basis {b; |i € I} for (A,v), 


(ii) there is a recursively enumerable set of elements {c; | 7 € J} such 
that the set of cosets {c; + B} is maximally linearly independent in the 
factor group A/B, where B = gr({b; | 7 € T}). 


6 Torsion-free abelian groups 


In this section we examine the problems of existence and uniqueness of con- 
structivizations for the class of torsion-free abelian groups. Mal’tsev [66] 
described constructivizable torsion-free abelian groups of rank 1. Kurosh 
[58] and Mal’tsev [65] established a correspondence between the class of all 
torsion-free abelian groups of finite rank and a class of matrices over the p— 
adic numbers for all primes p. Dobritsa [6] showed that a torsion-free abelian 
group A with finite rank is constructivizable if and only if the corresponding 
matrix can be given effectively. 


6.1 Countable constructivizable groups 


Here we give a description of countable constructivizable torsion-free abelian 
groups in terms of partial recursive functions (Khisamiev [52]). Recall that 
P is the set of all prime numbers, and p; is the i-th prime number. Given 
a partial recursive function f(s,i,n) we define a presentation of an abelian 
group Ay, in steps. 


STEP t: Let t = (s,2,n), p= ps. Dot steps in the calculation of f(s,7,). 
The following cases are possible. 
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(i) f(s,2,n) is defined. Consider the subcases. 


(1) n=0 and the generators ajo, 7 < 7, were introduced before step t. 
Introduce the generators aio, {a'? | q¢ € P} and the defining 
relations {a = = aio | q € P}. 


(2) 1=0,n > 0 and a generator a?) was introduced before step f. 


O(n-1) 
(P) and defining relation ag = pa). 


(3) a De S Ovand f'(s,4590) = 40g 5-252 Gea Sp = 4Os, 05) 


0 < a; <p, 7 < 2-1 and the scietators al?) a’ were 


a(n—1)? “gm; 
introduced before step ¢. Introduce the generator q\?) and the 
defining relation 


Introduce the generator aj 


) ( 
aly) t aoa, to taal), , = pal — (x) 


(ii) If none of the cases (i) (1)-(i) (3) are satisfied, then we introduce noth- 
ing. 
Step t is finished, and we pass to the next step. 
The construction of the group Ay, is finished. From this construction, we 


can define the constructive numeration vy of Ay in a natural way. 


Theorem 6.1 (Khisamiev [52]). A countable torsion-free abelian group A is 
X—constructivizable if and only if there exists an X -partial recursive function 
f(s,t,n) such that A and Ags are isomorphic. 


Proof. Sufficiency is easy because of the construction of the group Ay. We 
prove necessity. Let A be a constructivizable group with countable rank. 
The case when A has finite rank is similar. By Theorem 2.2, there exists a 
constructivization v of A such that (A,v) has a recursively enumerable basis 


bin bers 


We define the function f(s,i,n). Let p, = p. For every s,i € w we take 
f(s,2,n) = 0 and pi?) = = 6;. If? =0 then we take 


if AE dz(p"*'z = 5) 


undefined otherwise 


f(s,0,n + 1) = 
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If f(s,0,n + 1) is defined, then for any k < n+1, let i”) denote the element 
from A such that p* b) = bo. 
Let n,z > 0. We define the value of f(s,i,n) and possibly the element 


in steps. Suppose that ¢ steps are done, and the values f(p,j,y), y < tj, 


p) 
r? 


pl?) 


j <1, t; =n—1,n <t, are found and the elements o 
such that the relations of form (*) have been satisfied. 


r <t,, are defined 


STEP ¢+1: Let ¢+1 = (s, 7%). We check for the existence of numbers 

L,a;,mM;, J < 21-1, such that x < t, a; < p,m; < t; and the following 
equation is satisfied in the group (A, v). 

6”) + a gr) foeee + CL ae = pyr («*) 

(i) Suppose that such numbers exist. Choose a;,m,; from among them such 

that the sequence 6 = (a;_-1,... , Qo, Mi-1, --- , Mo) is the least with 

respect to the lexicographical ordering on the set of all finite sequences 


of natural numbers. For this 6, let pi?) denote the element vax such 
that (**) holds, and we take 


f(s,i,n) = (,.-.,&-1), where €; =(a;, mj). 


(ii) Suppose that there are no such numbers. The value of f(s,i,n) and 
the element pi?) are not defined. 


Step t+ 1 is finished. We pass to the next step. 


The function f is defined. From this function, we define the group Ay, as 
above. We can prove that the groups Ay and A are isomorphic. oO 


Theorem 6.2 Let (A,v) be a constructive torsion-free abelian group with 
an algorithm for linear independence. We can uniformly find the indez e of 
a partial recursive function f such that the constructive groups (A,v) and 
(Ay, vs) are recursively isomorphic. 


The proof is similar to the proof of Theorem 6.1. 


Remark 6.1 Let %.(z,y,z) be the partial recursive function with index e. 
From this function, we defined the constructivizable torsion-free group with 
an algorithm for linear independence (A.,u%-) = (Ay.,%,.). This defines a 
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computable numeration a of a class of torsion-free constructivizable groups. 
From Theorems 6.1 and 6.2, it follows that a is a numeration for the class 
of all constructivizable torsion-free groups with an algorithm for linear inde- 
pendence. 


6.2 Autostable groups 


The following theorem gives a description of the autostable torsion-free 
groups. 


Theorem 6.3 (Nurtazin [76]). A torsion-free abelian group is autostable if 
and only if it has finite rank. 


Dobritsa [7] built a non-autostable group A such that 
(i) the periodic part T of A is autostable, 
(ii) the rank of A/T is equal to 1. 


The problem of finding algebraic criteria for the autostability of abelian 
groups is open. 


7 Model theoretic method in the theory of 
constructivizable abelian groups 


In §2-§6, we considered the problem of determining for various classes of 
abelian groups, which groups from each class are (strongly) constructivizable. 
In this section, we consider a slightly different problem. 

Let L be a class of elementary theories of abelian groups. Which the- 
ories from L have (strongly) constructive models? This problem has been 
examined for several classes of theories. It is known (Ershov [16]) that any 
decidable theory is defined by its strongly constructive models. From here, 
for example, it follows that any theory of Boolean algebras has a strongly con- 
structive model. Ershov [17] proved that any recursively enumerable theory 
with finite barriers has a constructive model. In particular, any recursively 
enumerable extension of the theory of trees has a constructive model. A sim- 
ilar result for linearly ordered sets was proved earlier by Peretyat’kin [79]. 
Lerman and Schmerl [62] made this result stronger by replacing the recur- 
sively enumerable extension by a L$-extension. It is impossible, however, to 
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strengthen the result obtained for the theory of trees. In §7.1, we examine 
this problem for the class of abelian groups. We obtain a criterion for the 
existence of a constructive model for a complete theory of abelian groups. 
We prove that any ©$-theory of torsion-free abelian groups has a construc- 
tive model. We also give a recursively enumerable theory of abelian groups 
that does not have a constructive model. 

In the study of elementary theories, properties of special models, for ex- 
ample, prime or saturated models, play an important role. In the context 
of the theory of constructive models, these questions have been examined in 
a series of papers. Goncharov [29] and Goncharov and Nurtazin [34] gave 
criteria for the (strong) constructivizability of a prime model. Goncharov 
[27] and Peretyat’kin [80] obtained criteria for the strong constructivizability 
of a homogeneous model. Morozov [74] proved that any countable saturated 
Boolean algebra is strongly constructivizable. From a theorem about the 
strong constructivizability of a prime model of a theory with a strongly con- 
structivizable saturated model (Goncharov [27]), it follows that any count- 
able prime Boolean algebra is strongly constructivizable (Mead [69]). Moro- 
zov [73] described strongly constructivizable homogeneous Boolean algebras. 
The questions of the (strong) constructivizability of prime and saturated 
models of theories of abelian groups are discussed in §7.2. 


7.1 Complete theories 


Let G be a group, G[p"] = {z € G | p"z = 0}. The Szmielew invariants 
of G will be defined with the help of the following formulae. 


(1) GE Apns iff G contains Zen as a pure subgroup. (The formulae Apnx 
were used in the proof of Theorem 3.3.) 


(2) GE Bonk iff Zn < G. 


(3) GE Chi(gi, --- 5 9k) iff the elements m,..., gx € G have the fol- 
lowing property: the images gi,..., 9, Of g1,--., gk in the factor 
group Ps 

G = G/G[p"] 
are such that gf +pG, ... , 9, + pG are linearly independent in G/pG. 


(4) Conk = dar, 2605 teCh a G@1y <6 5 2k): 
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The following numbers are called the Szmielew invariants of G. 
Qpn(G) sup {k Ew | G = Aichi 
8(G) = inf {sup{k Ew |G Bu} |n ew}, 


y>(G) = inf {sup{k ew |GE Con} |n ew}. 


Szmielew [89] proved that two groups G and H are elementarily equivalent 
if and only if these invariants of G and H are the same. 


lI 


Let T be a complete theory of groups. We let 


A(T) = {(p""1,k) | Apne € TH, 

B(T) = {(p"*",k) | Bynk € TH, 

C(T) = {(p,k) | AN,[Vn > Ny(7Apni € T) A Con,k € T]}, 
P(T) = {p|4N,[V¥n > Np(7Apm € T)]}. 


A set C’ of pairs (p,k), k > 0, is called a T-extension of the set C(T) if 
(i) C(T) CC, 

(ii) if (pk) € C’\ C(T) then p ¢ P(T), 

(iii) if (p,k) € C’ and 0<s<k then (p,s) € C’. 


Theorem 7.1 (Khisamiev [47]). A complete theory T of abelian groups has 
an X~constructivizable model if and only if the following hold. 


(i) A(T) € EX, 
(ii) B(T)€ 5%, and 
(iii) The set C(T) has a T-extension C’ € SX. 
We will sketch the proof below, but first we state two propositions of 


independent interest. Let A,, B, be sets of pairs (p",s), n,s > 0, p € P. 
Define 


Apn {s | (p", s) € Ap} and = Q@pn = Max Apn 


Byn {s|(p",s)€ Bp} and — By, = max Byn 


1206 N. G. Khisamiev 


Suppose that the following conditions hold. 

(i) If (p",s) € Ap and 1 <r<-s, then (p",r) € Ap. Similarly for B,. 
(ii) Bon = Opn + Bp(n+1)- 
We take Z), = 0, 2% = Ze, and Z,o = 0. 


Proposition 7.2 Let A, € UX and B, € EX be such that conditions (i) 
and (ii) hold. We can build an X -constructivizable p-group 


Gp = @{Ze" |newy OZ, & €wU {oo} 
such that 7 
Bpn = YS ep (n41) + &.- 


i=0 


This construction can be done uniformly in the UX and =X indices of Ap 
and B,. 


In order to formulate the next proposition; we need some notation. Let R, 
denote the additive group of rational numbers whose denominators are prime 
relative to p. Let C’ be a set of pairs (p,s), s > 0, p € P, such that if 
(p,s) € C’,0<r<s, then (p,r) € C’. We take 


CL = {s|(p,s)€C'}, = maxCy, 


H(C’) = OLR? |pe Pog’. 


Proposition 7.3 The group H(C’) is X-constructivizable if and only if 
Ce uF. 


If the set of sentences of a theory T is 3X, then T is called a D-theory. 


Corollary 7.4 Any UxX-theory of torsion-free abelian groups has an X- 
constructive model. 


Indeed, one can define the set 


C = {(p,s)|T FE Cprs}- 
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Because T is a ©$~-theory, it follows that C € N$. According to Proposition 
7.3, the group H(C) is constructivizable. From the criterion of elementary 
equivalence of groups, it is easy to obtain that H(C’) is a model for the 
theory T’. im 


Now we prove the sufficiency of the conditions in the theorem. Let the 
sets A(T) = A, B(T) = B and C’ be as in the theorem. Let 


Ap = {(p",s) | (p",8)€ A} and — By = {(p", 8) | (p", 8) € B}. 


Let €, be a number such that 


Bo(ntt) = 5 Opinii) + €: 
i=0 


It is easy to verify that the conditions of Propositions 7.2 and 7.3 hold for 
the sets A,, B, and C’. Therefore the group 


G = @O{G,|pe P} HO 
where 
Gp = @O{Z2, |new} © ZR © RP 


is constructivizable. From a computation of the Szmielew invariants of G, it 
follows that G is a model of T. 


Necessity follows from the definitions of the sets A(T), B(T) and C’, and 
the formulae Apnz, Bonk and Conk. O 


We indicate a number of corollaries of this theorem. 


Corollary 7.5 If an abelian group G is elementarily equivalent to its peri- 
odic part T(G), then the theory T = Th(G) has an X-constructive model if 
and only if A(T) € SX and B(T)€ =X. 


Indeed, in this case C(T) = @, and therefore condition (iii) of Theorem 
7.1 is satisfied. 


Corollary 7.6 Let T be a complete theory of abelian groups such that 
P(T) € 4. T has an X-constructive model if and only if B(T) € =x 
and A(T), C(T) € US. 
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Proof. Sufficiency follows immediately from Theorem 7.1. We prove neces- 
sity. Suppose 7’ has a constructive model. According to Theorem 7.1, the 
set C(T) has a T-extension C’ € /9. Therefore 


(pk) EC(T) iff pe P(T) and (pk) EC’. 


The right half of this equivalence defines a E3-set. Hence C(T) € E39. a) 


Corollary 7.7 A complete theory T of torsion-free abelian groups has an 
X -constructive model if and only if 


Co(T) = {(p, k) | Chik € Tr} E eos 


Proof. Because T is a theory of torsion-free groups, A(T’) = B(T) = @ and 
P(T) coincides with the set of all prime numbers. By Corollary 7.6, T has a 
constructive model if and only if C(T’) € X9. It is easy to verify that for a 
theory of torsion-free groups, Co(T’) = C(T). QO 

Khisamiev [47] built a recursively enumerable theory of abelian groups 


having no constructive model. It was shown there that the conditions of 
Theorem 7.1 are independent. 


7.2 Prime and saturated models 


A model M is called prime if it can be elementarily embedded in any elemen- 
tarily equivalent model. Let {po,... , pn—1} bea finite set of prime numbers. 
Let Ryo...p,z_, denote the additive group of rational numbers whose denomi- 
nators are prime relative to po, ... , Pa—-1- The following two theorems give 
a description of the prime model for theories of abelian groups. 


Theorem 7.8 (Deissler [4]). A countable torsion-free abelian group G is 
prime if and only if G is isomorphic to Ryg...p,_, for some set {po, ..., Pn—i} 
of prime numbers. 


Proposition 7.9 An abelian p-group G is prime if and only if there exist 
numbers On, 38 €w+1 such that 


(i) af the set {n | a, # 0} is infinite, then B =0, 
(ii) G= Q{Zer, |n Ew} @Zh0. 
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Theorem 7.10 (Molokov [72]). A finite or countable abelian group G is 
prime if and only if one of the following conditions is satisfied. 


(i) G ts a periodic group whose p-components are prime, 


(ii) G is a direct sum of a group with a finite period, a periodic divisible 
group, and a prime torsion-free group which ts not isomorphic to Q, 


(ili) G is a direct sum of a group with finite period and a group which is not 
isomorphic to Q. 


From Propositions 1.1 and 1.3, and Theorem 7.8, we obtain 


Corollary 7.11 Jf a complete theory T of torsion-free abelian groups has a 
prime model G, then G is strongly constructivizable. 


Corollary 7.12 Let T be a complete theory of abelian groups with a con- 
structivizable model H and a prime model G. If for any prime number p the 
set {n | Qpn(G) # O} ts finite, then G is constructivizable. 


Proof. If either condition (ii) or (iii) from Theorem 7.10 holds for G, then 
G is constructivizable by Corollary 7.11. Therefore we suppose that condi- 
tion (i) from Theorem 7.8 is satisfied. From Proposition 7.9, we have 


G = OG, |pe P} 


where 


= apn(G) Bp(G) 
Gp = Qa neu} @ 2H. 


prt 


Let H be a countable model of the theory T. From the elementary equiv- 
alence of G and H, and from condition (i), it follows that the periodic part 
T(H) of H is isomorphic to G. By Corollary 1.5, the subgroup T(#) is 
constructivizable. Hence G is constructivizable. Oo 


It turns out that there exists a countable prime group which is not con- 
structivizable. 


Proposition 7.13 (Khisamiev [47]). There exists a complete theory T of 
abelian groups such that T has a constructive model H and a prime model G, 
bul G is not constructivizable. 


1210 N. G. Khisamiev 


Proof. According to Corollary 3.9, there exists a constructivizable p-group 
H = G@® Z%. such that the subgroup G can be decomposed into a direct 
sum of cyclic p-groups, and G is not constructivizable. Let T = Th(H). It 
is easy to verify that G is a prime model of T. Oo 


We consider the questions of the strong constructivizability of prime and 
saturated models of theories of abelian groups. 


Proposition 7.14 Let 


G = @{G,|peP} where G, = Q{Z", |new} @ Zs. 


prt 
and for any prime number p the following condition is satisfied. 
(i) If the set {n | apn # 0} is infinite, then B, = 0. 
G is strongly constructivizable if and only if Th(G) is decidable. 


Proof. It is evident that from the strong constructivizability of G, it follows 
that Th(G) is decidable. Suppose Th(G) is decidable. Then the sets A(T) 
and B(T) defined at the beginning of §7.1 are recursive. Therefore, from (i), 
we have the following property: for any p € P there is a strong construc- 
tivization v, of G, such that the sequence of pairs {(Gp,vp) | p € P} is 
computable. By Proposition 1.3, the group is strongly constructivizable. 0 


Corollary 7.15 (Khisamiev [47]). Let T be a complete theory of abelian 
groups with a prime model G. The following conditions are equivalent. 


(i) G ts strongly constructivizable. 


(ii) The theory T is decidable. 


Proof. It is evident that (ii) follows from (i). Suppose T is decidable. 
If condition (i) from Theorem 7.10 holds for G, then the corollary follows 
from Proposition 7.14. Suppose G satisfies either condition (ii) or (iii) from 
Theorem 7.10. There exists a finite sequence po, ... , Ps—1, 8 > 0, of prime 
numbers, and £,,y € w+ 1, p € P, such that 


G = HO@{Z™ |peP} eR 


Pos Ps—1 
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where the subgroup H has finite period. The subgroups H and i ho a 
are strongly constructivizable. From the definition of the set B(T) at the 
beginning of §7.1, we have 


n<$, iff (p™*! n) € B(T) (*) 


As the theory T is decidable, the set B(T’) is recursive. Therefore, according 
to Propositions 1.1 and 1.3, it follows from (*) that the group 


@{Z™. | pe P} 


is strongly constructivizable. Hence G is strongly constructivizable. oO 


Proposition 7.16 (Khisamiev [47]). Let T be a complete theory of abelian 
groups with a saturated model. The following conditions are equivalent. 


(i) There exists a constructivizable group of the theory T. 
(ii) All countable models of T are strongly constructivizable. 


(iii) The theory T is decidable. 


Proof. Let G be a saturated model of T. If G has a finite period, then T 
is countably categorical, and our assertion is evident. The periodic part of 
G is denoted by T(G). It is not difficult to show (Eklof and Fischer [14]) 
that the reduced part RT(G) of the subgroup T(G) has a finite period, and 
G/T(G) is a torsion-free divisible group. Therefore, from the completeness 
of T, it follows that any countable model A of T is isomorphic to a group 
A, = T(G)®Z" for some n € w+ 1. Now we prove that (ii) follows from (i). 
Let n € w +1 be such that the group A, is constructivizable. The prime 
model Ao of T is isomorphic to T(G), and hence Ao is constructivizable. As 


Ap = RI(G) © {Ze |pe P} 


where RT'(G) has a finite period, the theory T has a recursively enumerable 
set of axioms. Therefore T is decidable. It is easy to check that Ag has 
a constructivization with an algorithm for divisibility. Hence by Proposi- 
tion 1.1, Ao is strongly constructivizable. By Proposition 1.3, the groups A,, 
n €w +1 are also strongly constructivizable. Hence (ii) follows from (i). It 
is evident that (iii) follows from (ii). By Corollary 7.15, (iii) implies (i). O 
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The following problem is open. Find necessary and sufficient conditions, 
similar to the conditions of Theorem 7.1, for a theory of abelian groups with 
a recursively enumerable set of axioms to have a constructive model. 


8 Connections between constructivizability 
and strong constructivizability 


It is known (Ershov [19, p. 316]) that every constructive model of a model- 
complete decidable theory is strongly constructive. This raises the question 
of which decidable theories have the property that every constructive model is 
strongly constructive. Goncharov [25, 26] solved this problem for the class of 
Boolean algebras. Khisamiev [42] proved that every constructivizable ordinal 
is strongly constructivizable. Here we consider the problem for complete 
decidable theories of abelian groups. 


In §7, the Szmielew invariants a,,(A), 8,(A) and yp)(A) of a groups A 
were defined. 


Theorem 8.1 (Khisamiev [45]). Let A be an abelian group with a decidable 
theory. If one of the following conditions is satisfied, 


(i) Sp({n | apn(A) # 0} és infinite), 
(ii) {p | y(A) F 0} ts infinite, 
(ili) Sp(q(A) = 4), 


then there is a constructivizable but not strongly constructivizable abelian 
group A which is elementarily equivalent to A. Otherwise, the constructivity 
of A implies strong constructivity. 


Proof. Suppose condition (i) is satisfied. Let g be a prime number such that 
the set {n | agn # 0} is infinite. We can assume that the group A is countable. 
Let A, be the p-component of A, and B, be a Kulikov subgroup of A). 
The decidability of the theory T = Th(A) implies that the characteristic 
x(B,) = Mo of B, is an infinite recursive set. By Proposition 3.8, there is 
a @?)-recursive set M/ such that for every 6)-recursive s,-function f(i, 2), 
the set pf is not contained in M, = {(m,1) | m € Mj}. Let C be a q- 
group with Ulm length u(C) = 2 and Ulm factors Co, C; with x(Co) = Mo, 
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x(C1) = My. It is evident that the subgroup C’ of C is 6!)-constructivizable. 
By Corollary 4.5, C is constructivizable. By Theorem 3.4, C! is not 6@)- 
constructivizable. Hence from Theorem 4.3, it follows that C is not strongly 
constructivizable. Let 


A= Ce @O{B OZ aR” | pe PX {qh}. (+) 


The definition of the group R, is given in §7. It is easy to verify that the 
Szmielew invariants of A and A are the same. Therefore these groups are 
elementarily equivalent, A = A. From the decidability of Th(A), it follows 
that the last summand in the right part of (*) is a constructivizable group. 
Therefore the group A is constructivizable. The Szmielew invariants of C 
are effective computable from the Szmielew invariants of A. Therefore, the 
decidability of Th(C) follows from the decidability of Th(A). Since the strong 
constructivizability of A implies the strong constructivizability of C', and 
since C is not strongly constructivizable, it follows that A is not strongly 
constructivizable. The theorem is proved for case (i). 


For case (11), we need two further results. Let G' be a torsion-free abelian 
group with rank r(G) = 1. We can assume that G < Q and 1€G. The set 


x(@) = {(p,n)|n 21, 1/p” € G} 
is called the characteristic of G. 


Proposition 8.2 (Mal’tsev [67]). G is constructivizable if and only if its 
characteristic x(G) is recursively enumerable. 


Proposition 8.3 Let G be a torsion-free abelian group, S be an infinite 
recursive set of prime numbers, and G = @{R, | p € S}. There is a 
constructivizable group G with r(G) = 1 such that G = G and G is not a 
pure subgroup of any strongly constructive group. 


Proof. Let So be a recursively enumerable but non-recursive subset of S. 


Let 


M = {(p,1)| pe S}U {(p,2) |p € So} U {(p,n) [n> 1p ¢ SH. 


Let G bea torsion-free group with r(G) = 1 such that y(G) = M. It is easy 
to verify that G is the required group. Oo 
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Now we consider case (ii). In this case, the set S = {p | yp(A) # 0} is 
infinite. From the decidability of Th(A), it follows that S is recursive. Let 


Co = O{R, | pe S} 
and the group Co be built from C as in Proposition 8.3. Let 
A = @{Ap|pe P} 6 Co 


where 


Hp = Q(z |new} @ 20" @ Rv. 


prti 


Using Proposition 8.3, it is easy to prove that A is the required group. This 
proves the theorem for case (ii). 


Before considering case (iii), we recall some definitions. A subgroup B 
of a group A is called p-pure if for every b € B the p-height of 5 in B is 
equal to the p-height of bin A. Let n € w, n > 1, be a fixed number. If the 
predicate p"| in a numerable group (A, v) is recursive, then the pair (A,v) 
is called a group with an algorithm for divisibility by p”. 


Proposition 8.4 There is a constructivizable torsion-free abelian group 
which is not a p-pure subgroup of any constructivizable group which has an 
algorithm for divisibility by p, and whose p-subgroup is divisible. 


Proof. The values of all functions defined below are assumed to belong to 
the set {0,1,..., p—1}. Let A(i,n) be the universal function for the class 
of all 1-place partial recursive functions. Suppose that if the value A(i,n) 
is not defined, then A(z,n + 1) is also not defined. We use A(i,n) to build 
the group A= A(K). 


We build the generators and the defining relations for every 7 in steps. 
The symbol g is an element of the set of generators. Suppose K(i,r) forz <t 
have been calculated for t steps, and the values A(2,0),..., A(i,n(t)—1) are 
known. Here, n(t) is a function which depends on t. Suppose the generators 
Cio, --» 5 Cin and the defining relations 


cin + Klism)g = vegan (mS n—1) 
have been introduced. 


STEP t+1: We calculate A(i,n) for ¢+1 steps, and consider the following 
cases. 
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(i) Ifthe value of A'(i,) is defined, then we introduce the generator ¢;(n41) 
and the relation 
Cin + K(t,n)g = pei (nt): 


(ii) If the value of the function is not defined, then we introduce nothing. 


It is not difficult to prove that this is the required group. o 


Corollary 8.5 There is a constructivizable torsion-free abelian group A and 
a prime number p such that A does not have a constructivization with an 
algorithm for divisibility by p. 


Now we consider case (iii). Let A be a group with a decidable theory, 
and y,(A) = w for some prime number qg. We assume that condition (i) is 
not satisfied. Hence the sets 


My = {1 | Qpn(A) # 0} 


are finite. In §5, we gave the definition of a torsion-free R,-group. Let the 
group G be built according to Proposition 8.4 for p = q. G can be put 
q-purely into a constructivizable torsion-free R,-group G. Let 


Hy = Q{Z |n ew} @ ZY @ RPM, 
A = O{Hy|Pe P\ {9} © O{Zen” |n eu} © ZS” @G. 


We prove that A is the required group. It is clear that the group A is 
constructivizable, and A = A. Suppose that (A,7) is strongly constructive, 


m = max{n|ne€ M,}, and A, = {rE A|g™*!s = 0}. 


The subgroup A, is definable in A. Therefore the factor group A/A, is 
strongly constructivizable, and its g-subgroup is divisible. The group G is 
contained purely in A/A,. This contradicts Proposition 8.4. Hence A is not 
strongly constructivizable. The theorem is proved for case (iii). 


Finally, suppose that A does not satisfy any of (i)-(ili), and (A,v) is 
constructive. From Proposition 5.1, it follows that this group is strongly 
constructive. Oo 
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9 Constructivizability of subgroups 
and factor groups 


Let B be a subgroup of a (strongly) constructivizable group A. We consider 
the question: are B and A/B constructivizable? Theorems 2.2 and 2.7 give 
an affirmative answer for the following cases. 


(i) Bis the periodic part of the constructive group (A,v), 


(ii) B is a recursively enumerable subgroup of the constructive group (A, Vv) 
such that the factor group A/B is torsion-free. 


In this section, we examine this question for the following cases. 
(1) B is the reduced part of A, 

(2) B has finite index in A, 

(3) B is the periodic part of A. 


9.1 A reduced part 


In §2 and §3, we constructed (strongly) constructive p-groups such that the 
reduced parts of those groups were not (strongly) constructive. Here we 
construct a strongly constructivizable torsion-free group whose reduced part 
is not constructivizable. The method of proof of this result is used in §9.2 to 
answer a question of Macintyre. Let p be a prime number, and assume the 
values of the functions defined below are in the set {0,1,..., p—1}. Let F 
be some family of recursive functions, and v be a computable numeration 
of F. We construct a strongly constructive torsion-free group (F',7) from 
this pair (Fv) in the following way. Let 


A = Qa) & P{Abio) | 7 € wv}, 


where Q(z) = {rx | r € Q}, z = a, bio, ie., A ~ Q”. It is easy to verify 
that there is a constructivization a of A such that the set {a, bio | i € w} is 
recursive in (A,q@). Define the group F to be the subgroup of A generated 
by the elements a/n, 6;;/n, 1,7 € w, such that (p,n) = 1, and the following 
condition holds for each 0;;. 


bi + v(a)(g)a = pbs G4 
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The subgroup F is recursively enumerable in (A,a@). According to Propo- 
sition 1.4, there is a numeration of F’ such that the identity embedding 
id : F - A is a recursive isomorphism of (F,7) into (A,a). The group 
F is a torsion-free R,-group. It is easy to check that the theory Th(F) is 
decidable, and a Kulikov basis of F consists of a unique element a. From 
this fact, and Propositions 1.1 and 5.1, we obtain: 


Lemma 9.1 The pair (F,7) is a strongly constructive torsion-free Rpy-group. 
The element a € F is not divisible by p, and the factor group F/(a) is 
divisible. 


We need some further concepts from the theory of numerations. Let f 
and g be functions. We say that f is quasi-equal to g if 


dk Vs > k (f(s) = 9(s)), 
and denote this by f & g. 


Let F be a family of recursive functions, and Fy = F/ ~. A numeration 
v' of the family Fy is called computable if there is a computable sequence of 
recursive functions {f,, |m € w} such that fin € v’m. 


Proposition 9.2 (N. G. Khisamiev and Z. G. Khisamiev [56]). /f the re- 
duced part R of the groups F is constructivizable, then there is a family 
F" of recursive functions such that F C F", and F'/ & has a single-valued 


computable numeration. 


Proposition 9.3 (N. G. Khisamiev and Z. G. Khisamiev [56]). There is a 
computable family F of recursive functions such that for every family F’ of 
recursive functions containing F’, the family Fy, does not have a single-valued 
computable numeration. 


It follows from Propositions 9.2 and 9.3, that 


Corollary 9.4 There is a strongly constructive torsion-free abelian group 
whose reduced part is not constructivizable. 


Proof. Let the family F of recursive functions be defined according to 
Proposition 9.3, and let »v be a computable numeration of F. From the 
pair (Fv), construct the numerable group (F',7). By Lemma 9.1, (F,7) 
is strongly constructive. From Propositions 9.2 and 9.3, it follows that the 
reduced part of F is not constructivizable. Oo 
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Remark 9.1 If the divisible part of a strongly constructive torsion-free 
abelian groups has finite rank, then the reduced part is strongly construc- 
tivizable. 


Remark 9.2 The reduced part of a strongly constructive torsion-free abel- 
ian group is [I?-constructivizable. 


9.2 Ordered fields 


The methods used in the proof of Corollary 9.4 can be used to answer the 
following question of Macintyre: is the ordered field of primitive recursive 
real numbers constructivizable? 


Recall that a real number a is called (primitive) recursive if and only if 
there are (primitive) recursive functions f, g, h and y such that the following 
conditions are satisfied. 


(i) ais the limit of the sequence 
O(n) = (f(r) — g(n))/A(n) 
of rational numbers, 
(ii) For each n,n’ > v(m), |®(n) — ®(n’)| < 1/2”. 


Here the functions are total, and take only the values 0,1. Let (S,v) be 
a numerable set, and 0 be an n—place relation on S. A numeration v of S is 
called positive relative to @ if and only if the set 


{ry ychecs Bap | O(isis<2 4 Bal} 


is recursively enumerable. Let F be a family of (primitive) recursive func- 
tions. For every function f € F’, define the (primitive) recursive real number 
ay = 0,nom --- where n; = f(z). Let F denote the ordered field of real 
numbers generated by ay;, f € F’. 


Proposition 9.5 /f the field F is contained in a constructivizable ordered 
field of real numbers, then there is a computable numeration w of a family 
SDF of recursive functions such that p is positive relative to %. 


The following proposition is a minor modification of Proposition 2 from 


Z. G. Khisamiev [55]. 
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Proposition 9.6 There is a family So of primitive recursive functions such 
that any family S of recursive functions containing So does not have a com- 
putable numeration which is positive relative to %. 


An ordered field Po of real numbers is called essentially non-constructi- 
vizable if and only if Po is not contained in any constructivizable ordered 
field of real numbers. 


Propositions 9.5 and 9.6 imply 


Corollary 9.7 (Khisamiev [49]). Any ordered field of real numbers con- 
taining the field of primitive recursive numbers is essentially non-constructi- 
vizable. 


Corollary 9.7 answers Macintyre’s question negatively. 


Corollary 9.8 The field P of all primitive recursive real numbers is non- 
constructivizable. 


Indeed, it is easy to see that if a € P, a > 0, then a € P. Hence the 
following formula is true in P. 


r<y = Juy-r=w) & afy 
Therefore, if the field P is constructivizable, then the ordered field 
(Pets tae) 
is constructivizable. This contradicts Corollary 9.7. 


Remark 9.3 Proposition 9.5 and Corollaries 9.7 and 9.8 are true after re- 
placing “field” by “abelian group”. Here, by abelian group we mean a sub- 
group of the additive group of the real numbers which contains 1. 


9.3. Subgroups of finite index 


The following theorem gives a sufficient condition for the constructivizability 
of a finite index subgroup of a constructivizable group. 


Theorem 9.9 (Khisamiev [41]). Let A be an abelian group such that the 
factor group A/T of A by its periodic part T has finite rank. Let B be 
a subgroup of A with finite index. A is (strongly) constructivizable if and 
only if B is. 
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The following proposition shows that the condition of finiteness of rank 
of A/T is essential in the previous theorem. 


Proposition 9.10 (Khisamiev [41]). There is a strongly constructivizable 
torsion-free abelian group which has an uncountable number of non-isomor- 
phic subgroups of index 2. 


Corollary 9.11 There is a strongly constructivizable abelian group having a 
non-constructivizable subgroup of index 2. 


9.4 Periodic part 


In §2, it was shown that the periodic part T and the factor group A/T of 
a constructivizable group A are constructivizable. For strongly constructi- 
vizable groups, the result is not true. 


Proposition 9.12 (Khisamiev [39]). There is a strongly constructivizable 
abelian group A such that its periodic part T is not strongly constructivizable. 


Proposition 1.1 implies: 


Proposition 9.13 The periodic part T of a strongly constructivizable 
abelian group A is strongly constructivizable if and only if the theory Th(T) 
is decidable. 


Corollary 9.14 Suppose the periodic part T of a strongly constructive abel- 
tan group A satisfies one of the following conditions. 


(i) T is a reduced subgroup, 
(ii) T is a direct sum of a finite number of its p-components. 


Then the subgroup T is strongly constructivizable. 
Finally, we consider the factor group A/T. 


Proposition 9.15 (Khisamiev [48]). There is a strongly constructivizable 
group A with a decidable theory such that the factor group A = A/T by its 
periodic part T has rank 1 and is not strongly constructivizable. 
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10 The arithmetic hierarchy of 
abelian groups 


Let X be a subset of the natural numbers. In the theory of recursive func- 
tions, the classes pio Ti* and AX, n € w, of the arithmetic hierarchy of sets 
play an important role. The scheme of inclusions between these classes is as 
follows. 


Gq a ¢ @ ae G 
i“ ‘XN SC »~ 
AX =1* = 5% = AX = DX no AX = yX nix dake ee) 
C q& CU 
ame ic ~ my 


Let Y denote one of these classes. If A’ is a class of groups, then let 
K(Y) denote the class of Y—-constructivizable groups in K’. If we replace Y 
by A(Y’) in (*), then we obtain the arithmetic hierarchy of groups for the 
class A’. This raises the question: which inclusions from (*) are strong? In 
this section, the question is answered for the following classes. 


(1) Torsion-free abelian groups. 
(2) Direct sums of cyclic groups. 


(3) Direct sums of cyclic and quasicyclic p-groups. 


10.1 Torsion-free groups 


From Corollary 2.12 we obtain: 


Corollary 10.1 If a torsion-free abelian group is UX -constructivizable, then 
it is AX —constructivizable. 


Let A be a torsion-free abelian group of countable rank, and fix a basis 
{a; | 7 € w} for it. The characteristic y(A) of A is the set 


x(A) = { (20, 16s) Qn-1,P,7)| 7 >0,p€ Pia; € Z, 
§.6.0:(064 25.4 -4, Pp) =, 


AE Jy(p'y = ado + +++ + Gn-1dn-1),7 € wh. 
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Proposition 10.2 /f the characteristic x(A) of a group A belongs to the 
class Ms n > 1, then there is a numeration yu of A such that (A,p) is a 
II* -constructivizable group, and (A,) has a recursively enumerable basis. 


From Theorem 2.2, Corollary 10.1 and Proposition 10.2, we obtain: 


Theorem 10.3 (Khisamiev [51]). [f a torsion-free group is UX, , ~constructi- 
vizable, n € w, then it is IX -constructivizable. 


Corollary 10.4 Any class L(Y) of the arithmetic hierarchy for the class L 
of torsion-free abelian groups coincides with one of the classes L(IIX), n € w. 
For each n there is an abelian group A, € L(IA,,) \ L(II*). 


Proof. The first part of the corollary follows from Theorem 10.3. We prove 
the second part. If n = 0, then the existence of a group A, follows from 
Corollary 9.4 and Remark 9.2. Let n > 1 and S, be a set of prime numbers 
such that 5S, € U9,, \ U?,,. Let A, denote the subgroup of the additive 
group of rational numbers generated by the set {1/p |p € S,}. By Proposi- 
tion 10.2, A, is II2,,-constructivizable. If A, is II}-constructivizable, then 
we have S, € D?,,. This contradicts the choice of 5). Oo 


10.2 Periodic abelian groups 


The following propositions give criteria for U*—- and II*~constructivizability 
of groups. These propositions are also of independent interest. 

Let {q; | 2 € w} be a sequence of prime numbers, and {n; | 7 € w} bea 
sequence of natural numbers. We let A = {Z, | 1 € w}. The set 


x(A) = {(p",k) |n,k>0,54,..., (ge! =--- = a5* =p")} 
is called the characteristic of A. 


Proposition 10.5 (Khisamiev [51]). A is UX -constructivizable if and only 
is the characteristic x(A) is a DX -set. 


Let the function g(x) be defined everywhere. The least natural number 
m, which is a value of the function in infinitely many places, is called a lower 
limit of g, and denoted by lim g(z) = m. If there is no such number, then 
lim g(x) = oo. 
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Proposition 10.6 (Khisamiev [51]). The abelian p-group 


G= {Zp | v€ wh, 


a; € wU {oo}, is I*-constructivizable if and only if there is an X —recursive 
function f(t,xr) such that 


G ~ @O{Z,» |i € w} 
where 8; = lim Ar f(t, 2). 
Using Theorem 3.4 and Propositions 10.5 and 10.6, we can prove: 


Theorem 10.7 (Khisamiev [51]). Let Lo be the class of direct sums of cyclic 
groups. All classes of the arithmetic hierarchy for Lo are different. 


Theorem 10.8 (Khisamiev [51]). Let L, be the class of groups which are 
direct sums of cyclic and quasicyclic groups. The following relations hold for 
the classes of the arithmetic hierarchy of Ly. 


(i) Ly As) = L,(II*), 
(ii) L,(2%) & L(y). 
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1 Introduction 


In this article we survey results of the last twenty years concerning recursive 
and on-line coloring of graphs. The subject began in the seventies as part of 
the effort by logicians to understand the effective content of various existence 
theorems in mathematics. One of the areas chosen for investigation was 
graph theory, and in particular, graph coloring. It is well known, and easy 
to prove using any of a number of forms of the compactness theorem, that 
for any finite number &, an infinite graph G is k-colorable iff every finite 
subgraph of G is k-colorable. It also is not hard to show that this is not an 
effective result. There exists a recursive k-colorable graph G which cannot 
be k—colored by any recursive function. Given such a state of affairs one can 
either study the degrees of unsolvability of k-colorings of G or try to find 
recursive colorings of G which do not use too many extra colors. Here we 
take the second course. Our goal is to discover interesting classes of recursive 
k-colorable graphs which can be recursively colored with a bounded number 
of colors. 
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It turns out that in most cases simply being recursive is not enough. For 
instance, there are acyclic (2-colorable) recursive graphs which cannot be 
recursively colored using finitely many colors. Some additional local infor- 
mation is required. The first interesting results were about highly recursive 
graphs. In highly recursive graphs every vertex has only finitely many neigh- 
bors and these neighbors can be effectively calculated. These results are 
discussed in Section 2. The problem of covering an ordered set by chains 
or antichains is closely related to graph coloring. However local information 
is not as vital. We shall see that if a recursive ordered set can be covered 
by finitely many chains or antichains, then it can be recursively covered by 
finitely many chains or antichains. These results are presented in Section 3. 
They give rise to more general questions concerning recursive colorings of 
recursive graphs which are answered by a very general theorem in Section 5. 

Problems concerning recursive coloring of recursive graphs are very closely 
related to the problem from computer science of on-line graph coloring. In 
this problem the vertices of a (usually finite) graph are presented one at a 
time and an on-line algorithm is required to assign them a color based only on 
information about edges of the graph between vertices already presented and 
the colors previously assigned to these vertices. Although there is no general 
theorem, results about on-line coloring can be routinely converted to results 
about recursive coloring of recursive (but not highly recursive) graphs and 
vice versa via diagonal arguments. But the study of on-line algorithms seems 
to be broader. There are many questions and results about on-line coloring 
which do not arise naturally from the study of recursive coloring. On-line 
coloring is introduced in Section 4. In the remaining sections all results 
are presented in terms of on-line coloring; most have easy translations to 
recursive coloring. In the last section we discuss a surprising application of an 
on-line coloring algorithm for the design of a polynomial time approximation 
algorithm for an NP-complete storage problem. In the remainder of this 
section we review our notation and terminology. 

A graph is an ordered pair G = (V, £) where E is a set of two element 
subsets of V. The elements of V are called vertices, and the elements of E 
are called edges. The sets of vertices and edges may be denoted by V(G) 
and E(G), respectively. Two vertices z and y are said to be adjacent if 
{z,y} € E. In this case we may write x ~ y or zy € FE. If x and y are 
not adjacent, they are non-adjacent or independent. A set of pairwise non- 
adjacent vertices is called an independent set. The neighborhood of a subset 


X of V is N(X) = {ye V:a~y, for some x € X}. If X = {zx}, we 
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abuse notation by writing N(x). The degree of a vertex x is d(x) = |N(2)|. 
The degree of a graph is the maximum A(G) of the degrees of the vertices 
of the graph. Let N°(X) = X and N'*1(X) = N(N'(X)). A k-coloring 
c of a graph G is a function c : V + C such that |C| = k and if ¢ ~ y 
then c(x) # c(y). In this case we say that G is k-colorable. The chromatic 
number of a graph G, denoted x(G), is the least integer k such that G is 
k-colorable. The elements of C are called colors, and, for any a € C, the set 
{vu € V: c(v) = a} is called a color class. 

A graph G = (V,E) is recursive if both V and FE are recursive sets. A 
k-coloring f of G is recursive if f is a recursive function. In this case G 
is said to be recursively k-colorable. The recursive chromatic number of G, 
denoted Yrec(G) is the least k such that G is recursively k-colorable. If I is 
a class of graphs, Xrec([) denotes the least k such that each graph G in T is 
recursively k-colorable. 

A path is a set of vertices {v) ~ vg ~ ++» ~ vu} with end points vy 
and y%;. Two vertices of a graph are connected if they are the end points 
of a path. Connectedness is an equivalence relation. The equivalence classes 
of this relation are called connected components. A graph is connected 
if it has only one connected component. <A cycle is a set of vertices 
{v) ~ vg ~ +++ ~ uy ~ vy}. A graph is acyclic if it does not contain a 
cycle. A tree is an acyclic connected graph. A clique in a graph G = (V, E) 
is a set of vertices A such that any two vertices are adjacent. The clique 
number of G, denoted w(G), is the size of the largest clique in G. The clique 
number of G' is an obvious lower bound on the chromatic number of G. The 
size of the largestindependent set in a graph G is denoted by a(G). 

A graph H = (W,F) is an induced subgraph of G if both W C V and 
zy € F iff xy € E, for all z and y in W. In this case we say that W induces 
H in G and write H = G[W]. 


2 Highly recursive graphs 


During the seventies and early eighties, several authors, including Manaster 
and Rosenstein [31], Bean [1], Schmerl [35, 36], and Kierstead [16] studied 
the relationship between the chromatic number and the recursive chromatic 
number of various classes of graphs. The subject nearly never got off the 
ground because of the following negative result of Bean. Note that acyclic 
graphs are certainly 2-colorable. 
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Theorem 2.1 (Bean [l]) There exists an acyclic recursive graph which 
cannot be recursively colored with finitely many colors. 


This led Bean to strengthen the notion of a recursive graph. A graph G = 
(V, £) is highly recursive if G is recursive, 6(z) is finite for every x, and dis a 
recursive function. The advantage of working with highly recursive graphs is 
that the neighborhood of any finite set S of vertices is finite, and moreover, an 
algorithm can compute this neighborhood by searching through the vertices 
of G until d(v) neighbors of v have been found for every v € S. Thus an 
algorithm can examine N(v), N(N(v)),..., N*(v) before committing itself 
to a color for v. Improving an earlier result of Bean [1], Schmerl proved the 
following fundamental theorem for highly recursive graphs. 


Theorem 2.2 (Schmerl [35]) Every k-colorable highly recursive graph is re- 
cursively (2k —1)-colorable. Moreover, there exist k-colorable, highly recur- 
sive graphs which are not recursively (2k — 2)-colorable, for every k > 2. 


Proof. Let G = (V,E) be a k-colorable highly recursive graph. Then 
the vertices of G are natural numbers, say {vu < v2 < ...}, where < is 
(non-standard) notation for the standard order on the natural numbers. We 
must exhibit an algorithm for (2k — 1)-coloring G. First note that it is easy 
to recursively 2k-color G. Use two disjoint k-sets A = {a1,..., ax} and 
B= {f1,..., 8} of colors. First color Vi = {v1} with a;. Then color the 
finite set V2 = (N(V,) U {v2}) — Vi with colors from B by trial and error. 
Next color V3 = (N(V2) U {v3}) — V2 with colors from A, etc.. 


In order to save a color, let ANB = {a,} = {1}. Recursively partition V 
into sets V,, V2, ... by setting Vi = {v,} and Vigi = (N?(Vj)U {vi41}) — Ui, 
where U; = YU --- UV;. Let Xi4, = N(U;) — U; and Yi4n = Vian — Xiat. 
Suppose we have colored U; with AU B so that: 


(i,a) Colors from only one set, say A, are used on vertices of Y;, and 


(i,b) this coloring can be extended to a coloring f of U; U X;41 so that 
only colors for A are used on X;41. 


It suffices to construct a coloring h of Uiz; such that (¢+1,@) and (2 + 1,6) 
hold. By trial and error find a coloring g of V;,;U Xj42 which only uses colors 
from B. Define h by 


h(v) f(v), ifveU;, or both v € Xi41 and f(v) # a; 
h(v) = g(v), otherwise. 
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It is easy to check that h is a (proper) coloring of U;,, which satisfies (7+ 1, a) 
and (2 + 1,6). 


Next we show that there is a k-colorable highly recursive graph which 
cannot be recursively (2k—2)-colored. We use a standard diagonal argument 
to construct G. The vertex set of G will consist of disjoint parts Vi, Vo,..., 
one for each of the countably many possibilities y;, ~2,... for recursively 
coloring G. There will be no adjacencies between vertices in different parts. 
Thus, to ensure that G is k-colorable it suffices to ensure that each part 
is k-colorable. The e-th part will be constructed using a “wait and see” 
argument so that y. does not properly (2k — 2)-color V.. We construct a 
k-colorable graph G, on V, by presenting the vertices of V. one at time so 
that both the adjacency relations between a newly presented vertex v and 
previously presented vertices, and the degree of v, are determined at the time 
v is presented. 


In the case k = 2, the construction of G, is very simple. We begin by 
building two disjoint paths (z,,..., x;) and (y1,..., y). Each time a new 
vertex x; or y; is presented, we let its degree be two if 7 > 1 and one if 
j = 1. If y eventually uses the same color on x; and yj;, then the only way 
for y. to 2-color G, is to give the same color to z; and y;. At this time 
we complete the construction of G, by presenting two more vertices z and 
y so that z; ~ x ~ yw~ y;. Then y, will be forced to use three colors on 
the set {2;, 2, y, y:}. If y. eventually uses different colors on x; and y;, Ye 
must use different colors on z; and y;. Thus we complete the construction by 
presenting one more vertex x such that z; ~ x ~ y;. Then y will be forced 
to use three colors on the set {z;, 7, y;}. If. never colors one of x; and y, 
then y, is not a 2-coloring of G., which will consist of two one-way infinite 
paths. 


For the general argument we replace vertices of the paths by copies of a 
special subgraph M and the edges of the path by connection sets of edges 
between the copies of M. The subgraph M will be k-colorable as will be a 
path consisting of copies of M connected by connection sets. A (2k — 2)- 
coloring of M will induce a parity and two copies of M connected by a 
connection set will have opposite parity. 


Let M = (V,E) where V = {mij :1 < i,j < k} and mj; ~ mg iff both 
1 #s and j # t. We visualize M as a matrix and refer to the 7-th row 
R; = {mis 1 <7 <k} and the j-th column C; = {mi :1 <i < k}. Note 
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that the diagonal {m;;: 1 < i < k} of M is a k-clique and that the rows 
and columns of M are independent sets. Thus we can k-color M either by 
using the rows or the columns as color classes. If ¢ is a coloring of M we say 
that M is c-row (column) colorful if c uses k different colors on some row 


(column) of M. 


Claim 1 If c is a (2k — 2) coloring of M, then M is either c-row or 
c-column colorful. 


Proof. Otherwise each row R; has a repeated color p; and each column 
C; has a repeated color y;. It is easy to check that since c is a coloring, 
l{ps,.¥s : 1 < s < k}| = 2k. But this contradicts c being a (2k — 2)- 
coloring. Oo 


Claim 2 If c is a (2k — 2)-coloring of M, then M is not both c-row and 
c-column colorful. 


Proof. Suppose row R; witnesses that M is c-row colorful and column 
C; witnesses that M is c-column colorful. Then it is easy to check that c 
must use 2k — 1 colors on R; UC;. But this contradicts c being a (2k — 2)- 
coloring. Oo 


We say that two copies of M which have been colored by c have the same 
parity if they are both c-row colorful or both c-column colorful. If one is 
c-row colorful and the other is c-column colorful, then we say that they have 
opposite parity. Claims 1 and 2 show that these notions are well defined 
when c is a (2k — 2)-coloring. Next we define connection sets so that two 
copies of M joined by a connection set have opposite parity. 


Let A and B be two copies of M where each m,; in M corresponds to a;; 
in A and };; in B. We shall say that A and B are adjacent in G, if A and B 
are both induced subgraphs of G, and aj; ~ b, iff both 1 # t and 7 # s. The 
edges {{a;j,b:}:14t and 7 # s} are the connection sets referred to above. 
The following claim is proved in much the same way as the previous claim. 


Claim 3 If A is adjacent to B in G, and c is a (2k —2)-coloring of G., 
then A is row colorful iff B is column colorful. 


Now we are prepared to construct G,. Replace each z; in the case k = 2 
by a copy A; of M and join each A; to A;4; by a connection set. Similarly 
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replace each y; with B; joined to Bj4,. If y. is a (2k — 2)-coloring which 
eventually colors both A; and B, so that they have the same parity, then y, 
must color A; and B; so that they have the same parity. We then complete 
the construction of G, by adding copies A and B of M which play the role 
of x and y in the case k = 2. At this point y, cannot be a (2k — 2)- 
coloring of G,. The other possibilities are handled analogously. Note that 
whenever we introduce a new vertex in this construction we can specify both 
its adjacencies to previous vertices and its eventual degree. Thus G will be 
highly recursive. Oo 


A graph G is said to be perfect if y(H) = w(#) for every induced subgraph 
H of G. Examples of perfect graphs include comparability graphs and co- 
comparability graphs of partial orders. Kierstead showed that in the case 
of perfect graphs Schmerl’s technique could be considerably improved by 
searching farther in the graph before committing to the color of a vertex. 


Theorem 2.3 (Kierstead [16]) Every perfect, k-colorable, highly recursive 
graph is recursively (k + 1)-colorable. Moreover there exist perfect, k—color- 
able, highly recursive graphs which are not recursively k-colorable. 


Brooks’ Theorem [2] states that, for any graph G, x(G) < A(G), unless 
A(G) < w(G), or both A(G) = 2 and G contain an odd cycle. Schmerl 


proved that Brooks’ Theorem is effective in the following sense. 


Theorem 2.4 (Schmerl [36]) Let G be a highly recursive graph. Then 
Xrec(G) < A(G), unless A(G) < w(G), or both A(G) = 2 and G contain an 
odd cycle. 


Two edges d and e of a graph are adjacent if they share a vertex. In this 
case we write d ~ e. A k-edge coloring c of a graph G isa function ec: EF > C 
such that |C| = k and if d ~ e then c(d) # c(e). In this case we say that G 
is k-edge colorable. The chromatic index of a graph G, denote y'(G), is the 
least integer k such that G is k-edge colorable. A k-edge coloring f of G 
is recursive if f is a recursive function. In this case G is recursively k-edge 
colorable. The recursive chromatic inder of G, denoted x/,.(G) is the least 
k such that G is recursively k—edge colorable. Vizing’s Theorem states that, 
for any graph G, y'(G) < A(G)+1. Kierstead proved that Vizing’s Theorem 
is almost effective. 
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Theorem 2.5 (Kierstead [16]) Let G be a highly recursive graph. Then 
Xree(G) < x'(G) + 1(< A(G) + 2). 


As stated the theorem is tight, since previously Manaster and Rosenstein 
had proved: 


Theorem 2.6 (Manaster and Rosenstein [31]) There exists a highly recur- 
sive graph G such that x’(G) = A(G), but x'(G) < x/,.(G). 


However, Vizing’s Theorem may actually be effective. The most interest- 
ing open question concerning recursive coloring of highly recursive graphs is 
probably: 


Question 2.7 Is y',.(G) < A(G) +1 for every highly recursive graph G? 


3 Recursive ordered sets 


The first indication that there might be interesting statements to prove re- 
garding recursive coloring of recursive graphs in general arose from the study 
of recursive ordered sets. An ordered set is a pair P = (X,<), where < is 
a reflexive, antisymmetric, transitive relation on X. The ordered set P is 
recursive if both X is a recursive set and < is a recursive relation. If x and y 
are points in X such that either c < y or y < x, then z and y are said to be 
comparable; otherwise, they are incomparable. The comparability graph of P 
is the graph C(P) = (X, E) where two vertices x and y are adjacent iff they 
are comparable points in P. Similarly, the co-comparability graph of P is the 
graph C'°(P) = (X, E*) where two vertices x and y are adjacent iff they are 
incomparable points in P. A chain in P is a clique in C(P) and an antichain 
in PisacliqueinC°(P). The height of P is h(P) = w(C(P)) and the width of 
P is w(P) = w(C(P)). It is well known that x(C(P)) = w(C(P)), ie., P can 
be partitioned into h({P) antichains. Dilworth’s Theorem may be formulated 
as x(C°(P)) = w(C*(P)), i.e., P can be partitioned into w(P) chains. A com- 
parability (co-comparability) graph is the comparability (co-comparability) 
graph of some ordered set. Because every induced subgraph of a compara- 
bility (co-comparability) graph is a comparability (co-comparability) graph, 
comparability (co-comparability) graphs are perfect. Kierstead answered a 
question of Schmerl with the following theorem: 
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Theorem 3.1 (Kierstead [15]) Every recursive ordered set of width w can 
be partitioned into (5” —1)/4 recursive chains. 


Kierstead also constructed examples of recursive ordered sets of width w 
which could not be partitioned into w*/* recursive chains. Szemerédi and 
Trotter [40] improved the exponent to 2. Theorem 3.1 led Schmerl to ask the 
following question, which we shall answer in Section 5. 


Question 3.2 (Schmerl [36]) Does there exist a function f such that, for 
any recursive co-comparability graph G, Xrec(G) < f(w(G)) ? 


The reason Theorem 3.1 does not answer Schmerl’s question is that one 
can construct recursive co-comparability graphs which are not the co-com- 
parability graph of any recursive ordered set (see Penrice [33]). Moreover the 
algorithm in the proof of Theorem 3.1 makes explicit use of the order relation 
of the partial order, not just its comparability graph. In fact, Schmerl showed 
that for the complementary problem the order relation is crucial. Since every 
acyclic graph is the comparability graph of an ordered set of height two, 
Theorem 2.1 shows that there exist recursive comparability graphs G such 
that w(G) = 2 and Yrec(G) = oo. In contrast, we have: 


Theorem 3.3 (Schmer! [34]) Every recursive ordered set of height h can 
be covered with (h + 1)h/2 recursive antichains. Moreover, for all positive 
integers h, there exists a recursive ordered set of height h which cannot be 
covered with (h + 1)h/2 —1 recursive antichains. 


Proof. Let P = (X,<) be a recursive ordered set of height h. Then the 
points of X are natural numbers. Say X = {t; < x2 < ...}, where < is 
the standard order on the natural numbers. Let X; = {z1,... , zi}, 


Ule;) = {y € X;>2; <y} and D(z;) = fy € X;: 2; 2 y}. 


Let u(z;) and d(x;) be the length of the longest chain in U(z;) and D(z;), 
respectively. Notice that u(x;)+d(2;) < h+1. Partition P into the sets Aya, 
for 1 <u, d <h, by assigning 2; to A.(z;)d(z,)- Clearly the Ayg are recursive 
sets and there are at most (h+1)h/2 of them. It remains to show that they are 
antichains. Suppose z; isin Ayg and2 < j. If 2; < 2;, then d(z;) < d(z;)=d 
and thus 2; ¢ Ayg. Similarly, if 2; < x;, then u(z;) < u(z;) = u and thus 
2; ¢ Aug. Thus Ayg is an antichain. 
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Next we construct a recursive ordered set P = (X,<) of height h, which 
cannot be partitioned into (hk + 1)h/2 — 1 recursive antichains. We use a 
standard diagonal argument to construct P. The universe X will consist of 
disjoint parts X,, X2,..., one part for each of the countably many possibil- 
ities Y1, Y2,--. for partitioning P into recursive antichains. There will be 
no comparabilities between the parts X.. Thus to insure that P has height 
at most h, it suffices to ensure that each part has height at most h. The e-th 
part will be constructed using a “wait and see” argument so that y, does not 
partition X, into fewer than (kh +1)h/2 antichains. Note that, in contrast to 
the case of highly recursive graphs, we do not have to add to X, until y, as- 
signs all the points currently in X, to antichains. So it remains to show that 
we can construct a height h ordered set P, on X, by presenting the points of 
X, one at a time, and at the time the z-th point is presented, determining 
its comparability relations to the previous points based only on information 
about the antichains to which y, has assigned the previous points. 

The ordered set P. will consist of chains Cy,,...,Cin, Car,.--, 
Con-1,--- ,» Cyr, constructed in that order, such that: 


(0) A(Cij) <h+1-12; 


1) ife €C;; and y € Cy, with (2,7 $,t), then z is incomparable 
j p 
to y, except that when s < i and y is the maximum element of 
Cy, then x < y; and 


(2) for 2 € {1,...,h}, if y partitions P, into antichains, then y, 
is forced to assign the maximum elements m;,,... , Min4i-i_ of 
Cy, ---, Cingi_i to distinct antichains. 


Note that by (0) and (1) P. will have height A and by (1) and (2) y, will be 
forced to assign the (Ah + 1)h/2 elements m;; to distinct antichains. Each of 
the chains C;; is constructed by continuing to add points, which satisfy (1), 
to the top of the existing chain, until (2) is satisfied. Note that we will need 
at most 7 < A+ 1-1 elements for C;;. Oo 


An interval order is an ordered set whose points can be represented by 
intervals of the real line so that a point z is less than a point y iff the right end 
point of the interval which represents z is less than the left end point of the 
interval which represents y. An interval graph is the co-comparability graph 
of an interval order. Kierstead and Trotter answered Schmerl’s question for 
the special case of interval orders. 
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Theorem 3.4 (Kierstead and Trotter [28]) For every recursive interval 
graph G, Xrec(G) < 3w(G) — 2. Moreover, for every w there exists a re- 
cursive interval graph G with w(G) = w such that Xrec(G) = 3w — 2. 


The following question remains open and is of great interest. 


Questions 3.5 (Kierstead [15]) Does there exist a polynomial p such that ev- 
ery recursive ordered set of width w can be covered by p(w) recursive chains? 


Finally we mention one application of Theorem 3.1 to the dimension 
theory of ordered sets. A linear order is an ordered set such that all points 
are pairwise comparable. A d-realizer of an ordered set P = (X,<) is a 
collection of d linear orders © = {L,; = (X,<i),..., La = (X,<a)} such 
that «x <yiffe <;y fori € {1,...,d}. The realizer ¥ is recursive if each 
of the L; are recursive. The (recursive) dimension of an ordered set P is the 
least integer d such that there exists a (recursive) d-realizer of P. A crown 
is a height two ordered set on at least six points whose comparability graph 
is a cycle. It is not too difficult to prove that the dimension of an ordered 
set of width w is at most w (see [14]). The recursive dimension of a recursive 
ordered set of width w can be infinite; however, Kierstead, McNulty, and 
Trotter proved: 


Theorem 3.6 (Kierstead, McNulty, and Trotter [22]) Let P be a recursive 
ordered set of width w, which does not contain a crown. Then the recursive 
dimension of P is at most ((5” —1)/4)!. 


4 On-line coloring 


An on-line graph is a structure GS where G = (V,E) is a graph and < 
is a linear order on V. The linear order < is called a presentation of G. 
Let GS denote the on-line graph induced by the <-first n elements V, = 
{v1 <--- < un} of V. An algorithm (Turing machine) A for coloring the 
vertices of an on-line graph is said to be an on-line algorithm if the color 
of the n-th vertex v, is determined solely by the isomorphism type of GS. 
Intuitively, the algorithm A colors the vertices of GS one vertex at a time 
in the externally determined order v) < ve < ---, and at the time a color 
is irrevocably assigned to v,, the algorithm can only see GS. The number 
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of colors that A uses to color GS is denoted by x,(GS). The maximum 
of x, (GS) over all on-line presentations < is denoted by x,(G). If T is a 
class of graphs, the maximum of y , (G) over all G in I’ is denoted by y, (I). 
The on-line chromatic number of T', denoted by xoi(T), is the minimum of 
x,(P) over all on-line algorithms A. A simple but important example of 
an on-line algorithm is the algorithm First-Fit, which colors the vertices 
of G with an initial sequence of the colors {1, 2, ...} by assigning to the 
vertex v the least color that has not already been assigned to any vertex 
adjacent to v. 

Let G be a recursive graph. Then the vertices of G are integers. Let < 
be the presentation of G in which the vertices have their natural order. Then 
the coloring of GS produced by an on-line algorithm A is a recursive coloring 
and so Yrec() < xo(P). There are several technical problems which prevent 
us from reversing this inequality in general. However, all our lower bounds 
for on-line chromatic number will have easy translations to lower bounds for 
recursive chromatic number. Perhaps it would be interesting to develop a 
general formulation of this equivalence. 

When the on-line chromatic number of a class of graphs I is finite it is 
the same as the on-line chromatic number of the class F(T) consisting of all 
finite induced subgraphs of graphs in [. In the remainder of this article we 
restrict our attention to on-line algorithms for coloring finite on-line graphs. 
This makes for a more interesting theory since we can discuss bounds on the 
on-line chromatic number of a graph in terms of the cardinality of its vertex 
set. 

Let [, be the class of finite kK-colorable graphs and 


[.(n) = {(V,E) eT, : |V| <n}. 


We first consider bipartite (2-colorable) graphs. Here the situation is well 
understood. We first prove a more precise version of Theorem 2.1. 


Theorem 4.1 For every on-line algorithm A and positive integer t, there 
exists an on-line tree T< with 2'~' vertices such that x,(TS) 2 t. 


Proof. Argue by induction on t. The base step t = 1 is trivial, so consider 
the case t = s + 1. We claim that, by the induction hypothesis, there exists 
an on-line acyclic graph F< with components TS, ..., 7 such that A 
uses i colors on T; and T; has 2*~! vertices. The existence of T;< follows from 
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the induction hypothesis applied to A = A;. The existence of TS U TS 
follows from the induction hypothesis applied to A», the on-line algorithm 
which colors an on-line graph GS in the same way that A would color G“ 
after first coloring T, etc.. Choose a set of vertices Y = {y1,... , ys} such 
that y; € V(T;) and A assigns different colors to each vertex in Y. Now we 
obtain 7; by adding one last vertex z to F“ so that, for i € {1,..., s}, 
zx is adjacent to y;. Then A uses ¢ colors on the set Y U {r}. Oo 


Lovasz, Saks, and Trotter found a nearly optimal on-line algorithm for 
the bipartite case. This combined with Theorem 4.1 yields 


—l+logn < x,(T2(r)) < 142 log n. 


Theorem 4.2 (Lovasz, Saks, and Trotter [30]) There exists an on-line 
algorithm A such that for every 2-colorable graph G on n vertices, x ,(G) < 
1+2 log n. 


Proof. Let G& = (V, E) be an on-line graph, where v; is the «th vertex in 
the presentation <. When v; is presented there is a unique partition (11, /2) 
of the connected component of v; in GS into independent sets such that 0; 
is in fj. The algorithm A assigns v; the least color not already assigned to 
some vertex of [9. 

It suffices to show that if A uses at least ¢ colors on any connected compo- 
nent of G&, then that connected component contains at least 2l'/2! vertices. 
We argue by induction on 7 and note that the base step is trivial. For the 
induction step, observe that if A assigns v; color k +2, then A must already 
have assigned color k to some vertex v, € J, and color k + 1 to some other 
vertex in /7. Thus A must have assigned color k to some vertex v, € I. 
Since A assigned v, and v, the same color, v, and v, must be in separate 
components of GS, where r = max{p,q}. Thus, by the induction hypothesis, 
each of these connected components must have at least 2!*/*) vertices and so 
the component of v; in GS has at least 2l(*+?)/21 vertices. Qo 


The situation in general is much harder. Already in the case of 3-colorable 
graphs very little is known despite several clever ideas and hard arguments. 
The following example of Szegedy shows that when n is relatively small 
compared to k, then no on-line algorithm can do very well on all graphs 


in T,(7). 
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Theorem 4.3 (Szegedy [39]) For every on-line algorithm A and positive 
integer k, there exists an on-line graph G& € T,(k 2") such that x (GS) > 
2* — 1, 


Proof. We construct GS in stages; GS is constructed at the sth stage, 
which consists of three steps. First we introduce a new vertex v, together 
with all edges from v, to previous vertices. Next we determine the color 
A(vs) = c, which A assigns vs. We may assume that c € {c1,... , Cty}. 
Finally we assign a color f(vs) € {r1,..., Tx} to vs. Let C; be the set of 
vertices that A has colored c;, let R; be the set of vertices that we have 
colored r;, and let X;; = R; Cj. We shall try to maintain the following 
induction hypothesis: 


(1) f is a k-coloring, and 
(2) |X| <1 for all i € [Kk] and 7 € [2* — 1). 


By (1), GS is k-colorable; and by (2), G“ has less than k 2* vertices. Thus 
it suffices to show that we can maintain (1) and (2) until A uses 2* —1 colors. 


Let SC {1,..., k} = [k]. We say that S is represented if there exists 7 
such that 7 € S iff X;; 4 @. If every non-empty subset of [k] is represented 
then A has already used 2* — 1 colors and we are done. Otherwise, suppose 
S is a nonempty subset of [k] which is not represented. Let v, be adjacent 
to v iff v € R; andi ¢ S. Suppose A colors v, with c;. Then X;; = @ for 
alla ¢ S. Thus, since S is neither empty nor represented, there exists 1 € S 


such that X;; = @. Let f(v,) =72. QO 


Note that for n < k2*, the above argument shows that for every on- 
line coloring algorithm A, there exists a k—-colorable on-line graph GS on n 
vertices such that A uses at least n/k colors on one color class of some 
k-coloring of GS. With a little extra care, Vishwanathan used the idea of 
the proof of Theorem 4.1 to prove: 


Theorem 4.4 (Vishwanathan [41]) For every on-line algorithm A, for all 
positive integers k, and for arbitrarily large n, there exists an on-line graph 
GS €T,(n) such that 


((-1 +4 log n)/(2k +1) )*7 
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Proof. For fixed parameters c,t > 1, let 


n(a, b) = peat oer) = 9°), 


x(a,6) = at fora >1, and 


x(1,)) 1. 


(For this proof c will be 1, but later we will change the value of c in the proof 
of Theorem 4.13.) We shall recursively construct classes ['(a,6) consisting 
of pairs (G“,J), where GS is an on-line graph and / is a distinguished 
independent set. The sets (a, 5) will have the following properties: 


(1) for all (GS, ) in ['(a,6), GS has at most n(a, 6) vertices; 


(2) for all (GS, 7) in T(a,6), GS can be a-colored so that J is con- 
tained in a color class; and 


(3) for every on-line algorithm A, there exists a pair (G“, /) in I'(a, 6) 
such that A uses at least y(a,6) colors on the vertices of I. 


For all 6 let [(1,6) = {(GS,1I)}, where J = V(G) consists of a single 
vertex. Then (1), (2) and (3) are satisfied. Now suppose that, for every 
on-line algorithm A and integer 6 we can construct ['(a — 1,6) satisfying (1), 
(2) and (3). Let [(a,1) = (a —1,t). Then (2) holds. Clearly (1) and (3) 
are satisfied by (GS,J) € ['(2,1). Suppose a > 2. Then (1) and (3) hold, 


since 
(i) for all (G@“, 7) € [(a, 1), 
\V(G)| < n(a—1,t) = p2c(a—1)t (oct) — 2°) 
< #2) = nla), 
and 


(ii) A uses at least x(a — 1,¢) colors on J while coloring G“, for some 


(GS,I) €T(a,1), and 


t a-3 1 a—2 
> = 
(a9) = Gap x(a, 1). 


x(a—1,t) = 
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Finally, suppose that we have constructed ['(a, 6—1)<. Let 
GS+HS+BS+E 


denote the on-line graph formed from disjoint copies of the on-line graphs 
GS“, H© and BX by adding the edges in E to the union of the copies, and 
presenting all the vertices in G, H and B according to <, with the vertices 
of G followed by the vertices of H, followed by the vertices of B. Let I'(a, 5) 
consist of all pairs of the form (GS + H“ + BS + E, J), where 


(GS, 1,), (H*, hz) € T(a,b-1), 
(BS, Is) € T(a—1,2t), 

Eo= {iv:i€handveV(B)}, and 
Je {hUh, hub}. 


First note that for J € {1,U In, I2U Js}, (GS + HS + BS + E, J) can be 
a-colored so that J is contained in a color class. Thus (2) holds. Arguing 
as in the proof of Theorem 4.1, and using the induction hypothesis, for any 
on-line algorithm A there exist pairs 


(GS), (HS,I2) €T(a,b—-1) and = (BS, J5) € T(a 1,2) 


such that A uses at least y(a,b— 1) colors on each of J; and J, and A uses 
x(a —1,2t) colors on Is. If A does not use x(a,6—1) + $ x(a —1, 2t) colors 
on J, U Jz, then A uses the same x(a, 6) — 3 x(a — 1, 2t) colors on both i; 
and Jz. Since every vertex of /3 is adjacent to every vertex of J,, none of 
these colors are used on J3. Thus A uses x(a,b— 1) + $ x(a — 1, 2t) colors 
on I, U Js. Thus (3) holds, since 


(iii) x(a,b-1) + 5x(a~1,2t) > 


Finally, (1) holds since 
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(iv) IV(G)| 


IN 


2n(a,b—1) + n(a—1,2t) 

) * g2cat (oe _ 0) os g2c(a-1)t (ger) _ 2°) 
g2cat [222 a) 9°) a 2°) 

g2cat Qa _ 2) = n(a, b). 


IN” IN 


IN 


To prove the theorem, fix a size s. Choose 6 = t so that n = n(k,b) > s. 
Then for each (G“,/) in [(k,t), GS has at most n vertices. For some 
such GS, 
tel 


(k-1)° 


x,(GS) 2 
Also logn < c(2kt +t+1). Thus 


((—e + log n)/(2ck + c))* 
(k- 1) ; 


Taking c = | we are done. O 


xX, (GS). 2 


The first sublinear upper bound on yoi(Py(n)) was obtained by Lovasz, 
Saks, and Trotter. When k is not fixed, Szegedy’s example shows that their 
upper bound is reasonably tight. However when k is fixed there is a huge 
gap. Here log) denotes log iterated k times and log” n is the least integer ¢ 
such that log’) n < 1. 


Theorem 4.5 (Lovasz, Saks, and Trotter [30]) For every integer k > 3 there 
exists an on-line algorithm A such that for every on-line k-colorable graph 
GS on n vertices, X,(G*) = O(n log'*-*) n/log?*-4) n), Moreover, there 
exists an on-line algorithm B such that for every on-line graph GX on n 
vertices x, (GS)/x(G) < O((n/log* n)). 


In some sense their algorithm is a complicated on-line implementation 
of the following (off-line) polynomial time algorithm A(k,t) for coloring 
3-colorable graphs, which we call Modified First-Fit. First color G = (V, E) 


with First-Fit. Save the first t color classes C,, ... , C;. Let 
X=V- JU CG, 
1<i<t 


Each vertex in X is adjacent to a vertex in each of the C;. Fix 7 and let 
C; = {vi ,-.., visi}. Partition X into residue sets Ri, ... , Ri.(i), where 


Ry = {x €X:v; ~ 2 and not vj, ~ x for any h < 3}. 
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Using disjoint color sets, 2-color each Rj; in polynomial time. This is 
possible since R;; C N(v,;). Thus we obtain a (¢ + 2s(2))-coloring of G. 
Letting ¢ = n'/? and choosing i so that |C;| is as small as possible, we obtain 
a (3n!/?)-coloring. The problem in implementing this algorithm on-line is 
that we do not know ahead of time which color class C; will be minimum. 
Thus we must hedge our bets. 


We shall need the following easy combinatorial lemma. 


Lemma 4.6 Let 6 be a constant with 0 < 6 < 1/2. Let F be a family of 
subsets of a finite set S such that both 


(i) |R| > d|S|, and 
(ii) |RNQ| < 8|S|/2, for all R,Q€ F. 
Then |F| < 2/6. 
Proof of Theorem 4.5. The second statement is an easy consequence of 


the first. We shall sketch the proof of the first. 


Let GS = (V,E) be an on-line graph. For fixed positive integers d 
and m with d < m/2 we make the following definitions. Let ¢; = d/m and 
Esti = €2/2. Then €, = 2(d/(2m))?""". An r-subset R C Vm is legal if 
either R = 9 or |M.,er N(vs) NV;| > ¢-m. Using these parameters, we define 
an on-line procedure Partition(d,m, f), where f is a d-coloring of GS for 
some i < m with color classes {C,, ..., Ca}. Partition(d,m, f) partitions 


the vertices of GS into independent sets {D,,..., Da), with C; C D;, and 
legal residue sets {9, R,, Ro,..., Rx}, for some natural number x. When 


a new vertex v, is presented Partition(d,m, f) assigns v, to: 


(1) Dj, for some 7 such that D; U {v;} is independent, if possible; 
otherwise 


(2) R;, where R; is maximum subject to R; U {v,} being legal. 


Notice that if (1) fails for v, then {v,} is legal and so it is possible to sat- 
isfy (2). Also, each residue class is contained in the neighborhood of a single 
vertex and thus is (k — 1)-colorable. 


Claim 1 When Partition(d, m, f) terminates there are at most 2/é, residue 
sets of size t. 
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Proof. We shall apply Lemma 4.6 with 6 = e;. Consider the family F = 
{W; : Wi = Mu.er,N(vs)NV, and |R;| = t}. Since R; is legal, (i) of Lemma 4.6 
holds. To see that (ii) of Lemma 4.6 holds, suppose that W; and W, are in F, 
v was the last vertex added to R;UR;, and v was added to R;. Then R;U{v} 
was not legal, and thus |W; 1 W;| < e141m = 6°m/2. Thus |F| <2/e. OG 


Claim 2 When Partition(d,m, f) terminates there are at most 1/e,+m/t 
residue sets for any t > 1. 


Proof. Since the residue sets are pairwise disjoint, there are at most m/t 
residue sets of size at least ¢. Thus, using Claim 1, the number of residue 
sets is bounded by m/t + Yicscr2/és < m/tt der. 0 


Claim 3 If d > m/(log log m), where m > 4, then Partition(d,m, f) 
creates at most 3m/(log log m) residue sets. 


Proof. Let t = 5 log log m. Then, using Claim 2, we are done, since 


m/t + 1/e, = 2m/log log m + 2(d/(2m))7? 
< 22m/log log m + 2(2 log log m)(es m)!/2 


< 3m/log log m. o 


Now we are nearly done. First suppose k = 3 and we know n ahead of 
time. Let f be the First-Fit coloring of an initial sequence of vertices of 
GS, which uses d = n/(log log n) colors. We extend f by using the on-line 
procedure Color(d,n, f) defined as follows. First apply Partition(d,n, f). 
Every time an element is added to a residue set, color it using the on-line 
algorithm from Theorem 4.2. By Claim 3, at most « = 3n/(log log n) residue 
sets are created. The total number of colors used on these residue sets is at 
most 


> (1+ 2 log|R;|) < 32 log(n/r) < 9n log® n/log®) n. 


lgiga 


Thus the total number of colors used is at most 10n log® n/ log n. In gen- 
eral, arguing by induction on k, a similar calculation holds. Finally we must 
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deal with not knowing the number of vertices n in advance. Begin by guessing 
n = 100 and run the algorithm above for n = 100 on the first 100 vertices. If 
n turns out to be greater than 100, let d, = 10n log") n/ log?) n, f the color- 
ing created so far, and n, the greatest integer such that n,/(log log n1) < dh. 
Then apply Color(d,,71, f). Ifn turns out to be bigger than n,, then choose 
dz and nz in a similar manner and apply Color(d2, n2, f), etc.. It is easy to 
see that this process will require at most 100n log?) n/ log) n colors. q 


Very recently the author has obtained the following results. Lemma 4.6 
still plays a crucial role in their proofs. 


Theorem 4.7 (Kierstead [21]) For every positive integer k, there exists 
an on-line algorithm A, and an integer N such that, for every on-line k- 
colorable graph GX onn > N vertices, AIC) <n, 


For the special cases k = 3 and k = 4 we obtain the following stronger 
results. 


Theorem 4.8 (Kierstead [21]) There exists an on-line algorithm A3 such 
that, for every on-line 3~colorable graph GS on n vertices, LyhGe) < 


20 n?/3 (log n)!/9. 


Theorem 4.9 (Kierstead [21]) There exists an on-line algorithm Ag such 
that, for every on-line 4-colorable graph G< on n vertices, Maha") ac 


120 n5/® (log n)/®. 


Problem 4.10 Determine (or at least find better bounds for) the on-line 
chromatic number of the class of 3-colorable graphs. 


Vishwanathan recognized that Modified First-Fit was an algorithm ripe 
for randomization. A randomized on-line algorithm is a probability space 2 
whose points are on-line algorithms. For an on-line graph GS, let x,(G*) 
denote the expected value of the random variable x,(GS). Vishwanathan 
proved the following very nice theorems. 


Theorem 4.11 (Vishwanathan [41]) There exists a randomized on-line 
algorithm Q such that for every on-line graph GX on n vertices, Xo (GS) < 
O(x 2X n&-2VO-Y (log n)}VO-Y), where x = x(G). 
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Proof. We shall only prove the case y = 3. The general argument is similar. 
As in the proof of Theorem 4.5, we can assume we know n ahead of time. We 
use a randomized on-line version of Modified First-Fit. The points of 2 will 
be the on-line algorithms A’(1,t),..., A’(t,t), where ¢ = (n log n)!/?, each 
having the same probability. The primes indicate that the residue sets are 
colored with the on-line algorithm from Theorem 4.2. Then, for any on-line 
graph GS, 


1 
NEG) = t S> Ketes) 


ict 
1 
<i » (1 + S> 3 log \Ril) 
1<ixt 1<j<s(i) 
3 
SEs » yy log |Fi,| 
IKKE 1<j<(i) 
3 1 
< og t 
tn 
< 4(n log n)'/?, — since 
S> |Riil < tn, and [{(i,j): 1 <i<tl<j<s()}[ <n. o 


IKi<t 1<}<s(2) 


Vishwanathan’s result can be stated in terms of parallel computation as 
follows. There exists a collection of (n log n)!/? on-line algorithms such that 
for any 3~colorable on-line graph GS, one of the algorithms uses at most 
4(n log n)!/? colors to color GS. 


Vishwanathan also obtained lower bounds on the performance of random- 
ized on-line coloring algorithms. His proof uses the following weak version of 
a lemma of Yao. 


Lemma 4.12 (Yao [43]) Let [ be a discrete probability space whose points 
are on-line graphs. If, for every on-line algorithm A, the expected value 
Er(x,(GS)) of the random variable x,(GS) is at least b, then for every 
randomized on-line algorithm Q, there exists an on-line graph GS in T such 
that x, (GS) 2b. 
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Proof. By the pigeon hole principle, it suffices to show that the expected 
value Er(x(G)) is at least b. To see this, note that 


E(xe(@) = Yo Yo xA4(GS) Pr.(GS) Pro(A) 


Ger AEQ 


> Ex(x,(G*))Pro(A) 2 8. Oo 


Aen 


Theorem 4.13 (Vishwanathan [41]) For every randomized on-line coloring 
algorithm Q, for all positive integers k, and for arbitrarily large n, there 
exists an on-line graph GS on n vertices with x(G) = k such that y.(GS) 
is at least 
((—4 + log n)/(8k +4) )** 
(2k — 2) 


Proof. By Lemma 4.12 it suffices to construct a discrete probability space 
['(n, k) whose points are k-colorable on-line graphs on at most n vertices such 
that E,.(x4(G)) is at least ((—4 + log n)/(8k + 4))*"'/(2k — 2), for every 
on-line algorithm A. The construction is very similar to the construction 
in the proof of Theorem 4.4. For fixed parameters c and ¢, let n(a,b) = 
great (gelb+1) _ 2°), y(a,b) = (b/(a — 1)) t2-? for a> 1, and x(1,b) = 1. We 
shall recursively construct discrete probability spaces ['(a,b), whose points 
are pairs (GS, /), where J is an independent set in the on-line graph GS. 

Each pair will have the same probability. For an on-line algorithm A, we 
will say that a pair (GS, /) in (a,b) is A-good if A uses at least f(a, b) 
colors on I while coloring GS. We require that ['(a,b) have the following 
properties: 


(i) for all (GS, J) in I'(a,6), G& has at most n(a, 6) vertices; 


(ii) for all (G“, J) in I(a,6), GS can be a-colored so that I is contained 
in a color class; and 


(iii) for every on-line algorithm A, the probability that (GS,J) is 
A~good is at least 1/2. 


The recursive construction of the ['(a,6) is exactly the same as in the proof 
of Theorem 4.4, except for the secondary induction step. Suppose we have 
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constructed [(a — 1,0’) for all b’ and P(a,b— 1). Let I’(a,6) consist of all 
pairs of the form (GS + HS + BX + E, J) where (GS,1), (HS, hh) € 
T(a,b-—1), (BS,Iz) € T(a—1,2t), FE = {ib: 7 € I andb € V(B)}, 
and J € {, U Ig,I2 UIs}. Let T'(a,6) consist of all pairs of the form 
(G<,1) = (GE +---+G§+6, hU---U he), where (GS, J;) is in P’(a, 6). 


Clearly (2) holds. Consider (G“, I) = (GS+H<+BS<+E, J) in F’(a,}). 
If (GS, 1), (HS, Iz), (BS, Js) are all A-good, then the probability that 
(GS, I) is A-good is at least 1/2. Since the former events are independent, 
and have probability at least 1/2 by the induction hypothesis, the probability 
that (G“,/) is A-good is at least 1/16. It follows easily that the probability 
that a pair in '(a,6) is A-good is at least 1/2 and so (3) holds. 


Finally, (1) holds since, for all (G“,/) in ['(a, 6), 
(iv) |V(G)| < 16n(a,b—1) + n(a—1,2t) 


< 16% g2cat (a? = oP) 4 g2c(a—1)t (ReeEte) _ oe) 


IN 


g2cat [16(2° — 2°) +4 2° 


IN 


great (gelb+1) 9°) = n(a,b), provided that c= 4. 


As before, an easy calculation now shows that Er(x,(GS)) is at. least 
((—4 + log n)/(8k + 4))*"/(2k — 2), and we are done. oO 


Finally we mention a recent theorem of Irani (12, 13]. A graph G = (V, F) 
is d-inductive if the vertices of G can be ordered by v1 < v2 < +++ < U_ so 
that for every index 7, |{j7 <7: v; ~ v;}| < d. For example, acyclic graphs 
are l-inductive, and planar graphs are 5-inductive. A chordal graph G is 
w(G)-inductive. Clearly the chromatic number of a d-inductive graph G is 
at most d+1, since First-Fit will use only (d+1) colors to color GS, where < 
is the presentation that witnesses that G is d-inductive. Irani showed that 
First-Fit performs well on any presentation. 


Theorem 4.14 (Irani [12, 13]) If G is a d-inductive graph on n vertices, 
then First-Fit uses at most O(d log n) colors to color any on-line presen- 
tation G< of G. Moreover, for any on-line algorithm A, there exists a 


d-inductive on-line graph GS such that A uses at least Q(d logn) colors to 
color GS. 
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5 On-line y—bounded classes 


In the previous section we bounded the on-line chromatic number of graphs 
on n vertices with fixed chromatic number in terms of n. In this section 
we shall introduce classes of graphs whose on-line chromatic number can be 
bounded solely in terms of their clique number (and thus also in terms of 
their chromatic number). A class of graphs I is said to be y—bounded if there 
exists a function f such that x(G) < f(w(G)) for every graph G ET. In this 
case f is called a binding function. Note that the class of perfect graphs is 
an example of a y—-bounded class. Similarly, [ is on-line y-bounded if there 
exists a function f and an on-line algorithm A such that x,(G) < f(w(G)), 
for every G ET. If First-Fit witnesses that a class is on-line y—-bounded the 
class is said to be First-Fit y-bounded. For a graph H, let Forb(H) denote 
the class of graphs which do not contain an induced subgraph isomorphic 
to A. 

At the same time that logicians were studying the recursive chromatic 
number of highly recursive graphs two graph theorists, Gyarfas, and inde- 
pendently Sumner, proposed the following conjecture. 


Conjecture 5.1 (Gyarfas [6] and Sumner [38]) For every tree T, the class 
of graphs Forb(T) is y-bounded. 


The girth of a graph which contains a cycle is the number of vertices in 
the smallest cycle it contains. If H is a graph which contains a cycle, then 
Forb(#) is not y-bounded, since Erdés and Hajnal [5] have shown that there 
are graphs with arbitrarily large chromatic number and girth (in particular, 
girth larger than the girth of H). Such graphs are clearly in Forb(H) and 
have clique number 2. If F is an acyclic graph with connected components 
(trees) T,,..., T., then it is not hard to show that Forb(F’) is y-bounded 
iff each of the trees 7,,..., T. is y-bounded. It is a direct consequence of 
Ramsey’s Theorem that the conjecture holds for stars and it is not hard (see 
Gyarfas [7]) to show that Forb(P) is x-bounded if P is a path. A radius two 
tree is a tree which contains a vertex r such that every other vertex can be 
reached from r by a path with at most two edges. The first difficult result 
in this area is due to Gyarfas, Szemerédi and Tuza [11], who showed that 
for every radius two tree T’, there exists a constant cr such that y(G) < er, 
for every graph G € Forb(T) with w(G) = 2. Ten years later Kierstead and 
Penrice [24] generalized their argument to prove that Forb(T) is y-bounded 
for any radius two tree. The general conjecture is still open. 
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Let P, be the path on n vertices. An old result of Chvatal shows that, 
for any on-line graph GS € Forb(P;), First-Fit uses at most w(G) colors to 
color G. Gyarfas and Lehel [9] made an unexpected breakthrough when they 
proved that the class Forb( Ps) is on-line y-bounded. They also pointed out 
that Forb( Ps) is not on-line y-bounded. Their on-line algorithm was quite 
complicated and their binding function was super exponential. They asked 
for a better binding function and whether Forb( P;) was First-Fit y-bounded. 
Both questions were answered by Kierstead, Penrice, and Trotter. 


Theorem 5.2 (Kierstead, Penrice, and Trotter [25]) There exists an on-line 
algorithm A such that A colors any on-line graph GX € Forb(Ps) with at 
most (4%) — 1)/3 colors. 


Theorem 5.3 (Kierstead, Penrice, and Trotter [25]) For any tree T, the 
class Forb(T’) ts First-Fit y—bounded iff T does not contain Ky + K,+ 4, 
the graph on four vertices with one edge, as an induced subgraph. 


Let S be the radius two tree S formed by identifying the first vertices of 
three copies of P; (see Figure 1). Spurred on by the observation of Gyarfas, 
that the class of co-comparability graphs is contained in Forb(S), Kierstead, 
Penrice, and Trotter proved: 


Figure 1 


Theorem 5.4 (Kierstead, Penrice and Trotter [26]) For any tree T, Forb(T) 
is on-line y—-bounded iff T has radius at most two. 


Thus Question 3.2 has an affirmative answer. The general proof is much 
too long to present here; however, we will illustrate the main ideas relating 
to on-line algorithms by proving the special case, which answers Schmerl’s 
question: 
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Corollary 5.5 Forb(S) is on-line y-bounded. 


Proof. We first prove that Forb(S) is (off-line) y-bounded. Then we use 
the proof as a basis for constructing an on-line algorithm. Let R(w, a) be the 
Ramsey function such that for any graph G either w(G) > w or a(G) > a. 
Let f be the function on the positive integers defined inductively by: 


f(1) = 1, and 
fw) = fw-1) + w + wfWw—-1)(2(R@, Rw +1,3)) +1)? +1). 


We shall prove by induction on w(G) that x(G) < f(w(G)) for every graph 
G € Forb(S). The base step, w = 1, is trivial, so consider a graph G € 
Forb(S) with 1 < w(G) =w. 


Partition the vertex set V of G into sets W,,...,W,, X as follows. 
Suppose we have constructed W; for 7 < 2. Let G; be the subgraph of 
G induced by ¥; = V — U;<;Wj. If w(G;) < w, then set t = 1-1 and 
X = Y;. Otherwise choose an w-clique Q; in G;. Let W; = Q; U N;, where 
N; = (N(Q;) — Qi) NY;. The w—cliques Q; are called templates and the 
sequence W,,..., Wi, X is called a template sequence. By the induction 
hypothesis, we can color X with f(w—1) colors. These colors will not be 
used on any of the vertices of V — X. Thus it suffices to show that 


x(G—X) < w + w(f(w—1)(2(R@&, R@ +1,3)) +1)? +1). 


Each W; can be colored with w f(w — 1) +w colors: First use a distinct 
color for each element of Q;. Let Q; = {z11,..., Gia}. For j € {1,...,w} 
let 


Ni {ve (N(Qi) — Qi) NY; : vu ~ 2; and not v ~ x, fork <j}. 


Then each Nj; is f(w—1)-colorable by the induction hypothesis. Thus, using 
separate collections of colors for each of the sets Q;, Ni,.-., Niw, we can 
color W; with w f(w — 1) +w colors. 


Note that no vertex in Q; is adjacent to any vertex in Q;, ifi # 7. Thus 
we can use the same set of w colors to color all the templates Q;. However, 
if we try to color each of the N; = W; — Q; with the same set of f(w — 1) 
colors, two adjacent vertices v; € N; and v; € N; may be assigned the same 
color. To avoid this problem each vertex of N = V — (X U UrcicrQ:) will 
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be assigned a two coordinate color. The first coordinate, assigned as above 
and called the local coordinate, will ensure that two adjacent vertices in 
the same N; are assigned different colors. The second coordinate, called the 
global coordinate, will take care of the problem of adjacency between vertices 
in different N;. Since t is unbounded, we cannot simply use disjoint sets of 
colors for the different Nj. 


We shall need the following lemma, which is the only place in the proof 
of the theorem that we use the hypothesis that G € Forb(S). 


Lemma 5.6 There exists a function d(s,w) such that for every verter v 
in any graph G € Forb(S) with template sequence W,,...,W;, X, v is 
connected to vertices in at most d(s,w(G)) templates by paths with at most 
& edges. 


Proof. Let d(s,w) be the function defined recursively by 
d(l,w) = 2, and 
d(s,w) = (R(w, R(w + 1,3)) +1) d(s — 1,w). 


We argue by induction on s. The base step s = 1 follows from the fact 
G € Forb(S): Suppose v ~ q;, where g; € Qi, for 7 € {j1 < je < jz}. Since 
each Q; is a maximum clique there exist vertices y; € Q; such that not v ~ y;, 
for 7 € {j; < jo < jz}. But then {v, qi, yi: € {h1 < je < jaf} induces S in 
G, which is a contradiction. 

For the induction step, suppose that a vertex v is connected to vertices 
in d+ 1 distinct templates by paths with at most s edges, where d = d(s,w). 
Choose a minimal set of vertices F’ C N(v) such that each of these templates 
either 


(1) contains a vertex which is connected to v by a path with at most 
s — 1 edges, or 


(2) not (1), and contains a vertex which is connected to some vertex 
in F' by a path with exactly s — 1 edges. 


By the induction hypothesis, 


(d+ 1) 


Sve RE 
[Fl +1 i d(s— 1,w) 


> Rw, Rw +1,3)) + 1. 
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Using Ramsey’s Theorem, and the fact that every vertex in F' is adjacent 
to v, there exists an independent subset 


Bo APigene Uy C.F 


with cardinality p = R(w +1,3). For each v; € Fo there exists a template 7; 
such that v; is the only vertex in F'U{v} to which any vertex of T; is connected 
by a path R; with exactly s — 1 edges. Say v ~ v; ~ y; in R;. Note that 
neither v ~ y; nor v; ~ y;, if i # 7. Using Ramsey’s Theorem again, there 
exist J; < jg < jz such that {y; :7 € {71, j2, j3}} is an independent set. But 
then {v, vi, yi: t © jr, Jo, Ja}} induces S in G, which is a contradiction. 0 


In order to assign a global color to the vertices in N, we construct aux- 
iliary graphs A,,..., Ay. The vertex set of A; is the set of templates 
{Qi,..., Q:}. Two templates Q, and Q, are adjacent if there is a path 
from x,; to zy; with at most three edges. By Lemma 5.6, the maximum 
degree of A; is at most 2(R(w, R(w + 1,3)) + 1). Thus A; can be colored 
with 

2(R(w, R(w +1,3)) +1)? +1 


colors. The global coordinate of a vertex v € N;; is the color of Q; in A;. To 
see that this gives a proper coloring, consider two adjacent vertices x and y 
in N. If x and y have the same local coordinate, there exist indices 2,7 and 
k such that z € Ni; and y € M;;. But then Q; is adjacent to Q, in Aj, so x 
and y are assigned different global coordinates. This completes the proof of 
the off-line case. 

We still must show that there exists a function g and an on-line algorithm 
A such that x,(G) < g(w(G)), for every graph G € Forb(S). It suffices to 
show by induction on w that there exist, uniformly, on-line algorithms A.,, 
forw = 1,2,... and a function h(w) such that y,(G) < A(w), for every 
graph G € Forb(S) such that w(G) = w: First guess that w = 1. If a 2- 
clique is found, guess that w(G) = 2 and start using A, with a new set of 
colors, etc.. Then g(w) = >>.-,, h(w). The base step is trivial, so consider 
the induction step. 

The major problem in developing an on-line algorithm from the proof of 
the off-line case is that we cannot possibly construct the template sequence 
on-line. However, it will suffice to (roughly) maintain an r.e. sequence of 
templates Q; and a co-r.e. set X. The key idea is to consider the neighbors 
of neighbors of vertices in templates. A minor problem will be that we cannot 


i<w 
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maintain the auxiliary graphs on-line. Our on-line algorithm A = A, will 
maintain a list of templates Q,, ... , Qus), where 


Oi Sey ee ea 


A template Q; will enter the end of the list at the time 2;,, is presented. 
Once a template has entered the list it will not change position or leave the 
list. When a new vertex v, is presented, A will assign v, to exactly one of 
the sets NV, L, D, or H. The sets N and D are more finely partitioned as: 


U{Nij:t€ {1,...,t(s)}, 7Ef{1,..., wh}, and 
Ut De ee-€ {leans tay 


Then each of the sets of vertices VN, L, D, and H, will be colored with disjoint 
sets of colors. 


N 


D 


(N) Ifv, is adjacent to some vertex in some template in the current template 
list, let 2 be the least index such that v, ~ 2;,,, for some k, and let 7 
be the least such k. Put v, in Nj,;. 


(L) Otherwise, if vs is in an w-clique Q in G — (N U Urcice(syQi), then 
add Q = Qus)41 to the template list and put v, in L. 


(D) Otherwise, if v, is connected to some vertex in some template in the 
template list by a path with two edges, let i be the largest index such 
that, for some 7, vs is connected to some z;,;. Put v, in D,. 


(H) Otherwise put v, in H. 


Clearly w(H) < w. Thus the on-line algorithm A can use the on-line 
algorithm A._; to color the vertices of H with one set of h(w — 1) colors. 
Also £ is an independent set, so we can use one special color to color L. Thus 
it remains to color the vertices of N and D. As in the off-line proof, each 
vertex in N, and also D, will be assigned a two coordinate color. The local 
coordinate ensures that two adjacent vertices in 


M= U Mj 


1<jgw 


or D; are assigned different colors, while the global coordinate insures that 
two adjacent vertices with the same local color are assigned different colors. 
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We first consider the local coordinate. For N the local coordinate is 
assigned as in the off-line case, using the on-line algorithm A,-;. In order 
to use A,,_; to assign a local coordinate to the vertices of D;, we must first 
show that w(D;) < w. Suppose Q = {q <--: < qu} is an w—clique in D; 
and consider the situation at the time q,, was presented. Since gq, was added 
to D;, instead of N, q, is not adjacent to any vertex in any template in the 
template list. Since g, was not added to L, some q € Q must be adjacent to 
some vertex in a template Q;. Since q is not in N, Q; must have been added 
to the template list after q was presented and thus 7 < 7. But then q,, would 
have been assigned to D;. We conclude that w(D;) < w for all 7, and assign 
the local coordinate to each vertex in D using Ay-1. 


It remains to determine the global coordinate. First consider the vertices 
of N. If we could color the vertices of the auxiliary graphs A; on-line, we 
would be done. However this is not possible since the auxiliary graphs are 
not presented on-line. Two templates Q, and Q, may start out being non- 
adjacent, but when a new vertex of GS is presented they may suddenly 
become adjacent. On the other hand, the degree of a template in A; can 
only increase d(3,w) times. The on-line algorithm A will maintain a two 
coordinate, (d(3,w) + 1)?-coloring of A; such that the first coordinate of a 
template is the current degree of the template in A;, the second coordinate 
ensures that two templates which are adjacent in A; and have the same 
degree in A; are assigned different colors, and the second coordinate of a 
color assigned to a template will only change when the degree of the template 
changes. The global coordinate of a vertex in Nj; will be the color assigned 
to Q; in A; by A at the time the vertex is presented. 


To assign the global coordinate to a vertex in D, we define another auxil- 
iary graph A on the templates, where two templates Q,, and Q, are adjacent 
iff there is a path from a vertex in Q, to a vertex in Q, with at most six 
edges. Since all vertices in a template are adjacent, the maximum degree of 
A is bounded by d(7,w). Thus A is (d(7,w) + 1)-colorable and as above we 
need only 

(d(7,w) +1)? 
colors for the global coordinate of vertices in D. Thus h(w) is defined recur- 
sively by h(1) = 1 and 


h(w) = wh(w—1)(d(3,w) +1)? + 1 
+ h(w—1)(d(7,w) +1)? + h(w—1). a) 
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6 An application 


In this section we present one application of on-line coloring to the theory of 
polynomial time computation. The following storage problem was shown to 
be NP-complete by Stockmeyer [37]. 


Dynamic Storage Allocation (DSA). 


Instance: Set A of items to be stored, each a € A having a size s(a) € Zt, 
an arrival time r(a) € Z7, and a departure time d(a) € Zt, and a positive 
storage size D. 


Question: Is there a feasible allocation of storage for A, i.e., a function 
o0:A- {1,2,..., D} such that for every a € A the allocated storage 
interval 

I(a) = [o(a), o(a) +1, ... , o(a)4+s(a)—1] 


is contained in [1, D] and such that, for all a, a’ € A, if [(a@)MI(a’) is nonempty 
then either d(a) < r(a’) or d(a’) < r(a)? 


The natural next step is to investigate polynomial time approximation 
algorithms for the optimization version of DSA. First we rephrase DSA as a 
weighted interval graph coloring problem. A weighted graph G* = (V, E,w) 
is a graph G = (V,E) together with a weight function w which assigns a 
positive integer to each vertex of G. The weight w(S) of a set of vertices 
S Cc V is the sum of the weights of the vertices in the set. The weighted 
clique size of G*, denoted by w*(G"*), is the maximum weight of a clique 
in G. A weighted t-coloring of G* is a function c on V such that: 


(0) c(v) is an interval of the integers {1, ... , ¢}, 
(1) ifv ~u, then c(v) MN c(u) =@, and 
(2) e(v)| = w(v). 


The weighted chromatic number x*(G*) of a weighted graph G™ is the 
least ¢ such that G* has a weighted t-coloring. If A is an algorithm (not 
necessarily on-line) which produces a weighted coloring, let x4, (G") denote 
the number of colors that A uses on G. 
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Observe that DSA is equivalent to determining whether a weighted interval 
graph has weighted chromatic number at most D: The vertices of the interval 
graph correspond to the objects to be stored in DSA. These vertices are 
represented by the time interval for which the corresponding objects must be 
stored. The weight of a vertex is the size of the corresponding object. The 
vertices are colored by the interval of storage positions that the corresponding 
object occupies. 

Let G* = (V,E,w) be a weighted interval graph. Clearly w*(G*) < 
x*(G"). Thus if we can find a polynomial time algorithm A such that for all 
weighted interval graphs G*, \4(G") < ew*(G)* we will know x*(G) within 
a factor of c. In this case we say that A has constant performance ratio c. 
Woodall [42], and later Chrobak and Slusarek [3], suggested the following 
approach. 


(1) Suppose that every vertex has weight a power of two. This contributes 
a factor of at most two to our constants. 


(2) Let <* order the vertices by decreasing weight. 


(3) Form an (unweighted) on-line interval graph H< from G* and < by 
replacing every vertex v of G by w(v) <-consecutive copies of v, all 
represented by the same interval as v. 


(4) Color this on-line interval graph using First-Fit. 


— 
or 
a 


Obtain a weighted coloring of G* by coloring each vertex v with the 
set of colors assigned to each copy of v. 


It is routine to verify that this algorithm produces a weighted t—coloring, 
with ¢ < 2x,,,,(w*(G*)), where x,,,,(w) is the maximum number of colors 
used by First-Fit to color an interval graph with clique size w. The key 
point is that because the original vertices are ordered by decreasing size 
and their sizes are powers of two, First-Fit will (*) assign adjacent colors 
to adjacent copies of the same vertex. Note the on-line nature of this new 
problem. The interval graph coloring algorithm First-Fit has no control over 
the presentation, which is determined solely by the original weights of the 
vertices. 


The following theorem, which answers a question of Woodall [42], shows 
that DSA has a polynomial time approximation algorithm with a performance 
ratio of 80. 
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Theorem 6.1 (Kierstead [18]) For every on-line interval graph GS, 
XpplGS) < 40 w(G). 


Recently Kierstead and Qin [27] improved the constant to 25.72. Chrobak 
and Slusarek used a very clever induction to prove: 


Theorem 6.2 (Chrobak and Slusarek [3]) There exists an on-line interval 
graph GS such that 4.4W(GS) < yp.(GS). 


Thus the technique outlined above cannot achieve a better performance 
ratio than 8.8 for DSA. However, it turns out that a slight modification of 
the optimal on-line algorithm of Kierstead and Trotter for coloring on-line 
interval graphs also satisfies (+) above. This yields: 


Theorem 6.3 (Kierstead [19]) There exists a polynomial-time approxima- 
tion algorithm for DSA with a performance ratio of 6. 
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Introduction 


Research in computational complexity of the past thirty years has clearly 
established polynomial-time complexity theory (or, the theory of NP-com- 
pleteness) as the new foundation of algorithms. Recursion theory identifies 
the intuitive notion of effective computability with the formal notion of recur- 
siveness, and hence provides a formal setting for us to study what problems 
are computable and what are not computable. Polynomial-time complex- 
ity theory identifies the intuitive notion of feasible computability with the 
formal notion of polynomial-time computability, and allows us to formally 
study what problems are feasible and what are infeasible. This new theory 
ties closely the tools in abstract mathematics with practical computational 
problems. It has made strong impact on almost every area of discrete com- 
putation, including graph theory, combinatorial optimization, computational 
geometry, computational number theory and modern cryptography (see [16]). 
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The influence on numerical computation came later but is definitely not 
weaker. Due to the continuous nature of numerical computation, the discrete 
polynomial-time complexity theory cannot be applied directly to numerical 
problems. Extra effort has to be made to formulate formal computational 
models of continuous functions to allow us to apply discrete complexity the- 
ory to numerical problems. Different approaches aiming at different areas 
of numerical problems may adopt different computational models, but it is 
universal to identify the notion of polynomial-time computability with the 
notion of feasible computability. 

In this paper, we present a short survey on one of the polynomial-time 
complexity theories of numerical computation based on the model of recur- 
sive analysis. We will call this the theory of polynomial-time analysis. In 
this theory, a real number z is represented by a sequence of rational numbers 
that converges to x in a predefined rate of convergence; that is, it is rep- 
resented as a type-1 function satisfying the convergence condition. A real 
function f is then represented by a type-2 function satisfying some conti- 
nuity condition. The advantage of using this model of computation is that 
it is compatible with the model of discrete complexity theory, and so the 
complexity of numerical problems may be studied and compared with dis- 
crete problems. Using this model, we are able to classify the computational 
complexity of numerical problems in terms of the complexity classes in the 
discrete polynomial-time complexity theory such as P, NP and PSPACE. This 
approach to polynomial-time complexity theory of numerical computation 
has been first introduced by Ko and Friedman [34], and further established 
since then in (11, 15, 20, 21, 29, 30, 32, 31, 33, 35, 50]. 

This paper is organized as follows. First we introduce the computational 
model and some computability results in recursive analysis, including some 
recent results by Pour-El and Richards [54, 55, 56]. Next we add the com- 
plexity measures to the computational model of recursive analysis to form the 
model for polynomial-time analysis. Then, a hierarchical classification of the 
computational complexity of numerical problems is presented in terms of the 
relations among discrete complexity classes. The problems to be considered 
including maximization, root-finding, integration, ordinary differential equa- 
tions, integral equations and measures of two-dimensional regions. We will 
not include any formal proofs but will give precise definitions and statements 
of theorems. Finally we discuss different approaches to the polynomial-time 
complexity theory of real functions, including the works of Blum et al. [7] 
and Traub et al. [62]. 
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1 Recursive analysis 


In this section, we give a short summary of some recent results in recursive 
analysis. We do not intend to present a complete survey on recursive anal- 
ysis. Instead, we only include some results to motivate the study of these 
problems in the context of polynomial-time complexity theory of analysis. 
The reader is referred to Pour-El and Richards [56] and Weihrauch [65, 66] 
for more complete treatments. Other interesting results include Metakides 
and Nerode [39] and Metakides, Nerode and Shore [40]. 


1.1 Computable real functions 


As is well known, there are two different approaches in recursive analysis. 
The first approach studies computability of real functions in the context of 
classical real analysis. Nonrecursive objects, as well as nonconstructive argu- 
ments, are allowed. A computable real function is defined on all real numbers, 
though most of them are noncomputable [56]. The second approach is more 
constructive. It only studies recursive objects and only uses constructive 
logic. A computable real function is, thus, defined only on computable real 
numbers [1, 58].! We will only discuss recursive analysis in the first approach. 


The model of computation in recursive analysis is based on the Turing 
machine (TM) model.” Turing machines were designed to deal with discrete 
objects, more specifically, finite strings of symbols. Therefore, when we deal 
with real numbers and real functions, we must first establish a representation 
system in which real numbers and real functions are represented as functions 
or functionals on finite strings. We first fix the set of rational numbers Q 
as the base set of numbers which are representable by finite strings; namely, 
a rational number p/gq, in the reduced form, is represented as s,/s,, where 
sp and s, are two strings over {+, —,0, 1} representing imtegers p and q. 
Based on the notion of Cauchy sequence representation of real numbers, a 
real number z is represented by a function y : N > Q having the property 
that {y(n)} converges to z. 


‘A third and most constructive approach is the constructive analysis of [4] and [5] which 
uses intuitionistic logic and does not restrict itself to the notion of recursiveness, and so 
is quite different from the above two approaches of recursive analysis. Nevertheless, their 
work is closely related to recursive analysis; see the discussions in [40]. 


? For the definition of Turing machines, refer to any standard textbook on theory of 
computation, e.g., [22]. 


1274 K. Ko 


Definition 1.1 A real number z is recursive (or computable) if there exist 
recursive functions y : N > Q and t: N > N such that lim,.,. t(n) = 00 
and |y(n) — z| < 1/t(n). 


In other words, z is recursive if it has a recursive representation y that 
converges to x recursively. It turns out that the converging rate could be 
required to be faster without changing the class of the recursive real numbers. 
In addition, the other definitions based on the notion of Dedekind cuts and 
binary expansions are also equivalent [57]. 


Proposition 1.2 The following are equivalent: 
(a) x is a recursive real number. 


(b) There exists a recursive function p: N + Q such that for all n > 0, 
p(n) - 2] <2". 


(c) The set of rational numbers r that are less than x is a recursive set. 


(d) There exists a recursive function py : NU {-1} > N, with y(-1) € 
{1,-1} and y(t) € {0,1} for all i > 0, such that 


z= (1): (Srvti)-2°+). 


Although these representations of real numbers define the same class of 
recursive real numbers, they do not define the same classes of subrecursive 
real numbers. Through careful studies, it has been established that the 
Cauchy sequence representation is the most comprehensive representation 
system [26, 43, 66]. From the above equivalent definition (b), we say a 
function y binary converges to x if |p(n) —2]| <2”. 

Since a real number is represented by a function mapping integers to 
rationals, a real function is a functional mapping integer functions to inte- 
ger functions, or, as commonly called in recursive function theory, a type-2 
function. Computable functionals have been studied thoroughly in recursive 
function theory. A standard machine model for computable functionals is 
the function-oracle Turing machine. 

A function-oracle Turing machine is an ordinary Turing machine M 
equipped with an additional query tape and two additional states: the query 
state and the answer state. When the machine enters the query state, the 
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oracle, a function y, replaces the current string s in the query tape by the 
string y(s), moves the tape head back to the first cell of the query tape, and 
puts the machine M in the answer state. When the time complexity is con- 
sidered, the whole process of querying for the value y(s), i.e., the move from 
the query state to the answer state, costs only one time unit to the machine. 
The computation of the function-oracle machine M on input s with oracle y 
is written as M¥(s). 


Definition 1.3 A real function f : R > R is recursive (or computable) 
if there is a function-oracle TM M such that for each x € R and each y 
that binary converges to x, the function 7 computed by M with oracle y 
(i.e., (rn) = M*(n)) binary converges to f(x). We say the function f is 
computable on interval [a,b] if the above condition holds for all x € [a, 6). 


Similar to computable real numbers, computable real functions have sev- 
eral different but equivalent formulations [17, 18, 36, 37, 38, 44]. It is easy to 
check that our definition using oracle TM’s is also equivalent to Grzegorczyk’s 
original definition. 


One of the most important properties of a computable real function is 
that it must be continuous on its domain and the modulus of continuity is 
computable. Our definition of modulus functions is a little different from 
that commonly used in numerical analysis. 


Definition 1.4 Let f : [a,b] + R be a continuous function on [a,b]. Then, 
a function m : N 4 N is said to be a modulus function of f on |a, )] if 
jc — y| < 2-™™ implies | f(x) — f(y)| < 27", for all z,y € [a,6] and for 
all n > 0. 


Proposition 1.5 If f : {a,b] + R is computable on [a,b], then f is contin- 
uous on [a,b]. Furthermore, f has a recursive modulus function m on [a, 6]. 


The above proposition allows us to give an equivalent definition of com- 
putable real functions without using the notion of oracle Turing machines. 


Proposition 1.6 A real function f : [a,b] > R ts computable if and only if 
f has a recursive modulus function m on [a,b] and there exists a recursive 
function » : (Q/ [a,b]) x N + Q such that for all r € QN [a, }] and all 
n2 0, \b(r, 2) = f(r)| < 2", 
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For simplicity, we only state the above characterization for functions de- 
fined on a closed interval. It is, though, easy to extend to functions defined on 
the whole real line R. By Proposition 1.6, a real function can be represented 
by two discrete functions: the modulus function m and the approximation 
function 7. Using this representation, we may compute a functional F’ that 
maps real functions to real numbers by an oracle TM. 


Definition 1.7 A numerical functional F on D C C[a,6] is computable if 
there exists a two-oracle TM M such that for any function f € D, any oracle 
functions m and y, and any input n € N, 


|M™?(n)— F(f)| < 2” 
provided that the functions m and y represent f as in Proposition 1.6. 


Finally, we note that the notion of recursive real functions can be extended 
in a straightforward way to functions on R” for n > 1. We omit the formal 
definitions. 


1.2 Roots 


In this section, we consider the computability of roots of recursive real func- 
tions f defined on a closed interval [0,1]. If f is a one-to-one function, and 
f(0) - f(1) < 0 then by the intermediate value theorem, there must exist a 
root z € [0,1] such that f(x) = 0. The strong form of the recursive version 
of the intermediate value theorem holds so that the functional mapping a 
recursive, one-to-one real function to its root is recursive. 


Theorem 1.8 Let f be a recursive, one-to-one function on [0,1] with 
f(0)- f(1) <0. Then, there exists a unique recursive real number zx € [0,1] 
such that f(x) =0. Furthermore, there exists a two-oracle TM M such that 
for any oracles m and y that represent a one-to-one real function f on [0,1] 
(in the sense of Definition 1.7), with f(0)-f(1) <0, and for any input n > 0, 
M outputs a rational number r such that |r — f~1(0)| < 27”. 


Note that in the above, the output r is an approximation to the unique 
root of f, instead of an approximate root r’ satisfying |f(r’)| < 27”. 


If f is not known to be one-to-one, then the roots of f may not be 
computable. This result was first proved by Specker [61]. The following 
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characterization result was from Nerode and Hwang [47]. For simplicity, 
we only state the results on recursive real functions defined on the closed 
interval {0, 1]. 


Definition 1.9 A set S C Ris recursively open if it is empty or if there is a 
recursive function y : N + Q such that for each n € N, y(2n) < y(2n + 1), 
and S = UY, (y(2n), p(2n + 1)). A set S is recursively closed if the set 
R — S is recursively open. 


Theorem 1.10 A set S C [0,1] is recursively closed if and only if there is 
a recursive function f : [0,1] + R such that S contains exactly the roots of 


f in [0,1]. 
Corollary 1.11 


(a) There exists a recursive real function f on [0,1] which has an uncount- 
able number of roots but none of them is computable. 


(b) If x is an isolated root of a recursive function f in [0,1], then x is 
recursive. 


(c) Ifa recursive real function f has only finitely many roots in [0,1], then 
all roots of f are recursive. 


(d) If a recursive real function f has a countably infinite number of roots 
in [0,1], then it has an infinite number of recursive roots. 


1.3 Ordinary differential equations 


In this section, we consider the first-order ordinary differential equation with 
an initial condition 


y'(z) = f(z,y(z)), (0) = 0 (1) 


that is defined by a recursive real function f on the rectangle [0,1] x [—1, 1]. 
Assume that f is recursive and that the above equation has a solution y on 
[0,1]. Is the solution y computable? The answer, similar to the roots of a 
recursive real function, depends on the number of solutions y of the equation. 


Theorem 1.12 (Pour-El and Richards [53]) There exists a recursive real 
function f : [0,1] x [—1,1] > R such that the equation (1) defined by f does 
not have a computable solution y on [0,6] for any 6 >0. 
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The equation (1) defined by the function f of the above theorem has 
uncountably many solutions y on [0,1], but none of them is computable. On 
the other hand, if the solution is unique then it must be computable. 


Theorem 1.13 (Pour-El and Richards [53]) Assume that f is computable 
on [0,1] x [—1, 1] and the equation (1) defined by f has a unique solution on 
[(0,b],0<b< 1. Then, the solution y of equation (1) is computable on (0, 6]. 


A function f satisfies the Lipschitz condition on a set E C R? if there 
exists a constant L such that for all (2, y1), (x, y2) € E, 


|f(z,y1) = f(x, y2)| < L * lyn = yo|. 


The Lipschitz condition on f on the domain (0, 1] x {[—1, 1] is one of the suffi- 
cient conditions for the existence of a unique solution y for equation (1). The 
recursive version of this existence theorem follows from the above theorem. 


Corollary 1.14 Assume that f is computable and satisfies the Lipschitz 
condition on [0,1] x [—1,1]. Then, the solution y of equation (1) is com- 
putable on [0,1]. 


1.4 Computability of linear operators 


Many computability questions in recursive analysis may be formulated as 
the computability question of a linear operator on the Banach space C’(0, 1]. 
For instance, both the integration operator that maps a real function f to 
g(r) = Jo f(t)dt and the differentiation operator that maps a real function 
f to g(x) = f’(x) are linear operators. Pour-F] and Richards [55] showed 
a very interesting characterization of the computability of a linear operator 
that states as follows: a linear operator is computable if and only if it is 
bounded. In this section, we discuss this result and some of its applications. 


In their original paper, Pour-El and Richards [55] proved this character- 
ization results on linear operators in a very general form; that is, the result 
holds on linear operators defined on any Banach space with a computabil- 
ity theory. Here, for the sake of simplicity, we will consider only the space 
C0, 1]. First we state the recursive version of the Weierstrass approximation 
theorem. In the following, a sequence {yn} of real-valued polynomials is 
computable if there is a computable function g such that g(n,m) is a finite 
sequence of rational numbers (bo, ... , 6;) such that |a; — 6;| < 2~™ for all 
i < k, where yn(z) = e_, ai’. 
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Theorem 1.15 (Pour-El and Caldwell [51]). For every computable real 
function f defined on [0,1], there is a computable sequence {yn} of real- 
valued polynomials such that |pn(x) — f(z)| < 27", for all n > 0 and 
x € (0,1). 


From the above recursive version of the Weierstrass approximation theo- 
rem, we can assume that each real function f is represented as the limit of a 
sequence of polynomial functions; or, the sequence {r°, z!, ... } is an effec- 
tive generation sequence for functions in C[0,1]. Thus, if a linear operator 
T on C[0,1] maps this generating sequence to a computable sequence of real 
functions, then it is potentially computable. 


A linear operator T from C[0,1] to C[0,1] is closed if for any sequence 
{fn} of functions in C[0,1] that converges to f, the sequence {T(f,,)} con- 
verges to T(f). A linear operator T from C[0, 1] to C[0,1] is bounded if there 
exists a constant c > 0 such that for all f in the domain of T, ||T(f)|| < ell fl, 
where || f]| is the maximum of f on [0, 1]. 


Theorem 1.16 Let T : C[0,1] —+ C[0,1] be a closed linear operator whose 
domain includes all functions x*, k > 0, such that the sequence {T(x*)} 
is computable. Then, T maps computable real functions to computable real 
functions if and only if T is bounded. 


This result has many interesting applications. We list some of them below. 
Corollary 1.17 


(a) For any recursive real function f : [0,1] + R, the integration function 
g(x) = i f(t)dt is recursive. 


(b) (Myhill [45]). There erists a recursive real function f : [0,1] 3 R 
that has a continuous derivative on [0,1] but tts derivative f(x) is not 
computable. 


About the derivatives, a positive result exists that state that if f has a 
continuous second derivative, then the first derivative f’ is computable [52]. 
Indeed, this follows from the following characterization of the computability 
of derivatives [34]. 


Theorem 1.18 Let f : [0,1] 4 R be a recursive real function having a 
continuous derivative on [0,1]. Then, f’ on [0,1] is computable if and only 
if f’ has a recursive modulus function on [0,1]. 
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1.5 Computability of a two-dimensional region 


For any Jordan curve I on the plane R’, we say that T is computable if 
there is a recursive function f : [0,1] + R? that is one-to-one except f(0) = 
f(1) such that [ = f((0,1]). In this section, we consider the question of 
whether the interior Int([) of a computable Jordan curve [ is computable 
and whether its measure is a recursive real number. The answer depends 
on the two-dimension Lebesgue measure of the curve T. Namely, if the 
two-dimensional measure of the curve [ itself is zero, then the interior is 
computable and its measure is recursive; and if the measure of I is positive, 
then the interior is not necessarily computable and its measure could be 
nonrecursive. 

First, we must define the notion of computability of a two-dimensional 
region S. There are a number of different formulations of this concept, and 
we will only consider a very general concept called recursive approrimability 
which can be used to study the notion of computability of any subset of R?. 
Basically, a set S C R? is recursively approximable if we can determine 
whether a given point (z,y) of R? belongs to S or not with a predefined 
error probability. In the following, we write (y,w) € CF((x,y)) to denote 
the fact that y and w binary converge to z and y, respectively. 


Definition 1.19 A set S C R?® is recursively approximable if there exists 
an oracle TM M such that, for each n > 1, the two-dimensional Lebesgue 
measure of the set 


Em(n) = {(z,y) € R? : (Aly, %) € CF((z,y))) M*"(n) # xs((x,y))} 
is at most 27”. 


In general, if a set S C R? is recursively approximable, then its two- 
dimensional measure p(S) is recursive. 

In the following, we say a real number z is a left r.e. real number if the 
set {r € Q:r <z}isanr.e. set. The following results are from [32] and [35]. 


Theorem 1.20 Assume that [ is a computable Jordan curve on the 
plane R?. 


(a) If the two-dimensional Lebesgue measure of the curve I itself is zero, 
then its interior Int([) must be recursively approrimable. 


(b) If the two-dimensional Lebesgue measure of the curve I itself is recur- 
sive, then the measure of its interior Int(I) must also be recursive. 
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Theorem 1.21 


(a) Assume that T is a computable Jordan curve on the plane R?. Then, 
the measure of the interior Int(T) of the curve [ is a left r.e. real 
number. 


b) For any left r.e. real number x > 0, there is a computable Jordan curve 
y 
l such that its interior Int([) has the measure x. 


Note that the Jordan curve [ of Theorem 1.21 (b) must have a positive, 
nonrecursive two-dimensional Lebesgue measure. We remark that that if a 
computable Jordan curve [ has a positive two-dimensional Lebesgue measure 
p(T) then its Hausdorff dimension must be equal to two and hence the curve 
[ is a fractal. (For the notions of fractals and the Hausdorff dimension, see, 
e.g., [14].) On the other hand, when p(T) is equal to zero, the Hausdorff 
dimension of (I) is between one and two. In general, it is not necessarily 
recursive. 


Theorem 1.22 (Ko [33]) There exists a computable Jordan curve [T on the 
plane R* whose Hausdorff dimension is a nonrecursive real number between 
L and 2. 


2 Polynomial-time complexity theory 
of real functions 


In recursive analysis, we consider only the notion of computability of a nu- 
merical problem. Now we add complexity measures to the computation of 
real functions and consider the complexity of solving a numerical problem. 
There are two major differences between the results of recursive analysis 
and polynomial-time analysis. First, the notion of computability in recursive 
analysis is a universal criterion. Although the degrees of noncomputabil- 
ity may be of interests for some specific problems, the major issue in re- 
cursive analysis is to determine whether a problem is computable or not 
computable. In polynomial-time analysis, however, the situation is differ- 
ent. First, for a given numerical problem, we are not only interested in 
the polynomial-time computability or noncomputability of the solution, but 
also interested in identifying precisely its inherent complexity. Furthermore, 
for many problems, its polynomial-time computability is hard to prove or 
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disprove absolutely, and the best we can do is to classify the problem into 
some well-known complexity classes in discrete complexity theory. Different 
numerical problems may require different proof techniques to classify their 
inherent complexity, and yet these different results allow us to compare their 
complexity in a single, uniform model. Indeed, as we will see, the complex- 
ity of different numerical operations forms a hierarchy that is parallel to the 
hierarchy of the discrete complexity classes. 


Second, it is important to point out that certain critical analytic proper- 
ties seem to affect greatly the inherent complexity of a numerical problem. In 
the last section, we have seen some results indicating that the computability 
of a numerical solution often depends not only on the computability of the 
input function defining the problem but also on some analytic properties of 
the function. For instance, in Section 1.3, it was shown that the Lipschitz 
condition on a function f is sufficient to guarantee the computability of the 
solution of the ordinary differential equation defined by f. In the complexity 
analysis of these problems, the analytic properties appear to be even more 
important. Many elementary numerical operations that are easily seen to 
be computable from the point of view of recursive analysis turn out to have 
very high complexity unless certain analytic properties are assumed on the 
input functions. Furthermore, we cannot expect in polynomial-time analysis 
a simple, clear-cut result like Theorem 1.16 that uses a single analytic prop- 
erty to characterize the computability of many different operations. Instead, 
it is one of the main issues in polynomial-time analysis to identify the critical 
analytic properties of the input functions that determine the complexity of 
the solutions. 


One of the similarities between our approach to polynomial-time analysis 
and recursive analysis is that we do not study the polynomial-time com- 
putability of a numerical functional. Instead, we ask a weaker type of ques- 
tions of whether a numerical functional maps a polynomial-time computable 
real function to a polynomial-time computable real number (or real function). 
This weaker approach is necessary since under the worst-case complexity 
measure, almost all nontrivial numerical functionals are easily provable to be 
not polynomial-time solvable, based on the simple adversary argument. Such 
general lower bound results fail to provide insight into the inherent complex- 
ity of the underlying numerical functionals. Our weaker approach restricts 
the domain of the numerical functionals to the set of polynomial-time com- 
putable functions. Since the class of polynomial-time computable functions 
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is a rich, nontrivial class, this approach is not too restrictive and yet allows 
us to classify the complexity of the numerical functionals more accurately. 


2.1 Complexity of real functions 


In Section 1.1, we have defined computable real numbers and real functions. 
In order to define the complexity measures of real numbers and real functions, 
we need to further fix the representation system of real numbers. Instead of 
using rational numbers Q as the base set for approximating real numbers, 
we choose the set D of dyadic rational numbers, or, rational numbers with 
finite binary expansions, as the base set. Set D has a simple representation 
system: each dyadic rational number d is naturally represented by a binary 
string s = + Sn Sp-1 ‘++ 89.) tg ++: tm satisfying 


d = Lyne + yar 
i=0 j=l 


We say that a representation s for a dyadic rational d has the precision m, 
and write prec(s) = m, if it has m bits to the right of the binary point. We 
let D,, denote the class of dyadic rationals d which have a representation 
of precision < n; ie., D, = {m-2-" : m € Z}. The set D is preferred 
to the set Q because its members have simple binary representations and, 
more importantly, because it is uniformly dense in R: the numbers in D, are 
uniformly distributed over the real line. 


Based on this representation system, we define the complexity of a real 
number z to be the complexity of computing a dyadic rational d of precision 
n that approximates x with an error < 27”; i.e., the first n bits of d, to the 
right of the binary point, are the effective bits of z. 


Definition 2.1 


(a) Let t be an integer function. We say that the time (or, space) complexity 
of a computable real number x is bounded by ¢ if there exists a TM 
which computes, on each input n € N, a dyadic rational number d in 
t(n) moves (or, respectively, using t(n) cells) such that |d— 2] < 27”. 


(b) A real number z is polynomial-time computable if its time complexity 
is bounded by a polynomial function p. 
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It is known that all algebraic numbers and many well-known transcen- 
dental numbers, including e and 7, are polynomial-time computable. Fur- 
thermore, the class of polynomial-time computable real numbers forms a real 
closed field. 

We have defined computable real functions using the function-oracle TM’s 
in which input and output real numbers are represented by rational-valued 
functions that binary converge to them. This definition allows us to define 
the complexity of real functions naturally.* For simplicity, we only consider 
real functions defined on a closed interval [0, 1]. 


Definition 2.2 


(a) Let f : [0,1] + R be a computable function. We say that the time (or, 
space) complexity of f on [0,1] is bounded by a function t : N > N if 
there exists an oracle TM M which computes f (as defined in Definition 
1.3 except that the output of M%(n) is a dyadic rational) such that for 
all y that binary converge to a real number z € (0, 1] and for all n > 0, 
M*(n) halts in time t(n) (or, respectively, M?(n) uses at most t(n) 
cells of workspace‘). 


(b) A real function f : [0,1] + R is polynomial-time computable if its time 
complexity is bounded by a polynomial function p. 


We have seen in Proposition 1.5 that a computable real function must 
have a computable modulus function. The following proposition gives a more 
precise relation between the time complexity and the modulus of continuity 
of a real function. 


Proposition 2.3 


(a) Assume that the time complerity of f : [0,1] + R is bounded by 
t: N-+N. Then, the function t(n + 2) ts a modulus function for 


f on [0,1]. 


(b) Each polynomial-time computable real function f : [0,1] + R has a 
polynomial modulus of continuity. 


3As we pointed out in Section 1.1, the time complexity of an oracle TM is defined in 
such a way that the cost of making a query is only one unit of time. 

4When we consider the space complexity of computing a real function, we do not include 
the space of query tape in the space measure. This follows from the convention in discrete 
complexity theory that the input/output space is not included in the space measure. 
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This observation gives us a characterization of polynomial-time com- 
putable real functions like that of Proposition 1.6. 


Corollary 2.4 A function f : [0,1] > R is polynomial-time computable 
if and only if there exist polynomial functions m and q, and a function 


w:(DN[0,1]) x ND such that 
(i) m ts a modulus function for f on [0,1], 
(ii) for any d€ DN [0,1] and all n EN, |v(d,n) — f(d)| <2-", and 


(iii) &(d,n) is computable in time q{prec(d) +n). 


2.2 Discrete complexity theory 


To prepare for classifying the complexity of numerical problems in terms 
of discrete complexity classes, we give a short summary of some important 
notions in discrete complexity theory. 


2.2.1 Complexity classes 


We first review some important complexity classes. We will only give infor- 
mal definitions to these complexity classes. More careful discussions of the 
properties and relations between these complexity classes can be found in, 
for instance, [3, 16, 29]. 

First, we consider language recognition problems (or, decision problems), 
that is, the problems asking a yes/no answer. Such a problem is represented 
as a set of strings. The most important complexity classes of language recog- 
nition problems include LOGSPACE, P, NP, PSPACE and EXPTIME. 


LOGSPACE: the class of sets accepted by deterministic TM’s in logarithmic 
space (i.e., in space clog n for some constant c > 0). 


P: the class of sets accepted by deterministic TM’s in polynomial 
time (i.e., in time n* for some constant k > 0). 


NP: the class of sets accepted by nondeterministic TM’s in poly- 
nomial time. 


PSPACE: the class of sets accepted by deterministic TM’s in polynomial 
space. 


EXPTIME: the class of sets accepted by deterministic TM’s in exponential 
time (i.e., in time 2” for some constant k > 0). 
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It is known that LOGSPACE C P C NP C PSPACE C EXPTIME. It is easy 
to prove by diagonalization that LOGSPACE # PSPACE and P # EXPTIME. 
Other than these easy separation results, none of the above inclusions is 
known to be proper. Indeed, these are the major open questions in discrete 
complexity theory. (It is known that nondeterministic polynomial space de- 
fines the same class PSPACE as deterministic polynomial space [59].) 

There are many other important complexity classes defined in discrete 
complexity theory. We will particularly use the following complexity classes: 


UP: the class of sets accepted in polynomial time by nondetermin- 
istic TM’s that have, for each input, at most one accepting 
computation path. 


BPP: the class of sets accepted in polynomial time by probabilistic 
TM’s with the error probability bounded by 1/4. 


The class UP is closely related to the notion of one-way functions; namely, 
weak one-way functions exist if and only if P # UP. The class BPP denotes 
the class of problems that are feasibly solvable by randomized algorithms. 
It is known that P C UP C NP and P C BPP C PSPACE. None of these 
inclusions is known to be proper. 

In addition to the language recognition problems, we will also deal with 
function evaluation problems that are represented as functions mapping 
strings to strings. The main complexity class we are concerned with are 
the counting class #P. 


FP: the class of functions computed by deterministic TM’s in poly- 
nomial time. 


#P: the class of functions that enumerate the number of accepting 
computations of polynomial-time nondeterministic TM’s. 


FPSPACE: the class of functions computed by deterministic TM’s in poly- 
nomial space. 


It is known that FP C #P C FPSPACE, but the inclusions are not known 
to be proper. 
2.2.2 Reducibility and completeness 


The class P is commonly identified with feasibly computable problems. From 
a complexity point of view, we would like to prove a problem not in P to 
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demonstrate that it is not feasibly computable. However, a great number 
of problems arising from different areas of discrete computation turn out 
to belong to NP or PSPACE and are not known to be in P. In order to 
give convincing evidence that these problems are not feasible, the notions of 
reducibility and completeness are applied to these problems. 

First, we restrict ourselves to only language recognition problems. A 
set A is polynomial-time reducible to a set B if there exists a polynomial- 
time computable function y such that for any input x, z € A if and only if 
p(x) € B. A set B is complete for a complexity class C (with respect to the 
polynomial-time reducibility) if 


(a) BEC, and 
(b) for any A €C, A is polynomial-time reducible to B. 


It is easy to see that if A is polynomial-time reducible to B and if B is in P, 
then A is also in P; it follows that if A is complete for NP (or PSPACE), then 
A € P if and only if P = NP (or, respectively, P = PSPACE). Garey and 
Johnson [16] have collected hundreds of problems arising from different areas 
of research in discrete computation that are proved to be NP- or PSPACE- 
complete. Proving a new problem A to be NP-complete means that problem 
A is equivalent to all these difficult problems as far as polynomial-time com- 
putability is concerned. It also means practically getting a superpolynomial- 
time lower bound for the complexity of problem A in the sense that it is not 
in P unless P = NP. 

The notion of completeness can also be extended to problems in P and 
EXPTIME. Since it is known that P #4 EXPTIME, an EXPTIME-complete 
problem A is provably not feasibly computable. In addition, an EXPTIME- 
complete problem A is not computable in time NP or space PSPACE, unless 
EXPTIME = NP or EXPTIME = PSPACE, respectively, which relations are 
commonly conjectured to be false. 

To define completeness for P, we require that the reducibility is com- 
putable in log space. More precisely, a set A is log-space reducible to a set 
B if there exists a function y that is computable in log space® such that for 
any input x, z € A if and only if y(r) € B. A set B € P is P-complete if for 
every set A € P, A is log-space reducible to B. 


5Following the convention in discrete complexity theory, the space complexity of a 
function only measures the workspace used by the machine computing the function, not 
including the input/output space. 
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The complexity classes below P, including LOGSPACE, NLOGSPACE and 
NC, are usually identified as the classes of problems that are feasibly solvable 
by parallel machines.® Therefore, a problem A being P-complete implies 
that A requires polynomially long sequential computation that is not paral- 
lelizable unless the class P collapses to one of the feasible parallel complexity 
classes. 


2.2.3 Complete real functions 


In our results on the complexity of numerical problems, we often reduce a 
discrete complete problem to a numerical problem, using a little weaker type 
of reducibility. The weaker type of reducibility is necessary as we are dealing 
with continuous problems and the reducibility is not as straightforward as 
that for discrete problems; yet the effect is essentially the same. 


Definition 2.5 A set A C {0,1}* is polynomial-time reducible to a real func- 
tion f : [0,1] > R if there exist two polynomial-time computable functions 
g: {0,1}* > D and h: {0,1}* x D > {0,1} and a polynomial function p 
such that for every w € {0,1}"*, 


weA => h(v,e) =1, 
where e is any dyadic rational with the property |e — f(g(w))| < 27?. 


In other words, to determine whether w € A, we can first use g to transfer 
the instance w for problem A to an instance d = g(w) for problem f, then 
from an approximate value e = f(d), the answer to the question “w €? A” 
can be found by A(w, e). 


Definition 2.6 Let C be a discrete complexity class. A real function 
f : [0,1] + R is complete for the class C if f has a representation (m,~), 
as defined in Proposition 1.6, such that m is a polynomial function and yw is 
computable in C, and if every set A € C is polynomial-time reducible to f. 


Note that if f is complete for the class C, where P C C, then f is 
polynomial-time computable if and only if P = C. 


®We omit the definitions of the classes NLOGSPACE and NC and their relation to parallel 
computation. The interested reader is referred to, for instance, [12]. 
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2.3. Maximization 


In the next five subsections, we classify the computational complexity of some 
basic numerical problems in terms of relations among discrete complexity 
classes. These problems include the maximization problem, the root-finding 
problem, the integration problem, ordinary differential equations, and in- 
tegral equations. Additional results can be found in [20, 29, 50]. In the 
following, we will write &(s) to denote the length of a finite string s € {0,1}*. 


2.3.1 Maximization and nondeterminism 


The maximization problem in recursive analysis is quite simply solved. Let 
f : [0,1] > R be a recursive function. Then the maximum value m; = 
max{ f(y) :0< y < x} is also recursive; however, the maximum point zo such 
that f(%o) = my is not necessarily recursive (follows from Corollary 1.11). 


The maximization problem in polynomial-time analysis is more interest- 
ing. First let us review the maximization problem in discrete complexity 
theory, where many optimization problems were proved to be NP-complete. 
Consider the following abstract maximization problem. For any function 


yp: {0,1}* x {0,1}* > {0,1}*, define 
max(x) = max{(x,y) : &(y) = &(2)}. 


If we know that y is polynomial-time computable, what is the complexity of 
computing max,? It is easy to show that max, is computable in polynomial 
time if P = NP and, furthermore, there exists a polynomial-time computable 
y such that max, is NP-complete. 


The above simple example suggests naturally that we should try to use 
the notion of nondeterministic computation to characterize the complexity 
of the maximization problems — even for continuous problems. Indeed, the 
notion of NP can be used to give a precise characterization of the complexity 
of the maximization of one- or two-dimensional polynomial-time computable 
functions. In addition, differentiability of the function does not help reducing 
the complexity of maximization. 


Theorem 2.7 (Friedman [15]). There exists a polynomial-time computable 
real function f : (0,1] + R that is infinitely differentiable (i.e., f € C™[0, 1]) 
such that the function g(x) = max{f(y) : 0 < y < x} is complete for the 
class NP. 
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Corollary 2.8 The following are equivalent: 
(a) P=NP. 


(b) For each polynomial-time computable f : [0,1]? + R, the function 
g(x) = max{f(z,y):0< y < 1} is polynomial-time computable. 


(c) For each polynomial-time computable f : [0,1] > R, the function 
h(x) = max{f(y):0 < y < cz} ts polynomial-time computable. 


(d) For each polynomial-time computable f : [0,1] > R that is in- 
finitely differentiable (t.e., f € C™[0,1]), the function k(x) = 
max{f(y):0<y <x} is polynomial-time computable. 


2.3.2 Maximum values and left NP real numbers 


Corollary 2.8 shows that computing the maximization function of a poly- 
nomial-time computable function is, in the worst case, as difficult as an 
NP-complete problem. Is the problem of computing the single maximum 
value my = max{f(z):0 <2 < 1} as difficult as the problem of computing 
the maximization function? It turns out to be an interesting question de- 
pending on some subtle relations between deterministic and nondeterministic 
computation. 

First we give a characterization of the complexity of the maximum val- 
ues of polynomial-time computable real functions. Recall that a real num- 
ber gz is represented by a function y that binary converges to x. For z in 
(0,1), such a function y could also be represented by a set of strings Ly = 
{s € {0,1}* : 0.5 < y(4(s))}, where 0.s denotes the dyadic rational d whose 
binary expansion is equal to 0.s. Function y and set Ly are polynomially 
equivalent in the sense that one is computable from the other in polynomial 
time. Note that L, is not equal to the left cut L = {d€ D:d< zr} unless 
y(n) < z for all n > 1, but Ly is very close to the left cut. Such a set Ly is 
called a general left cut of zx. 


Definition 2.9 A real number z € [0,1) is a left NP real number if it has a 
general left cut LZ, that is in NP. A real number z is a left NP real number if 
ve’ =x—|2| is a left NP real number. 


Theorem 2.10 (Ko [24]) A real number x is a left NP real number if and 
only if there exists a polynomial-time computable real function f : [0,1] +R 
such that x = max{f(y):0<y< 1}. 


Chapter 19 Polynomial-Time Computability in Analysis 1291 


From the above characterization result, the complexity of maximum val- 
ues of polynomial-time computable real functions is the same as the com- 
plexity of left NP real numbers. To analyze the precise complexity of a left 
NP real number z, we need to define some new discrete complexity classes. 
Recall that EXPTIME denotes the class of sets computable in deterministic 
time 2” for some constant k. We define another exponential time complexity 
classes EXP that contains all sets computable in deterministic time 27'). We 
let NEXP denote the class of sets computable in nondeterministic time 20. 
For any complexity class C, we let C, denote the class of tally sets in C, where 
a set T is called a tally set if it is a set over a single alphabet {0}, i-e., if 
T C {0}*. It is easy to see that EXP = NEXP if and only if Py = NP, [8]. 


We note that the structure of a general left cut L, of a real number is 
closely related to the structure of a tally set. The following relations between 
these classes thus give the best classification of the complexity of left NP real 
numbers. It implies that if deterministic exponential time is different from 
nondeterministic exponential time then left NP real numbers are not always 
polynomial-time computable. Together with Corollary 2.8, it shows that 
computing a single maximum value has a lower complexity than computing 
the maximum function (of infinitely many maximum values). 


Theorem 2.11 (Ko [24]) In the following, (a) => (b) => (c) => (d). 
) P=NP. 
) Every left NP real number is polynomial-time computable. 
(c) Py =NPy. 
) 


EXP = NEXP. 


2.4 Roots and inverse functions 


In this section, we consider the complexity of computing the root and the 
inverse function of a one-dimensional, one-to-one real function. We will con- 
sider only one-to-one real functions. The reason is simple: for functions 
that are not one-to-one, the roots could be nonrecursive even if the underly- 
ing function is polynomial-time computable. The following theorem can be 
proved from a construction similar to Corollary 1.11. 
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Theorem 2.12 There exists a polynomial-time computable real function 
f : [0,1] + R such that it has an uncountable number of roots but none 
of them is computable. 


If we add extra restrictions of analytic properties to the function f, the 
complexity of its roots becomes reasonably low. However, the conditions are 
too complicated to be studied here. The interested reader is referred to [29] 
for the study of the complexity of roots of functions that are not one-to-one. 


2.4.1 Inverse modulus of continuity 


In Theorem 1.8, we have seen that if a one-to-one function f : [0,1] > R is 
recursive, then its inverse function is also recursive. However, the polynomial- 
time analog of this result does not hold, even if f is infinitely differentiable. 


Theorem 2.13 For any recursive real number x € [0,1], there exists a 
strictly increasing, polynomial-time computable function f : [0,1] > R that 
is in C™{0,1] such that x is the unique root of f in [0,1]. 


Theorem 1.8 was proved by a simple binary search algorithm to find the 
root. Why does this algorithm fail to find the root in polynomial time? We 
note that this binary search algorithm can only find an approximate root y 
(such that |f(y)| 0) in polynomial time which does not have to be close to 
the real, unique root z. A sufficient condition for the approximate root to be 
a good approximation to the real root is that the inverse function f~' has a 
polynomial modulus function around the root. We say that a real function 


g: [0,1] 4R 


has a polynomially-bounded local modulus at z € [0,1] if g has a polynomial 
modulus on [z — €, z + €] for some € > 0. 


Theorem 2.14 (Ko and Friedman [34]) Assume that f is one-to-one, poly- 
nomial-time computable on [0,1] with the range [a,b],a<0< ob. 


(a) If f-! has a polynomially-bounded local modulus at 0 then the root of 
f in [0,1] is polynomial-time computable. 


(b) If f-1 has a polynomial modulus function on [a,b] then f~' is poly- 
nomial-time computable on [a, 6]. 
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2.4.2 Fundamental Theorem of Algebra 


It is not hard to verify that the inverse function f~! of an analytic, one- 
to-one, polynomial-time computable function f : [0,1] + R must have a 
polynomial modulus function on its domain. Thus the roots of f on [0,1] are 
polynomial-time computable. This result can be extended to functions that 
are not necessarily one-to-one. 


Theorem 2.15 (Ko and Friedman [34]) All roots of an analytic, polynomial- 
time computable function f on [0,1] are polynomial-time computable. 


Extending the notion of polynomial-time computable real functions to 
polynomial-time computable complex-valued functions, we get the following 
polynomial-time version of the fundamental theorem of algebra. A complex- 
valued polynomial function is polynomial-time computable if and only if its 
coefficients are polynomial-time computable complex numbers. 


Corollary 2.16 (Polynomial-Time Version of the Fundamental Theorem of 
Algebra, the weak form). All roots of a polynomial-time computable complez- 
valued polynomial function are polynomial-time computable. 


The strong form of this theorem that requires that the mapping from 
coefficients of a complex-valued polynomial to its roots be polynomial-time 
computable, though claimed to be true by many numerical analysts, was 
first formally proved true by Schonhage [60] and then improved by Neff [46] 
showing that this mapping actually is in NC. 


Theorem 2.17 (Polynomial-Time Version of the Fundamental Theorem of 
Algebra, the strong form). There exists an algorithm in NC (hence in polyno- 


mial time) that for any given complex numbers ag, a1,..., Gn, with an = 1, 
computes compler numbers 2,...,2, such that $7", ajzi = 0, forj = 
eee 


2.4.3 Log-space computability of roots 


In discrete complexity theory, we often identify polynomial-time computa- 
bility with sequentially feasible computability, and identify log-space com- 
putability, or NC computability with parallelly feasible computability [12]. In 
Theorem 2.14, we have established that if the inverse f~! of a one-to-one, 
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polynomial-time computable function f has a polynomial modulus, then f7! 
is sequentially feasibly computable. In this section, we investigate the ques- 
tion of whether the inverse functions f~! having such nice properties are 
parallelly feasibly computable, or, log-space computable. 


A real function f : [0,1] + R is log-space computable if it is computable 
by an oracle TM that uses O(log n) workspace in its computation on input n, 
relative to all oracles y, equivalently, if the functions m and w in Proposition 
1.6 are log-space computable. A real function 


g:[0,1J>R 


is complete for P if every set A € P is log-space reducible to g in the sense of 
Definition 2.5 with the reduction functions g and h computable in log space. 
The following result shows that even if a function f is log-space computable 
and satisfies the conditions of Theorem 2.14, the inverse function f~! is not 
necessarily log-space computable. 


Theorem 2.18 (Ko [28]) There is a log-space computable, one-to-one func- 
tion f : {0,1] + R such that f-' has a polynomial modulus but f-' is 
complete for P. 


Corollary 2.19 The following are equivalent: 


(a) P = LOGSPACE. 


(b) For each log-space computable, one-to-one function f : [0,1] > R 
whose inverse f~! has a polynomial modulus, the inverse f—' is log- 
space computable. 


For the complexity of a single root, we identify its complexity in terms 
of Py versus LOGSPACE;. Recall that C, is the class of tally sets in C. The 
relation between P,; and LOGSPACE, is similar to the relation between expo- 
nential time EXP and linear space (cf. discussion before Theorem 2.11). 


Theorem 2.20 (Ko [28]) The following are equivalent: 
(a) P, = LOGSPACE). 


(b) For each log-space computable, one-to-one function f : [0,1] > R 
such that f(0) < 0 < f(1) and that f-! has a polynomial modulus, 
z = f—1(0) is log-space computable. 
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2.5 Integration 


We have seen in Corollary 1.17 that integration is a recursive operation. 
In this section, we show however that the integration of a polynomial-time 
computable real function f is not necessarily polynomial-time computable, 
unless the discrete complexity class #P collapses to FP. 

The class #P is a counting class containing functions that count the 
number of accepting computations of polynomial-time nondeterministic TM’s. 
To see how this class characterizes the inherent complexity of integration, 
consider the following discrete counting problem: Assume that a set A C 
{0, 1}* x {0,1}* is polynomial-time computable. What is the complexity of 
computing the function c4 : {0,1}* — N defined by c4(x) = the number 
of y such that f(y) = &(x) and (x,y) € A? It is not hard to see that 
FP = #P if and only if for all polynomial-time computable A, the function 
ca is polynomial-time computable. We can then convert the function c,4 into 
a continuous integration problem to obtain the following result. 


Theorem 2.21 (Friedman [15], Ko [27]) There exists a ares 
computable function f : [0,1] + R such that the function g(x) = fy f( 
is complete for #P. 


Corollary 2.22 The following are equivalent: 


(a) FP = #P. 
(b) For all doar tie computable functions f : [0,1] > R, the func- 
tion g(x oe ie a ) dt is polynomial-time computable. 


Assume that F is a complexity class of functions. Let F, denote the 
class of functions f in F whose domain is exactly {0}*. The complexity of 
computing the integral value over a fixed interval of a polynomial-time com- 
putable real function is, similar to that for the maximum values, dependent 
on the complexity of the class #P,. 


Theorem 2.23 The following are equivalent: 
(a) FP; = #P1 


(b) For . polynomial-time computable functions f : [0,1] + R, the value 
fat ) dt is a polynomial-time computable real number. 
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2.6 Ordinary differential equations 


We discussed the computability of the solution of an ordinary differential 
equation (1) 
y'(z) = f(z,y(z)), —-y(0) = 0 

in Section 1.3. It was proved there that if function f is computable on 
(0, 1] x [—1, 1] and if the equation has a unique solution y, then the solution y 
is computable. The following result, due to Miller [42], however shows that 
even if the solution y is unique and even if f is polynomial-time computable, 
the solution y could have arbitrarily high complexity. 


Theorem 2.24 Let a be an arbitrary recursive real number between 0 
and 1. Then there is a polynomial-time computable function f defined on 
[0,1] x [-1,1] such that y(x) = ax? is the unique solution of equation (1) 
defined by f. 


The above result suggests that in order to have a feasible solution, some 
extra analytic condition on the equation (1) must be assumed. One of the 
most commonly used conditions is the Lipschitz condition on f: there exists 
a constant ZL such that for all x € [0,1] and all z,,z2 € [-1, 1], 


|f(z, 21) — f(z, 22)| < L- lz. — zal. 


It is known that if f satisfies the Lipschitz condition on [0,1] x [—1, 1] then 
the solution y to equation (1) is unique. Furthermore, for such an equation, a 
standard successive approximation algorithm such as Euler’s method works 
in polynomial space. The following result follows immediately from this 
observation and from Corollary 2.22. 


Theorem 2.25 In the following, (a) <> (b) => (c) = (d). 
(a) P = PSPACE. 
(b) FP = FPSPACE. 


(c) For all polynomial-time computable functions f : [0,1] x [-1,1]} > R 
that satisfy the Lipschitz condition, the solution y of equation (1) is 
polynomial-time computable. 


(d) FP = #P. 
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The above result does not precisely characterize the complexity of the 
ordinary differential equation (1). In the following, we relax the Lipschitz 
condition a little to give a more precise characterization of the inherent com- 
plexity of equation (1). We say that a function f on [0,1] x [—1, 1] satisfies 
the right Lipschitz condition on a region E C [0,1] x [~1, 1] if there exists a 
constant L > 0 such that for all x € [0,1] and all 2, 22 € [-1,1], 21 < 22, 


F(z, 22) — f(z,21) < L- (22-21), 


whenever the line segment connecting (x, z,) and (2, z2) lies entirely in re- 
gion E. We also say that a region FE C [0,1] x [-1,1] polynomially covers 
(the graph of) a function y : [0,1] + [—1,1] if there is a polynomial g such 
that for every k > 1, the set 


{ (zx, z) Oke eto |jz—y(x)| < 2-atk)y 
is contained in E. 


Theorem 2.26 (Ko [25]) There exists a polynomial-time computable func- 
tion f : [0,1] x [~1,1] + R such that 


(i) equation (1) defined by f has a unique solution y on [0,1], 


(ii) f satisfies the right Lipschitz condition on a region E C [0,1] x [-1, 1] 
that polynomially covers the solution y, and 


(ili) the solution y is complete for PSPACE. 


To prove the above theorem, we first define a discrete initial value problem 
of the following form. Let My = {m € N: |m| < k}, and pa polynomial func- 
tion. We say a function ¢ : {0,1}" x Main) > Myyny is a derivative function if 
for any string s of length n and integers m,,m2 € Mpn), 9(S,771) < p(s,m2) 
whenever m; < m2. A function v : {0,1}”" — N is a solution for the deriva- 
tive function y if for all s € {0,1}" — {1}", y(s,v(s)) = v(suce(s)), where 
succ(s) is the successor of the string s in the lexicographic order on {0, 1}*. 
The discrete initial value problem is, for any given derivative function y 
and a given initial value y(0",0) = mo, to compute the solution function 
v : {0,1}* + N such that v(0") = 0 and v is a solution of y. Once such a 
discrete initial value problem is proved to be complete for PSPACE, we can 
encode it into a continuous function f to obtain the polynomial space lower 
bound for equation (1). 


1298 K. Ko 


Corollary 2.27 The following are equivalent: 


(a) Assume that equation (1) defined by a polynomial-time computable 
function f : [0,1] x [-1,1] ~ R has a unique solution y on [0,1]. If 
f satisfies the right Lipschitz condition on a region E C [0,1] x [—1, 1] 
that polynomially covers the solution y, then the solution y is poly- 
nomial-time computable. 


(b) P = PSPACE. 


Similar to the problems about maximization and integration, a single 
value of the solution y of equation (1) can be characterized by the complexity 
class PSPACE,. 


Theorem 2.28 (Ko [25]) The following are equivalent: 


(a) Assume that equation (1) defined by a polynomial-time computable 
function f : [0,1] x [-1,1] + R has a unique solution y on [0,1]. If 
f satisfies the right Lipschitz condition on a region E C [0,1] x [-1, 1] 
that polynomially covers the solution y, then the value y(1) ts a poly- 
nomial-time computable real number. 


(b) Py = PSPACE. 


2.7 Integral equations 


In this section, we consider the complexity of the solutions of Volterra integral 
equations of the first kind 


[ktus.e) ds = fy), 0<y <1, (2) 

and of the second kind 
ely) = f+ [ Kise) ds, OS¥<t, 3) 
where the function ¢ : [0,1] — R is to be solved from the given functions 


K : (0,1)? x [-1,1] ~ R and f : [0,1] ~ R. While many numerical 
algorithms for Volterra equations of the second kind have been proposed 
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and studied (see, e.g., [2, 41, 64]), very few general algorithms for Volterra 
equations of the first kind are known. It is generally recognized that Volterra 
equations of the first kind are much more difficult to solve than Volterra 
equations of the second kind. Our results confirm this intuition. 

We first consider Volterra equations (3) of the second kind. Since an or- 
dinary differential equation is easily convertible to a Volterra integral equa- 
tion of the second kind, it is only interesting if we require that the function 
Kv satisfy the Lipschitz condition. We say Kv satisfies the Lipschitz condi- 
tion if there exists a constant L > 0 such that for all y,s € [0,1] and all 
t1,t2 € [-1,1] 


|A(y, 8, th) > K(y, 8, t2)| < Le \t, = ta]. 


If A’ satisfies the Lipschitz condition, then it is known, through Picard’s 
successive approximation algorithm, that equation (3) has a unique solution 
y that is polynomial-space computable. Thus, the complexity of solving 
equation (3) is precisely the same as the complexity of solving the differential 
equation (1). 


Theorem 2.29 Jn the following, (a) > (b) => (c). 
(a) P = PSPACE. 


(b) If functions K and f of equation (3) are polynomial-time computable 
and if K satisfies the Lipschitz condition, then the solution » of equa- 
tion (3) is polynomial-time computable. 


(c) FP = #P. 


In addition, following from Theorem 2.26, if A’ only satisfies the Lipschitz 
condition on a region that polynomially covers the unique solution y, then 
we know that PSPACE is also a lower bound for the solution y. 

Next, we consider Volterra equations (3) of the second kind for which the 
kernel function A’ only satisfies a local Lipschitz condition: for any y € [0, 1], 
there exists a constant L, such that 


(i) |A(y,s,t1) — A(y, 8, t2)| < Ly + |t: — te] for all s € [0,1] and all 
ty, te € (—1, 1], and 


(ii) there exists a polynomial function q such that for all n > 0, 
0<y<1l=2" 3 1,52. 


1300 K. Ko 


There are two reasons to consider this type of Volterra equations: first, it 
demonstrates quantitatively the importance of the Lipschitz condition of the 
kernel K on the complexity of the solution y; and second, this study could 
be later applied to give a lower bound for Volterra equations of the first kind. 


A careful analysis of Picard’s successive approximation algorithm for 
Volterra equations of the second kind (see, for instance, [41]) shows that 
equation (3) with A’ satisfying the above local Lipschitz condition is solv- 
able in exponential-space. In the other direction, an exponential-time lower 
bound has been obtained for such equations through a discrete problem of 
systems of quadratic equations. 


Theorem 2.30 (Ko [30]) 
(a) If functions 
K:(0,1)?x{-ll]J +R and f:[01]J>R 


are polynomial-time computable and if K satisfies the local Lipschitz 
condition, then equation (3) has a unique solution vy that is computable 
in exponential space (i.e., in space 2”” for some constant k > 0). 


(b) There exist polynomial-time computable functions 
K : (0,1)? x [-1,1])3>R and =f :[0,1J>R 


such that KW satisfies the local Lipschitz condition and the solution 
of equation (3) defined by K and f is unique and has a polynomial 
modulus, but is complete for EXPTIME. 


It is not known whether the gap between the exponential-space upper 
bound and the exponential-time lower bound can be narrowed. 


Now we consider Volterra equations (2) of the first kind. As we pointed 
out above, no numerical algorithm is known to work for the general case, even 
if the function K satisfies the Lipschitz condition. Most algorithms attempt 
to convert a Volterra equation of the first kind into a Volterra equation of 
the second kind and then solve it by the known algorithms for Volterra equa- 
tions of the second kind. There are certainly some limitations to this idea. 
First, more analytical properties on the kernel A’, such as differentiability, 
are required in the conversion. Second, the Lipschitz condition on kernel K 
is often not preserved by the conversion. Thus the complexity for Volterra 
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equations of the first kind could be much higher than polynomial-space even 
if the kernel A’ satisfies the Lipschitz condition. 

A specifically interesting conversion is the following. First we assume 
that functions A’ and f are differentiable with respect to variable y. We may 
then differentiate both sides of equation (2) to obtain 


A(ysy,e(y)) + is 5 Ku s.e(s))ds = f'(y). 


Further assume that A(y,y,y(y)) = Ai(y)y(y) with Ay(y) nonvanishing. 
Then, equation (2) is ox to the following equation of the second kind: 


y(y) = v- H(y,s,9(s)) ds, (4) 


ae 


where H(y,s,t) = eee We now may be able to apply, for 


instance, Picard’s successive approximation algorithm to solve this equation. 
As we pointed out above, however, the new kernel H does not satisfy the Lip- 
schitz condition, even if we assume that the original kernel A’ does. What 
we can prove is that if A’ satisfies the Lipschitz condition then the func- 
tion H satisfies the local Lipschitz condition. Therefore, by Theorem 2.30, 
equation (4) has an exponential time lower bound. 


Theorem 2.31 (Ko [(30]) 


(a) Assume that functions Ky : [0,1]? x [-1,1] ~ R and f : [0,1] +R 
satisfy the following properties: 


(i) WK and f are polynomial-time computable, 
(ii) A satisfies the Lipschitz condition, 


) 

(iii) A(y,y,t) = Aily,y)-t and Ki(y,y) #0 ae.,’ 
ay 

) eae 


By K(y,s,t) and f'(y) exist and are polynomial-time computable. 


{iv 
Then, equation (2) has a unique solution y on [0,1] that ts exponential- 
space computable. 


(b) There exist functions K and f satisfying conditions (i)-(iv) above, and 
the unique solution y of equation (2) has a polynomial modulus but is 
complete for EXPTIME. 


*By a.e., we mean that for any n > 0, all but finitely many y < 1 — 27” satisfies 
Kily,y) #0. 
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2.8 Two-dimensional regions 


In this section, we study the notion of polynomial-time computability of 
a two-dimensional bounded, simply-connected region (i.e., a bounded, con- 
nected open set with no holes). There are a number of different represen- 
tations for a two-dimensional region S, each having different applications. 
Here, we only consider three possible representations. 

First, we extend the the notion of recursive approximability to the notion 
of polynomial-time approximability. Recall from Definition 1.19 that Exy(n) 
is the set of points in R? at which errors might occur for M on input n. 


Definition 2.32 A set S C R? is polynomial-time approzimable if there 
exists a polynomial-time oracle TM M such that, for each n > 1, the two- 
dimensional Lebesgue measure of Ey(n) is bounded by 27”. 


The notion of polynomial-time approximability allows the machine which 
computes the characteristic function of the set S to have errors but requires 
that the error probability must be within a predefined bound. Next, we con- 
sider the notion of polynomial-time recognizability which allows the machine 
which computes the characteristic function of the set S to have errors only 
around the boundary of the set S, and hence is useful for regions whose 
boundaries are Jordan curves. For any set S C R? and any point (x,y) € R’, 
we let 6((r,y),S) be the distance between (z,y) and S, in particular 


6((z,y),S) = min{|(z, y) es (u,v) : (u,v) € S}. 


Definition 2.33 A set S C R? is polynomial-time recognizable if there 
exists a polynomial-time oracle TM M such that, for any integer n > 1, 


Em(n) © {(e,y) = 6((z,y),5) < 2F. 


The third notion of polynomial-time computability is strictly limited to 
sets with a polynomial-time computable Jordan curve as a boundary. (We 
defined the notion of computability of a Jordan curve in Section 1.5. Its ex- 
tension to polynomial-time computability is straitforward.) We now compare 
these three notions. 

First, is a polynomial-time recognizable set always polynomial-time ap- 
proximable? The answer is a negative one, and the proof is a simple extension 
of that of Theorem 1.21. 


Theorem 2.34 There exists a polynomial-time computable Jordan curve T 
such that its interior Int(T) is polynomial-time recognizable but not recur- 
sively approzimable. 
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Next, we study whether a polynomial-time approximable set is always 
polynomial-time recognizable. To answer this question, we need a new con- 
cept of probabilistic computation. 

In Section 2.2.1, we defined BPP as the class of sets computable in poly- 
nomial time by probabilistic TM’s. We say two sets A and B are a BP-pair 
if AN B =@ and there exists a polynomial-time probabilistic TM M that 


(1) accepts each x € A with probability > 3/4, and 
(ii) rejects each y € B with probability > 3/4. 


Two disjoint sets A and B are called P-separable if there exsits a set C € P 
such that AC C and B CC. It is not known whether BPP = P implies that 
all BP—pairs are P-separable. 


Theorem 2.35 (Chou and Ko [11]) Jn the following, 
(a) > (b) > (c) > (d). 


(a) FP = #P. 
(b) All BP-pairs are P-seperable. 
( 


c) All polynomial-time approzimable subsets of [0,1]? are polynomial-time 
recognizable. 


(d) BPP =P. 


The third result is about the question of whether the interior of a poly- 
nomial-time computable Jordan curve is polynomial-time recognizable. 


Theorem 2.36 (Chou and Ko [11]) Jn the following, 
(a) => (b) = (c). 


(a) FP = #P. 


(b) For every polynomial-time computable Jordan curve T, its interior 
Int(L) ts polynomial-time recognizable. 


(c) UP=P. i.e., one-way functions do not ezist. 


Finally we apply the above results to the problem about the measure of 
the interior of a polynomial-time computable Jordan curve. 
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Corollary 2.37 The following are equivalent: 
(a) FP = #P. 


(b) For every polynomial-time approximable set S C [0,1]?, its two-dimen- 
stonal Lebesgue measure is polynomial-time computable. 


(c) For every polynomial-time computable Jordan curve V' that is recti- 
fiable (i.€., having a finite length), the measure of its interior Int(T) is 
polynomial-time computable. 


Corollary 2.38 There exists a polynomial-time computable Jordan curve T 
whose interior is polynomial-time recognizable, but its measure is not recur- 
Sve. 


For other complexity issues about two-dimensional regions, such as the 
distance between a point and a region and the complexity of computing the 
winding numbers of a given curve, see [11]. 


3 Other approaches 


As we pointed out in the Introduction, many different approaches have been 
proposed to study the computational complexity of continuous problems. 
Each approach seems to aim at some specific domain of problems. We be- 
lieve that the approach discussed in Section 2 is best for a general complexity 
theory for real functions, particularly for proving lower bounds based on dis- 
crete polynomial-time complexity theory. However, some specific problems 
and some upper bound results may be better studied in different computa- 
tional models. In this section, we give a brief introduction to a few other 
interesting approaches. We limit ourselves to presenting an informal compu- 
tational model and an example of results in each approach. The interested 
readers are referred to the technical papers in the bibliography. 


3.1 Real random access machines 


In computational linear algebra and computational geometry, as well as in 
mathematical programming, one often uses the real random access machine 
(real RAM) as the computational model (see [9]). A real RAM is a random 
access machine in which a real number, with the infinite precision, can be 
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stored in a single address. The machine is able to perform certain basic 
operations on real numbers, such as addition, multiplication, division by 
nonzeros and comparison, where real numbers can be randomly accessed by 
their symbolic names. The complexity of a real RAM is usually measured by 
the number of operations performed on a specific input. A typical question 
studied in this model is the matrix multiplication problem: given two n x n 
matrices A and B, compute their product C = A x B. (For recent progress 
on this problem, see, for instance, [13].) 

As we pointed out earlier, this model of computation assumes the avail- 
ability of the infinite-precision operations which is completely incompatible 
with the approach in Section 2. A computational theory of real functions 
based on the real RAM model is closer to symbolic computation than to nu- 
merical computation. However, in Sections 3.3 and 3.4, we will present two 
complexity theories of real functions based on this model. 


3.2 Representing real functions by programs 


Since our interests are focused on polynomial-time computable real func- 
tions, a numerical operator which maps such a function to a real number 
may be considered as a function that maps a program, in a fixed computa- 
tional model, to a real number. This idea is close to the approach in symbolic 
computation, except that here we allow hybrid numerical and symbolic com- 
putation in a single computational model. 


3.2.1 Turing Machine representation 


In Corollary 2.4 we have seen that each polynomial-time computable real 
function f could be represented by a modulus function m and a discrete 
function y mapping rationals to rationals. Thus, such a function could be 
represented by a TM, with the modulus functions predefined. For instance, 
the integration problem in this approach is formulated in the following form: 


Integration Problem. Given a TM M and two integers 
i,n > 0, find a rational number r such that if M computes a 
real function f : [0,1] + R with a modulus function m(k) = k' 
then lr—fo f| S25", 


Note that this is not a purely symbolic computation problem, since we 
ask for a real number as the output. Also, this problem is stronger than 
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the polynomial-time computability approach of Section 2: we ask here for a 
general integration algorithm for all polynomial-time computable functions 
with a modulus function m(k) = k', but in Section 2, we allowed different 
integration algorithms for different functions. 


One of the interesting results obtained in this approach is the constructive 
fixed-point theorem. The classical d-dimensional Brouwer fixed-point theo- 
rem states that a continuous function f from Aq to Ag must have a fixed 
point z € Ag in the sense that f(z) = x, where Ay is the d-dimensional unit 
cube. Hirsh et al. [19] have shown that in the real RAM model, the functional 
mapping a real function to one of its fixed points is not polynomial-time 
computable. As we pointed out in Section 2, such a lower bound result on 
functionals does not reveal much of its inherent complexity. Papadimitriou 
[49] considered the fixed-point theorem in the model of representing real 
functions by TM’s. 


Fized-Point Problem. Let d be an integer d > 1. Given 
a TM M computing a real function f from Ay to Ag, with a 
linear modulus function, and an integer n, find a point « € Ag 
such that |f(2) — 2] < 27”. 


Note that the above question asks for an approximate fixed point for each 
input n, and these approximate fixed points are not required to converge to 
a single fixed point. Thus, this question is weaker than the question of 
computing the functional of mapping real functions to their fixed points. 
To characterize the complexity of this problem, Papadimitriou [49] defined 
a new discrete complexity class PDLF which contains all functions that are 
defined by a local search strategy similar to that of Sperner’s lemma for the 
fixed-point theorem. We omit here the formal definition of PDLF. It is known 
that FP C PDLF C TFNP, where TFNP denotes the class of all total functions 
that are computable by nondeterministic TM’s. Papadimitriou [49] showed 
some evidence that this class PDLF is probably not equal to FP nor to TFNP. 


Theorem 3.1 The above fixed-point problem is complete for PDLF, when 
d > 3. 


It is obvious that the fixed-point problem in the case d = 1 is polynomial- 
time solvable. It is however not known whether the fixed-point problem in 
the case d = 2 is polynomial-time solvable or is complete for PDLF. 
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It is worth pointing out that this approach is very closely related to the 
approach presented in Section 2. For instance, the ideas of the proof of the 
above theorem can also be formulated in the complexity theory of Section 2. 
In the following, we say a function f : Ay > Ag is well-conditioned to mean 
that its approximate fixed points x satisfying |f(x)—a| < € are actually close 
to some real fixed points y satisfying f(y) = y. 


Corollary 3.2 (Ko [31]) Let d > 3. The following are equivalent: 
{a) PDLF = FP. 


(b) For every well-conditioned f : Aq + Ag that is computable in poly- 
nomial-time and has a unique fired point x in Ag, x is polynomial-time 
computable. 


A weaker result for the case d = 2 is also obtained in [31]. 


3.2.2. Real-valued circuits 


In addition to the Turing machine representation, a real function could also 
be represented by real-valued circuits. Since real-valued circuits are just 
an alternative representation to the real RAM model, this approach is more 
closely related to symbolic computation than to numerical computation. In- 
deed, the functions that could easily be represented by real-valued circuits 
are just rational functions f,/f2, where f; and f2 are polynomial functions. 


Hoover [21], however, found a very interesting relation between the real- 
valued circuit representation and the boolean-valued circuit representation 
for real functions. Namely, he showed that the class of polynomial-time com- 
putable real functions, in the sense of Definition 2.2, coincides with the class 
of functions that are sup-approzimable by a uniform family of real-valued cir- 
cuits with polynomial-size and polynomial-magnitude. In the above, a family 
{nj} of real-valued circuits is of polynomial-size if the number of gates in 
Cn,j 18 bounded by a polynomial in n 4+ 7; it is of polynomial-magnitude if 
for any input « € [—2’, 2°], each gate in c,,; outputs a real number in 
(—2P("+J)  2P("+3)] for some fixed polynomial p; it is a uniform family if there 
is a polynomial-time TM computing c,,; from (n,j). Also, a real function 
f is sup-approzimated by a family {en} of real-valued circuits if for all 

E[-2, 2], Lfle) —engl2)] <2. 
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The above characterization of Hoover gives us a weak form of the poly- 
nomial-time version of Wierestrass approximation theorem (see Theorem 1.15 
and [29]), and, more importantly, provides a transformation between sym- 
bolic computation and numerical computation. For instance, Kaltofen [23] 
asked whether the integration of polynomial functions is computable in poly- 
nomial time, provided that polynomial functions are given by straight-line 
programs. Using Hoover’s characterization, it is immediate that this question 
is as difficult as the numerical integration problem and hence is ##P-complete. 


3.3 Information-based complexity theory 


Traub et al. [62] established the information-based complexity theory as 
a general theory to study approximately solved numerical problems (see 
also [63] and [68]). The main feature of the theory is to distinguish the 
notion of information complezity from the notion of computational (or some- 
times called combinatorial) complezity of a problem. Consider, for instance, 
the integration problem. In order to compute an approximate value of 
f f(t) dt with an error bounded by ¢, we must first evaluate f at some 
points 71, ..., &, € [0,1], and then compute a real number y from the val- 
ues f(r1),..., f(a) such that ly-f f(t)dt| <e. We will call the amount 
of function evaluations of f(z;) necessary to obtain the approximation y as 
the information complezity of the integration problem, and call the amount 
of time required to compute y from the given values f(x1),..., f(a) as 
the computational complexity. Traub et al. [62] demonstrated that informa- 
tion complexity by itself is often a dominating complexity measure for many 
numerical problems. 

Quantitatively, the information complexity of a problem is measured by 
the radius of information required to solve the problem. Informally speak- 
ing, for any given problem, we can only collect a finite amount of information 
N = N(f) about the given input function f. From this set N of informa- 
tion, there are potentially infinitely many functions g in the domain of the 
input functions that have the same set of information N(g) = N. The radius 
r(N) of information N is defined to be the radius of the minimum ball that 
contains all these functions g, where the measure for the radius depends on 
the problem. A nice general theorem in this theory states that the informa- 
tion N is strong enough to solve the problem with an error bounded by « 
with respect to all functions in the domain (disregarding the computational 
complexity) if and only if the radius r(V) of information N is less than e. 
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Using this theorem, we can compute the optimal information for a numerical 
problem, and the optimal algorithm with respect to the optimal information. 
Consider again the integration problem. Assume that the domain consists of 
all functions f such that |f’(x)| <1 for all z € [0,1]. Then, it can be proved 
that the optimal information for computing aN f(t) dt within an error 1/4n 
is taking f(a;) at equi-distant points 1/2n , 3/2n, ... , (2n —1)/2n, and the 
radius of this set of information is 1/4n. The worst-case error 1/4n could be 
achieved simply by the Riemann sum of the sample values f((27 — 1)/2n), 
epee 


Comparing this complexity theory with the theory of polynomial-time 
analysis of Section 2, we notice the following differences. First, as we pointed 
out above, information-based complexity emphasizes information complex- 
ity and generally disregards computational complexity. In the theory of 
polynomial-time analysis, both complexity measures are included in the con- 
sideration, and therefore the domain of the input functions is often restricted 
to polynomial-time computable functions. Second, the computational model 
used in the information-based complexity theory is close to the real RAM 
model with some new, nonconventional operations. Traub et al. [62] pointed 
out that it is important to distinguish between different types of informa- 
tion such as the function evaluation f(x), the derivative evaluation f’(2), 
or sometimes even the integral evaluation th f. For different problems, one 
may assume weak or strong analytic properties of the input functions, and 
may decide to use inexpensive or costly information to solve the problem. 
Thus, we may imagine an extended real RAM model with oracles, in which 
one may assume the availability of different types of information given in 
the form of oracles, and the cost of collecting different types of information 
is measured separately (see [48]). Third, the lower bound achieved in the 
information-based complexity theory is basically by the adversary argument, 
and in the theory of Section 2, the technique of NP-completeness theory is 
applied. 


Among the similarities between the two theories, we would like to point 
out that many notions and techniques of discrete algorithm theory could 
be applied to the information-based complexity theory. Among them, the 
notions of average-case complexity, parallel computation and probabilistic 
algorithms have been studied in the theory. Furthermore, if the real RAM 
model uses the logarithmic cost measure instead of the unit cost measure, 
then the two models are even closer (see [10] and [67]). 
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3.4 A theory of NP-—completeness 
for algebraic computation 


Blum et al. [7] recently introduced a new theory of NP-completeness based on 
an algebraic computational model that is very close to the real RAM model. 
Since the only operations allowed in such a machine are arithmetic operations 
on reals, this theory is naturally more suitable for algebraic computational 
problems. There are two novel features of this theory, however, that make 
it different from the classical algebraic complexity theory. First, the ma- 
chine is allowed to have some fixed real numbers as its parameters; that is, 
a finite number of fixed real numbers are allowed to be prestored in the ma- 
chine. As a consequence, there exist an uncountable number of machines 
(unlike any other computational models used in discrete or continuous com- 
putational theory). Second, nondeterministic machines are defined in such 
a way that a nondeterministic node of a machine may guess a real number 
with infinite precision (instead of being able to guess only a single bit in 
nondeterministic TM’s). This means that the nondeterministic node has an 
uncountable number of computational successors and, in general, cannot be 
simulated by deterministic machines. 


To be more precise, a (deterministic) machine M in this theory is a 
real RAM with arithmetic operations and the compare-and-branch operation 
that compares two real numbers and branches to new instructions accord- 
ing to the comparison result. Let R® denote the set of all infinite se- 
quences of real numbers with only a finite number of nonzeros. A sequence 
E=(X1,...,2n,0,...) in R® is of size n, and we write é(x) = n, ifn is 
the largest integer such that 2, # 0. A decision problem A is a subset of 
R®. We say a decision problem A is polynomial-time computable, and write 
A € Pp, if there is a machine M that solves an instance ¢ of A such that 
z € A if and only if M(Z) outputs 1 and that M(Z) halts in time O((z)*) 
for some constant k > 0. A decision problem A is in NPR if there exists a 
polynomial-time machine M such that for each instance # € R®, Z € A if 
and only if there exists a sequence 7 € R®, £(¥) < O(€(Z)*) for some constant 
k > 0, such that M(z,y¥) outputs 1. A decision problem A is NPR -complete 
if A € NPp and for all B € NPg there exists a polynomial-time machine M 
such that for each ¢ € R®, M(Z) outputs a ¥ € R™ such that ¢ € A if and 
only if y € B. It can be seen that these definitions are motivated by the 
discrete NP—completeness theory. 
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Blum et al. [7] demonstrated a few problems that are NPp-complete. 
Among them, the following problem is the most fundamental one. 


Degree-4 Algebraic Variety Problem. Given a degree-4 
polynomial y over n variables x; , ... , £,, determine whether 
there exists an FE R®, €(#) <n, such that y(Z) = 0. 


Theorem 3.3 The degree—4 algebraic variety problem is NPg-complete. 


From these NPp-complete problems, it is established that whether Pp 
is equal to NPg is the fundamental question in this theory. Although this 
question is based on a theory using the real RAM model, we may treat the 
theory as a theory of symbolic computation and hence as a subtheory of the 
classical discrete complexity theory. Since it is not known whether Pp = NPR, 
it would be interesting to know whether it is equivalent to some well-known 
open questions in discrete complexity theory. At present, this question is 
not known to be equivalent to the question P = NP in the classical NP- 
completeness theory. The best known relation between this question and 
questions in discrete complexity theory is that if P = PSPACE then Pp = NPR. 
For further development of this theory, see the forthcoming book [6]. 
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Introduction 


Algorithmic aspects of countable Boolean algebras have been studied by 
many mathematicians very intensively, and their efforts were very fruitful. A 
systematic account of results on constructive Boolean algebras is contained 
in the book by Goncharov [17] and in the survey paper by Remmel [33]. 
In the following article, we will focus on results which lie outside the main 
field of research. We reflect several attempts to generalize the fundamental 
notions of constructive model theory, as well as results on Boolean algebras 
that are obtained in this context. Countable Boolean algebras are tradition- 
ally considered a convenient playground for constructive model theory, and 
we consider the results of this survey as an example for this assertion. 


*This work is supported by RFFR, grant No. 96-01-01552. 
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In the following, we illustrate how one can generalize the basic notions of 
constructive model theory. 

Let. 0t- (90, Po, 2-25: Pas foyss<s Jey Coy <+ 5m) bea countable 
model of finite signature. A numeration [10] of 30 is a map v from the 
set of natural numbers w onto the universe |9N| of 9 such that the basic 
operations admit an effective presentation, i.e., for any 7 < k, there exists a 
general recursive function g; such that 


VeADGs 1a eR aS JP Bose. VER.) 


where m, is the arity of f;. The pair (20, v) is called a numerated model. A 
numeration v is called a constructivization of 92 if the numeration equiva- 
lence ~, 45 {(z,y) | vz = vy}, and the sets 


Presa toa0% te) [I Pie so ote 


2 <n, are recursive. The pair (M,v) is called a constructive model in 
this case. The class of recursive sets is very small, but we can weaken the 
condition on the sets ~,, P.’, i <n, “to be recursive”. 

If sets ~,, P’, i < n, are in A, and A is the family of sets natural 
from the point of view of algorithm theory, then v and (9M,v) are called 
an A~constructivization and an A-constructive model, respectively. We can 
substitute for A the classes of arithmetic or analytic hierarchy, Turing and m— 
degrees, etc.. So we may talk about arithmetic and hyperarithmetic models, 
for example. 

A numerated model (30, v) is called strongly constructive if the set 


{(s, 41, ..., &) | s is the Godel number of a first order formula 
p(21,---, 2k) with k free variables, and M@— y(vl,,... , vlx)} 


is recursive. 

Changing the class of formulae in this definition, we obtain another natu- 
ral generalization of the notion of a constructive model. We may speak about 
S-constructive models, where S is either a proper subclass of a first order 
language, or a fragment of second order logic. The (strong) constructivity 
of a model refers to the existence of an algorithm that verifies the truth of 
quantifier-free (first order) formulae on this model. It is useful to investigate 
the existence of such algorithms for other classes of formulae. We select the 
class of formulae which reflects the algorithmic properties of the model most 
adequately. 
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The main part of this paper is devoted to the following topics: 


First, the examination of arithmetic Boolean algebras, i.e., Boolean alge- 
bras which admit a numeration with arithmetic numeration equivalence. In 
particular, the structure of the arithmetical hierarchy of numerated Boolean 
algebras will be described. 


Second, the study of restricted theories of constructive Boolean algebras, 
j.e., theories which include only formulae with a restricted number of alter- 
nations of quantifiers. 


Third, the constructions of Boolean algebras with various decidability 
conditions on their ultrafilters, and the connection between these results and 
the general theory of constructive models. 


Finally, we mention results about A}—constructive Boolean algebras and 
about constructivizability of Boolean algebras in some extensions of first 
order language. 


1 Preliminaries 


We use the standard terminology of recursion theory [35] and model 
theory [2]. 


Let o be a finite signature, F a decidable fragment of a second order 
language, 
{n(vo on) Vig- i) neu 


a Godel numbering of all formulae of the fragment F where vo, ... , Vsa—1 
is the list of all free variables of y,, and let ( ,..., ) be a fixed coding 
function for finite sequences of natural numbers. 

We consider now a numerated model (2M, v) (see the introduction) of 
signature o. Let 


DMF SA, Boy 20g BRA) | UE Oalvres cic y VER) 
and A be a class of subsets of w closed with respect to recursive isomorphisms. 


Definition 1.1 A model MM is called A-F-constructivizable if there exists 
a numeration v of IN such that D,(IM, F) € A. In this case, the numerated 
model (Mt, v) is called A-F -constructive, and v is an A-F-constructivization 


of DN. 
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If F is the set of quantifier-free formulae, or the set of formulae with < 
n alternations of quantifiers, or the set of all first order formulae, then 
instead of “A-F-constructive” (or “A-F-constructivizable”), we use the 
words “A-constructive” (or A-constructivizable”), “A-n-constructive” (or 
“A-n-constructivizable”), and “A-strongly constructive” (or “A-strongly 
constructivizable” ), respectively. If A is the class of all recursive sets, we omit 
the prefix A. This corresponds to the usual terminology of constructive model 
theory. If A is a set, we say “A-constructive” (or “A-constructivizable” ) 
instead of “{C | C <r A}-constructive” (or “{C | C <p A}-constructi- 
vizable”), where <r denotes Turing reducibility. 


The Ershov school only used numerations. Therefore we give an alterna- 
tive definition. 

Let IN be a model of signature o with the universe w, i.e., [IN| = w. We 
put 


DF, MN) s {(n, toy pee) | WC Gi (witgs e345 Vrk,-1)}- 


Definition 1.2 A model MN is called A~F—constructive if D(F,M) € A. 
If MN ~ Mt, [Mt] = w, and M is A~F-constructive, then MN is called an 
A-F -presentation of MN. 


These definitions are in some sense equivalent. For instance, we have the 
following. 


Lemma 1.1 Let IN be a model of functional signature. IN is A~-constructi- 
vizable if and only if IN has an A-presentation. 


IM is a model of functional signature, i.e., an algebra. Any model of func- 
tional signature is isomorphic to a factor-algebra of the free algebra of this 
signature, which has an effective presentation in terms of basic operations. 
The lemma is a simple consequence of this fact. 


Let 92 be a countable system of signature 0. The F~spectrum of Mis a 
family Spec(¥, 9) of Turing degrees such that a € Spec(F, IM) if and only 
if there exists an a—F-presentation N of the system Mt. 


Definition 1.3 The degree of F-constructivizability of SN is the least 
element deg(F, 9) of the family Spec(F, M). 
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This definition was suggested by L. Richter [34]. Richter also established 
that not every Boolean algebra has a degree of constructivizability. In order 
to prove this, one uses the following idea. For any Boolean algebra %, one can 
construct two presentations 2%, and 2, such that {deg(D(2,)) , deg(D(22))} 
is a minimal pair. Nevertheless, for any degree a, one can construct a sys- 
tem with degree of (strong) constructivizability a (see [37]). Selivanov has 
suggested the weakening of the Definition 1.3 in order to define the notion 
of complexity for all systems. 


Definition 1.4 The complexity of F-constructivizability of a system 
is the least ordinal a such that there exists a presentation It of MN with 
D(F,M) <r OW). Here, O denotes the a-iteration of the T'-jump of the 
degree of the recursive sets. 


It is well known [1, p. 644] that we can consider the sequence of degrees 
{O°} as a sequence which is T—confinal in the class of all Gédel-constructive 
subsets of w. 

Therefore, any model IN that has a presentation Mt where D(F,MN) is 
Gédel-constructive has an F-complexity. 

It is clear that a model IN is A,-—F-constructivizable if and only if the 
F-complexity of M is < n. It is also known [37] that the complexities of 
strong constructivizability of the lattice of r.e. sets and of the ordering of 
m-degrees are equal to w. 

As usual, we consider Boolean algebras in the signature (U,M, ¢, 0, 1). 
Let BS (|B), Us, Ag, ce, Og, ly) be a Boolean Algebra (BA), then <q 
is the natural ordering of B (t@ <gy y S x Up y = y). We omit subscripts 
whenever it would not lead to confusion. 

If A is a subset of |%|, then gr(A) is a subalgebra of B generated by the 
elements of A. 

Let A be a set, and let P(A) denote its power set. P(A) is the BA 
of all subsets of A with the natural operations, and P*(A) is the factor 
algebra of P(A) with respect to equivalence ~*, where By ~* B, if and 
only if (Bo \ B,) U (By \ Bo) is a finite set. If B € P(A), then B* is the 
corresponding equivalence class in P*(A) = |P*(A)}|. 

The product J],¢,,8; of a family of Ba’s {B; | 1 € w} is defined in 
the usual way. The sum }),-,, 8; is a subalgebra of [],.,,%8; such that 


a € )o ic, B: if and only if almost all components of A are equal to the unit, 
or almost all components of A are equal to zero. 
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We use the following standard notations: 


A(38) is the set of atoms of B, i.e., the set of all minimal non-zero 
elements of the ordering <s. 


Atl(%) is the set of atomless elements, i.e., elements of 8 that do not 
contain atoms. 


At(B) is the set of atomic elements, i.e., elements of ® that do not 
contain atomless elements. 


F(%) is the Fréchet ideal of the BA %, i.e., the ideal generated by 
atoms. An iterated sequence of Fréchet ideals {F,(8) | a € Ord} is 
defined in the following way. 


Fo(B) = {0g}, F,(B) = F(S), 
Fo41(B) = {x € |B] | 2/F.(B) € F(B/F.(B))}, 


Fp(B) = U F.(8), 
a<p 


where #3 is a limit ordinal. 


A BA & is said to be atomic (atomless) if lg € At(B) (1g € Atl(B)). 
A BA ® is a-atomic if 8/Fg(B) is atomic for all B < a. 

Let a € |%]. Then [als denotes the principal ideal generated by the 
element a. Sometimes we shall consider [a] as a BA where the element a is 
a unit of this BA. 

A BA 8 is called superatomic if any subalgebra of 8 is atomic. For any 
countable superatomic BA % [17], there exists a countable ordinal a such 
that F.4:(B) = |Bl, yet F.(B) 4 |B]. a@ is called the ordinal type of the 
BA %, and the pair (a,n), where n is the number of atoms of B/F,(%), is 
called the type of the superatomic BA B. 

Let 3 be a maximal ideal of a superatomic BA 8. The type of 3 is the 
ordinal a such that F,(%) Cc J, yet Foyi1(B) Z 3. The sequence {F.} of 
Fréchet filters and the type of a maximal filter F of B are defined in a similar 
way. 

Now we define another important sequence of ideals. We will need these 
ideals to classify Boolean algebras up to elementary equivalence (7, 39]. The 
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Ershov-Tarski ideal [(%8) of the BA % is the ideal generated by the set 
At(%) U Atl(B), i.e., each element of /(%) is a join of atomic and atom- 
less elements. Let 


1(B) = {0B}, Inti (B) Ss {x € BI x/1,(B) € 1(B/I,(B))}, 
Anti (B) S {v € B | x/I,(B) € A(B/I,(B))}, 
Atlnyi(B) s {x € B | x/1,(B) € Atl(B/s,(B))}, 


Atny1(B) = {x € B | 2/1,(B) € At(B/I,(B))}. 


Proposition 1.2 The predicates I,, Anz1, Atlng, and Atnyi, n € w, are 
defined by first order formulae, and have S4n-, Wangi-, UW4ng2- and Ma4n43- 
definitions, respectively. 


The elementary characteristic ch(a) of an element a € |®] is the triple 
(ch; (a), chg(a), ch3(a)), where 


is ifa é U 1,(B), 


n>0 


n ifa € In41(B) \ [,(B) 


0, if chy(a) = 00, 
n, if a/I,(%) contains n distinct atoms, 
cho(a) and m = chi(a) < 00, 
oo, if a/I,(%) contains infinitely many distinct atoms, 


and m = chi(a) < co 


0, if chy(a) = 00, or chi(a) = m < w and a/T,,(B) 
ch3(a) > does not contain non-zero atomless elements, 
1, otherwise 


The elementary characteristic of a BA 8 is the elementary characteristic 
of its unit element, ch(B) = ch(1s). 


Theorem 1.3 Two BA’s & and B are elementary equivalent if and only if 
ch(Q) = ch(B). 
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Corollary 1.4 The elementary theory Th(%) of any BA B is decidable. 


Let o be a signature of the BA’s, then o* = oU{Aj, Atl,, Atn, Jn |n € w} 
is the enrichment of o by a countable set of unary predicates, which will be 
interpreted in accordance with the definitions given above. 


Theorem 1.5 The theory of BA’s is model-complete in the signature o*. 


We conclude this section by mentioning a very useful fact from construc- 
tive model theory [11]. 


Theorem 1.6 Let T be a model-complete theory. Then each constructive 
model of T is strongly constructive. 


2 Trees and Boolean algebras 


Here we describe the methods of presentations of BA’s that we will use later 
on. Binary trees are very important for this purpose [15, 27, 29]. 


Let 2<” be the set of all finite sequences of zeros and ones. The elements 
of 2<” are denoted by o,7,p,..., and will be called strings. Let o *r denote 
the concatenation of the strings o and tr, o C7 means that o * p = 7 for 
some p, o | 7 denotes that o and 7 are incomparable with respect to C, and 
Ih(c) is the length of o. 


It is sometimes convenient to regard a string o as a map from the set 


{i |i <th(o)} to {0,1}. 


Given a partial order T, we say that T is a tree if 
(i) T is a lower semilattice, 
(ii) T has a least element, 


(iii) each element of T either has exactly two successors, or is itself 
maximal, and 


(iv) each initial segment of T is a finite linear order. 


The tree T is called full if T does not have maximal elements. It is clear that 
the relation C defines the structure of a full tree on 2<”. 
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A subset P C 2<” is called a segment if the following condition holds. 
(re P&oCr) = oEP 


A subtree of the full tree 2<” is a segment that is itself a tree. Note that 
each countable tree is isomorphic to a subtree of 2<”. 


Let T C 2<” bea subtree. A map y from T toa BA B is called admissible 
if the following conditions hold. 


(i) (9) =1, 
(ii) y(t) = g(r #0) Uy(7r *1), THO ET, 
(ii) tTlo => y(t) N¢y(c) =0, 7,0 € T. 


The tree is said to generate the BA % if there exists an admissible map 
y:T — % such that in addition 


(iv) y(r) 40,7 ET, 


(v) each element of % is a finite join of elements of the type y(r). 


Lemma 2.1 Let T C 2<” be a subtree, and let UA and B be BA’s such that T 
generates B. Let ~ be the corresponding admissible map, and let »:T > A 
be an admissible map. Then there exists a unique homomorphism € such that 
the following diagram commutes. 


T = B 


2A 


If condition (iv) holds for w, then &€ is a monomorphism. If satisfies 
condition (v), then € is an epimorphism. 


Now it follows that a BA that is generated by a given tree is unique up 
to isomorphism. If we have a tree T, we can always construct a BA B such 
that T generates 8. For example, this can be done in the following way. 
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Let A be a countable set. We define a map y : T — P(A) by induction 
on the length of strings. If y(7) is determined, then y(r) is infinite. We 
divide the set y(r) into two infinite parts such that A; U Az = y(r) and 
A, M Ag = @, and put y(7 *0) = A; and y(t *1) = Ap. 

We define 

€(T) = er({(7) | 7 € T}) C P(A). 
It is clear that conditions (i)-(v) hold for this constructed map y : T + €(T), 
and that the isomorphism type of €(T) does not depend on the specific 
construction of y. 


The next assertion reflects some results of this construction. 
Lemma 2.2 Let T € DA,,, then €(T) € AA... 


We have Y4,, = yA” Therefore, it is sufficient to prove the lemma 
only for n = 0. However, this is almost obvious, because each element of 
€(T) will be enumerated at some stage s, and for enumerated elements, the 
equality problem is decidable with an appropriate oracle. 


Now we describe another way of representing BA’s [22]. This method is 


inspired by the following simple fact. 


Lemma 2.3 If (%,v) is a numerated BA, then B ~ Q/3, where Q is a 
recursive atomless BA, 3 is an ideal of Q, and 3 ts recursively isomorphic 
to ~,. 


We define 
fo] = ( a vi)N( f]) et) and A, + {v[o] | o € 2<*}. 


o(i)=1 o(t)=0 


Later on, A, will be called a standard generating family of (8,v). It is clear 
that gr(A,) = B. 


The tree 2<” generates a recursive atomless BA Q, and the ideal 3 gener- 
ated by the set {a | v[o] = 0} satisfies the conditions of the lemma. 


Let {v[o] | o € 2<”} be a standard generating family of (B,v). A set 
P = {a | v[o] # 0} is a segment that satisfies the condition 


TEP => (HX <1)(7*i € P). (*) 
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Definition 2.1 A normal segment is a segment that satisfies condition (*). 


Let P[F] = {7 € P| do € F(a Cr)}, where P, F C 25”. We associate a 
BA al(T’) with each normal segment T. It is a subalgebra of P*(T), consisting 
of all equivalence classes T[F]*, where F is a finite subset of 2<”. Note that 
if (B,v) is a numerated BA and P = {a | v[o] £ 0}, then B ~ al(P), where 
isomorphism is defined by the map T[F]* > U,erv[o]. 


The connection between algorithmic properties of BA’s and normal seg- 


ments is established by the next lemma. 


Lemma 2.4 A BA ® is ¥4- (or I4-, Af-) constructivizable if and only if 
8B ~ al(T) for a suitable normal segment T € U4 (or U4, Ad). 


The following sufficient condition on the isomorphism of two BA’s al(S) 
and al(T’) makes the use of this method of representing BA’s very convenient. 


Lemma 2.5 Let S and T be normal segments, and ~ be an isomorphism 
from (S C) to (T,C) such that for any tr € T there exists o € S with 
TC y(a). Then the BA’s al(S) and al(T) are isomorphic. 

The required isomorphism is determined by the map S[F]* > T[y(F)]*. 


At the end of this section, we establish the connection between the two 
presentations of BA’s that were described above. 


For an initial segment P of the tree 2<”, we define 
T(P) & {o|o€P Koarei & r¥(1—i)E PHU {9}. 


It is clear that the set T(P) is in general not a subtree of the full tree 2<”, 
but the ordering C induces the structure of a binary tree on TP). 


Let €(P) denote the BA generated by the tree T(P). 


Lemma 2.6 For any normal segment P C 2<”, the BA’s €(P) and al(P) 
are isomorphic. 


The tree T(P) is isomorphic to a suitable subtree S C 2<”. We fix 
some isomorphism €: S + T(P). Then the map ~: S -— al(P), where 
ao ++ P[{&(o)}]*, induces the required isomorphism (see Lemma 2.1). 
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3. Arithmetical hierarchy of 
Boolean algebras 


In this section we study the structure of the arithmetical hierarchy of BA’s 
and the methods of representing arithmetical BA’s as factor algebras of con- 
structive BA’s with respect to some natural ideals. 


Theorem 3.1 (Odintsov [27]) Any [#-constructivizable BA is A@-constr- 
uctivizable. 


Let B be a I1-constructivizable BA. By Lemma 2.4, B ~ al(D), where 
D is a S-normal segment. Let {D, | s € w} be an effective approxima- 
tion of D with an oracle A by finite initial segments of the tree 2<”, where 
IDs! D8] <1, 8 €w. 

We construct the required A-constructive BA 2, with 2 ~ B, in stages. 
Assume that we have a finite BA 21° and an isomorphism y, : €(D*) — A* at 
the end of stage s, and T(D*) # T(D*t!) holds. Only one pair of elements 
can be added to the tree T(D°) at each stage, because |D*t! . D*| < 1. We 
add o «0 and o * 1, and let r = Ufp |p Co&p € T(D*)}. The number of 
atoms lying below 7 in €(D*t!) is one plus the number of atoms lying below 
7 in €(D*). Therefore we divide one of the atoms of 2° below y,(r) into 
two parts to obtain 2+!. Let 


ogee: [Tlepst1y — [9(7) Jae 


be an isomorphism. We can extend this isomorphism to obtain a new iso- 


morphism ¢y*t! : €(D*t!) — 2st! such that the following condition holds. 
ETD) & (0 S1) = ya) = o'(o) 


This construction is effective with the oracle A, therefore 2 + Use,,2Al® is 
an A-constructivizable BA. The isomorphism 2 ~ % is easily established. It 
is sufficient to note that the sequence of isomorphisms {y,} is stabilized on 


each element of T'(D). 


Corollary 3.2 (Dzgoev [17]) [fa BA B is constructivizable as a partial or- 
der, then it is constructivizable as a Boolean algebra. 


Any constructive presentation of the partial order (|%],<g) is a Ih- 
constructive presentation of the BA B, because the operations of the BA are 
definable by I],-sentences of a first order language. 
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Theorem 3.3 (Selivanov [27]) Any Aj-constructivizable BA is 44—constr- 
uctivizable. 


By Lemma 2.4, it is sufficient to check that for any normal segment 
D € A&, there exists a normal segment T € II? such that al(T) ~ al(D). 

We define y : D — 2<”. Let y(@) = @, and assume that y(c) is already 
defined. If 0 0,0 *1 € D, then y(o *?) = y(o) *27,1 <1. Ifoxk ED 
and o *(1—k) ¢ D, then y(a *k) = y(o) * 0. It is clear that y(D) € Ad, 
and y is an isomorphism from (D; C) to (y(D); C); and if r € y(D), then 


T*0 € Y(D). So, without loss of generality, we can assume that D has the 
following property. 


cE€D = otxI0ED (*) 


Let {D*},c, be a Af-approximation of D by finite initial segments of 
2<”, 1.e., 


(cED <> (AsVt>sa0€D")) & (OED <> (AsVt>s ao ¢D')). 


Moreover, we suggest that this approximation has the property that, for 
any 5, 
eee Oe 8 es eta Oe Oe Pah an Pa ae ee Ba 
Now we give a sketch of the construction. At each stage s we shall 
construct a finite isomorphism 2° : D® > 2<”. 


CASE 1: 7 € D1 \ D8, r = a *1. We have |D*t! \ D’| = 1, therefore 
a € D’. Let p = (co) * OF be a maximal element of 7°(D*). We define 
wtl(o x 09) = p * 00, where 0 * 09 € D*t!. In the other cases, 7*t! is 
identical with w’. 


CASE 2: Dt! C D*. We put st! = a | D®. Let yb = lim, W, 
Ts {a | ar(o c ¥(7))}- 


By Lemma 2.5, we have al(D) ~ al(T). To finish the proof, we have to 
establish that T is a II-normal segment. This follows from the equivalence: 


ceQ*N\T =e 


As, 7, p ((r*0C¥%(p)) & (F*#1E W(D*)) & (r*1 Ca)). 
Here we need to use condition (*). 


The next statement follows from Theorems 3.1 and 3.3. 
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Corollary 3.4 Any I4-constructivizable BA is D4 ~constructivizable. 


So we have established that the arithmetical hierarchy of BA’s has the 
following structure. 


MANE TALE “SAE 


| | rl 


All inclusions in this diagram are proper. This follows from the classical 
result of Feiner [12]. Let ©, and II,, where a is a recursive ordinal, be the 
classes of the hyperarithmetic hierarchy. 


Theorem 3.5 (Feiner [12]) For any a there exists a Dq41-constructivizable 
BA which is not &,—constructivizable. 


This result cannot be refined in terms of inclusions of classes of U,- 
and II,-constructivizable BA’s, because any II,4;-constructivizable BA is 
A.41-constructivizable by Theorem 3.1, and any II.42-constructivizable BA 
is Xg41-constructivizable by Corollary 3.4. In particular, we cannot con- 
struct refinements of the arithmetical hierarchy of BA’s. For example, any 
»;!-constructivizable BA is a A?-constructivizable BA, where /7" are the 
classes of Ershov’s hierarchy, see [8, 10]. 


In the second part of this section we show that all arithmetical BA’s can 
be presented as factor algebras of constructive BA’s with respect to certain 
natural ideals. Simultaneously, we can consider these results as an exact 
estimation of the algorithmic complexity of factorizations of numerated BA’s 
by certain natural ideals. 


Theorem 3.6 [27] 


(i) (Selivanov) Any 4 -constructivizable BA is isomorphic to a factoriza- 
tion of a suitable atomic A4~constructivizable BA with respect to its 


Fréchet ideal. 


(ii) (Odintsov) Any U4'-constructivizable BA is isomorphic to a factoriza- 
tion of a suitable atomic A-strongly constructivizable BA with respect 
to its Fréchet ideal. 
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We give a proof for the first part of the theorem, omitting the condition 
“to be atomic”. 

Let B be a S4-constructive BA, and P be the corresponding II#—normal 
segment, such that B ~ al(P). Then there exists a function f : 2S” xw 4w 
that is recursive with respect to A, such that f(o,s) < f(o,s +1) and 
o € P <>» lim, f(o,s) = w. We define a Ui -subtree D of 2<” in the 
following way. 


o*t1€D <> AsVrCo(f(t,s) > lh(o)). 


Let us consider the BA €(D). We have 8 ~ €(D)/F(€(D)). To prove 
this fact, it is sufficient to note that 


o¢ P => limf(a,s)<w = |{rEDlocr}|<w. 


This last condition implies that the elements of €(D) corresponding to the 
string T is an element of the Fréchet ideal. Therefore the identity map of 2<” 
onto itself induces an isomorphism of 8 and €(D)/F(€(D)). The Ba €(D) 
is A-constructivizable by Lemma 2.2. 

To make the BA €(D) atomic, we need a slight modification of our con- 
struction. We should add one atom under each element of the constructing 
tree. This does not change the isomorphism type of the factorization by the 
Fréchet ideal. 

The second part of this theorem has an analogous, but simpler, proof. 
We merely remark that the strong constructivity of an atomic, constructive 
BA is equivalent to the decidability of the set of atoms (see Theorem 1.5). 


Repeated applications of Theorems 3.3 and 3.6 yield: 


Corollary 3.7 Let n < w. Any Nange- (or Nenyi—) constructivizable BA 
is isomorphic to a factorization of a suitable n-atomic constructivizable (or 
strongly constructivizable) BA by the ideal Fy41. 


It follows from the definition of the Fréchet ideal, that if (B,v) is a 
constructive (or strongly constructive) BA, then B/F,41(%B) is Lengo (or 
Yenti-) constructivizable. Therefore 8 > 8/F,+1(B) is a surjective map 
of the class of all constructivizable (or strongly constructivizable) BA’s to 
the class of all Son42- (or Eanyi-) constructivizable BA’s, and this map is 
one-to-one on the class of n-atomic BA’s [15]. 
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Let FAtl() denote the ideal generated by the atoms and the atomless el- 
ements of a BA 8. We conclude this section with an analogue of Theorem 3.6 
for the ideals FAt](%@) and /(%) (the Ershov-Tarski ideal). However, first 
we have to define an operation on trees. 

For o € 2” and T C 2”, we puto *T s& {o*7 | 7 € T} and 
T(o) = {rt |o*7 € T}. We define an operation which takes a sequence of 
segments {7,},c2<w, and constructs a new segment |], 7; in the following 
way. 

Let W be the set of all strings which have zeros on the even places. We 
put @ = @ and o*i = G*0i. The mapo + G is an isomorphism from 
(2<”; C) to (W; C), and for any r € W, there exists o such that r CG. It is 
clear that {o*1 | o € 2<”} is the set of all maximal elements of (2<”\ W; C), 
and that W = {o,¢*0|o0€ 2<“}. Ifo ©eWN {F | 7 € 2°}, theno =7 «0 
for some T € 2<”, thus 0 *0 = r*0, and ¢*1=7¥+*1. Now we put 


IIT, = WU(UF*1*T,). 


The next two lemmata state some simple properties of this operation. 
Lemma 3.8 Let T = |], T-. 
(i) If {T,} is a Uf-sequence of trees, then T is a Ui'-tree. 
(ii) For any o € 2<”, we have T(o*1) =T, and T(¢) = [], Toxr- 
From now on, we only consider non-empty trees. 


Lemma 3.9 Let {T,} be a sequence of trees, B a BA generated by the tree 
T = [[,T;, and 6, an element of B corresponding to r € T. 


(i) Zf all elements b3.1 are atomic, then B is atomic. 


(ii) If all elements bg. lie in FAtl(B), and almost all of these elements 
are atomless, then lg € FAtl(SB). 


(iii) If all elements bg., lie in I(B), and almost all of these elements are 
atomic, then lg € I(B). 


(iv) If infinitely many elements of the type bz: lie in I(B) are neither 
atomic nor atomless, then lg ¢ 1(B). 
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Theorem 3.10 (Odintsov [27]) Any 54 -constructivizable BA is isomorphic 
to a factor algebra of a suitable AA-constructivizable BA by the ideal FAtl. 


Let (&,v) be a L4-constructive BA, then there exists a U/-sequence 
{v, | 7 € 2<”} of non-empty initial segments of w such that 


v(o] =0 <=> (for almost all extensions rT D a, yw; is equal to w), 


where {v[o] | o € 2<”} is a standard generating family of the numerated BA 
(2,1), see [22, §4]. 

The sequence of trees {R, | r € 2<“}, where R, = {a | lh(c) € ,} isa 
Yi'-sequence, therefore S = []_ R, is a Ui‘-tree, by Lemma 3.8 (i). Let us 
consider B = €(.S). We have B/FAtI(B) ~ A. Indeed, [bs.1]~m is a finite BA 
if || < w, and atomless if |y,| = w. In any case, we have bs. € FAtl(). 
Therefore the family {b3/FAtI(®) | o € 2<“} generates B/FAtI(B). By 
Lemma 3.10 (ii), we can conclude that 


bs € FAtl(B) <=> (|P,| = w for almost all 7 Dc). 


Hence, the identity map of the tree 2<” onto itself induces an isomorphism 
between B/FAtl(®) and 2 = ger({v[o] | o € 2<“}). 


Via a simple refinement of this construction, we obtain: 


Theorem 3.11 (Selivanov [27]) Any ©4-constructivizable BA is isomorphic 
to the factor algebra of a suitable Aé—constructivizable BA by the Ershov- 
Tarski ideal. 


The iterated ideals J, and FAtl,, n < w, are defined in the usual way. 


Corollary 3.12 Any %3,43-constructivizable BA is isomorphic to the factor 
algebra of a suitable constructive BA by the ideal FAtln41- 


Corollary 3.13 Any “4n44-constructivizable BA is isomorphic to the factor 
algebra of a suitable constructive BA by the ideal In41. 


It is easy to see that in Theorems 3.1, 3.3, 3.6, 3.10 and 3.11, BA’s are 
effectively constructed. Thus, for instance, the following assertion is true: for 
any Y4n41-constructive BA (2l,v) we can effectively find a ©,-constructive 
BA (8,4) such that B//,(B) ~ A, and so on. 

We finish this section with the following open question. What is the struc- 
ture of the numerated BA’s that lie in the limit classes of the hyperarithmetic 
hierarchy, i.e., in the classes ©, where a is a limit ordinal? 
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4 Restricted theories of constructive 
Boolean algebras 


This section is devoted to the study of n-constructivity of BA’s for various n. 
First of all, we introduce the general notions that we need in this section. 
Let F, be the set of all first order formulae which have < n alternations 
of quantifiers in prenex normal form. We suppose that some algorithm for 
reducing to prenex normal form is fixed. Let (9,v) be a numerated model. 


Then 
Pha) Sa las cite Rca) | mm E Ym(vlo,--- 5 Ulin —1) & Ym € Fn} 


Th(M,v) + UY Tha(M,v) 


n<w 


Recall that {ym(vo, --- ; Vn-1)}mew is a Godel numeration of all first order 
formulae. Of course, the sets F,,, n < w, are uniformly decidable with respect 
to this numeration. 

A numerated model (9, v) is said to be n-constructive if Th, (90, v) is 
recursive. A model IM is n-constructivizable if there exists a numeration v 
of IN such that (M, v) is n-constructive. Th, (IM, v) is called an n—restricted 
theory of a numerated model (Mt,v). It is obvious that the decidability 
of Th(M,v) is equivalent to the strong constructivity of (N,v), and the 
decidability of Tho(I, v) is equivalent to the constructivity of (IM, v). 

With the help of Theorem 1.5, we can obtain several sufficient conditions 
for the strong constructivity of a numerated model which has a decidable 
n-restricted theory for some n. These conditions are summarized in the 
following proposition. 


Proposition 4.1 Let (B,v) be a numerated BA. 


(i) If chi(B) = n and (B,v) is (4n + 3)-constructive, then (B,v) is 


strongly constructive. 


(ii) Jf ch(B) = (n,w,0) and (B,v) is (4n + 1)-constructive, then (B,v) is 


strongly constructive. 


(iii) If chy(B) = (n,0,1) and (B,v) is (4n)-constructive, then (B,v) is 


strongly constructive. 
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(iv) If chy(B) = (n+1,1,0) and (%,v) is (4n+3)-constructive, then (B, v) 


is strongly constructive. 


The following question arises at this point: is it possible to decrease the 
levels of decidability of the restricted theories mentioned in Proposition 4.1 
that are sufficient for the strong constructivity of a BA? 

The first result in this direction was obtained by Goncharov [15]. Using 
the technique of Feiner hierarchies {12], he proved the following: 


Theorem 4.2 There exists an atomic constructivizable BA that ts not str- 
ongly constructivizable. 


It is clear that the BA mentioned in this theorem is infinite, i.e., the 
elementary characteristic of this BA is (0,w,0). This means that Goncharov 
constructed a BA that is 0-constructivizable, but not 1-constructivizable (see 
Proposition 4.1 (ii)). We will not discuss the method suggested by Feiner, nor 
the various aspects of its application. The details can be found in [12, 15, 33]. 
The result mentioned above admits a generalization (see [16]). 


Theorem 4.3 For any n > 0, there exists a (4n)-constructivizable BA that 
is not (4n + 1)-constructivizable. 


We will give a sketch of the proof of this theorem, but first we say a few 
words about the connection of BA’s and linear orders. 

If L is a linear order with a first element, let By, denote the interval 
BA of this order, i.e., Bz is the subalgebra of P(L) generated by the sets 
{[a,b) | a,b € L}, where [a,b)={reL|a<2x< bd}. 

The following two propositions establish the connection between algorith- 
mic properties of BA’s and linear orders. 


Proposition 4.4 [f L = (L,v) is a numerated, constructive linear order, 
then the BA B, has a numeration y, such that (Br, y.) is constructive. 


So we have a preferred method of constructing a numeration y, of By, 
for any presentation (L,v) of a linear order L. 


Proposition 4.5 For any constructive BA (B,v), there exists a construc- 
tive linear order L = (L,p) such that (B,v) and (B,,y), are recursively 
isomorphic. 
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Both results admit a natural relativization, but we only need the simplest 
case. 

If Lo =(|Lol;<o) and Ly =({L£4|; <1) are linear orders with |Lo|N|Li| = @, 
then the orders Lp + L, and Lo x Ly are defined in the following way. 


[Lo + Ly| = [Lo] U |Lil, 


reqeys(relp&yeli)V(ere ly &ye Lo &zr <oy) 
Vite h&kyeL&«e< y); 


|Lo x Li| = |Lol x |Lal, 


(0, Yo) <x (41,91) = (Yo <1 yi) V (yo = y1 & 2 <o 24). 


The finite sum and product of more than two linear orders, and the infinite 
sum of linear orders can be defined in the usual way. Let w, 7, and 7 denote 
the order types of the natural numbers N, the rational numbers Q, and the 


number set {0,... , n — 1} with the usual ordering, respectively. Then we 
define the linear orders Lz, L°, and Li, n < w, by induction on n: 
fe 2, [pj = », Ig = 1+n, 


[Ty = (w+n) xw, 


Engr = (LR +L))xw, Ly = In xu, Lay, = 1+ (L,4+L,)x0 


Let us consider the BA’s B, = Br,,, B2 = Bzo, and Bis Br,,. It is 
easy to show that the BA B, is atomless, the BA %,, is atomic, and that the 
following fact is true. 


Lemma 4.6 Let L and L, be linear orders such that the BA By is atomic, 
and let B! = Birstyn)xwxL,- Then B'/1(B') ~ Br,. 


With the help of this lemma, we can calculate the elementary character- 
istics of Bp, B®, and Bl, n < w: 


ch(%,,) = (n, 1,0), ch(82) = (n,w,0), ch(B}) = (n, 0,1). 


The constructive character of addition and multiplication of linear orders 
allows us to prove the following. 
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Proposition 4.7 There exist numerations v,, v° and v} such that the nu- 
merated BA’s (Bn, Un), (B°,v2) and (B!,v}) are strongly constructive, and 
for each of these BA’s there exists an algorithm which calculates the elemen- 
tary characteristic of an element with a given number. 


Another important feature of the BA %, is that cho(a) < w for any 
a € %B,. This allows us to prove the following fact. 


Proposition 4.8 Let B be a BA. If cho(B) <w, then there exists a BA 8B’ 
such that 8B’ = B and (Va)(a € |B’| => cho(a) <w). 
If cho(B) = w, then there exists a BA B’ such that B’ = B, and 


(va) (a E |B’| => ((chi(a) <n, => chp(a) <w) 
&(chi(a) < ny V (chy (a) = 1 &(cho(a) < w V (chy(e(a)) = m4 


& cho(c(a)) < w) V cho(c(a)) < m)))); 
where ny < chg(d). 


This fact is important because, for any triple (m1,m2,ms3) with m1, 
m2 < wand mz € {0,1}, the property “to have the elementary characteristic 
(™m1,m2,m3)” can be expressed with only one first order formula. 

The proofs of the next two propositions use a technique developed by 
Fraisse [13], Ehrenfeucht [6] and Taimanov [38]. Both assertions have been 
proved in [16]. 


Proposition 4.9 Let 8B, and Bz be BA’s, and let a,,..., a, € |Bil, 
bi, ... , de € |Bal, where Ria a; a; = 0, 834; 16; = 0; Oya = 1 and 
UE b; =1. If [aile, =n [biJes, for any i, then 

(Bi, a, Fay ,» ay) 4 (Bo, by, acy by). 


Proposition 4.10 /f 8, and Bz are BA’s such that ch(B,) > k and 
ch; (B2) > k, then Bi =4k Bo. 


Let us consider the BA 8 from Theorem 4.2. By Proposition 4.5, the BA 
% can be presented as an interval algebra Br, i.c., 8 ~ Bz, where L is a 
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recursive linear order. Recall that B is atomic and Th;(%, v) is undecidable 
for any numeration vy of B. Let Ly, n < w, be the linear orders defined 
above. We define a new linear order L” by L” = L, x L,n <w. It is clear 
that By»/I,(Br») ~ Bz and ch(Bz-) = (n,w,0). 

Propositions 4.9 and 4.10, and the properties of the BA’s 8, stated above 
allow us to prove the following. 


Proposition 4.11 There exists a numeration vpn of the BA Br» such that 
(Brn, vpn) is constructive, and for any a,,...,a% € w we can effectively 
find b,,..., by €w such that 


(Brn yYVEnepy eee 5 Vina) =4n (Bn4i ; Vn4104 gee y Un+10k): 


Now we can conclude the proof of Theorem 4.3. From Proposition 4.11 
and the strong constructivity of (Bn41, 41), we obtain that Th4,(Bzr., vpn) 
is decidable, i.e., Brn is 4n-constructivizable. However, the BA Br» is not 
(4n + 1)-constructivizable. Indeed, if v is a numeration of By» such that 


Than4i1(Bx,v) is decidable, then 
Thy(Br./1,(Br), v/In,) = Thi(Bz,) 


is decidable. This is a contradiction to the properties of Bz (see Theo- 
rem 4.2). 

The above constructed BA Bz» has elementary characteristic (n,w,0). 
Generalizing this construction, we can obtain the following fact. 


Theorem 4.12 For any n and any triple (ni,n2,n3) where nz € {0,1}, 
m,n2 < wand (ny > n)V(m =n & ny = w), there exists a BA B 
such that ch(B) = (n1,n2,n3) and B is (4n)-constructivizable, but not 
(4n + 1)-constructivizable. 


The proof of the next theorem uses the same technique. 


Theorem 4.13 There exists a BA B with elementary characteristic (w,0,0) 
such that B is not strongly constructivizable, yet there exists a numeration 


v of B such that Th,(%,v) ts decidable for any n. 


Of course, the theories Th,,(%, v) cannot be uniformly decidable, because 
this would be equivalent to the strong constructivity of (B,v). 


The construction of B is based on the following observation. 
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Lemma 4.14 /f (8,v) is a strongly constructive BA. then 
wy = {m | (dr € |B) ch(z) = (m,w,0)} € EY. 
The proof is straightforward, and uses the Tarski-Kuratowski algorithm. 


Let us consider A € II} \ US$. By the algorithm of Kreisel, Schoenfield 
and Wang Hao [35], we know that there exists a recursive predicate P(x, y) 
such that € A <=> 3 yP(x,y). 

Now we construct a recursive linear order L4 such that La ~ >> 
where 


A Dee he with k = |{y | P(m,y)}|, ifm € A, 
"in xw=E,, ifme A. 


Ams 


mew 


The BA 8 = By, satisfies the condition wy = A, therefore B is not 
strongly constructivizable. 

To prove the decidability of the restricted theories Th, (B, v) for a suitable 
numeration v, one relies on the properties of a certain recursive presentation 
of order L4, and uses the same technique as in the proof of Theorem 4.3. 


Let us consider a BA 8 with ch(%) = (1,1,0). For any element of this 
BA, either the element itself or its complement lies in the ideal /(B). There- 
fore, for any constructivization v of 8, the strong constructivity of (B, v) 
is equivalent to the decidability of the sets A(%), Atl(®B) and At(B) with 
respect to v. However, this sufficient condition on strong constructivity can 


be weakened (see [26]). 


Theorem 4.15 /f (%,v) is a constructive BA, ch(B) = (1,1,0), and the 
sets v~'(A(%)) and v~'(Atl(B)) are recursive, then there exists a numera- 
tion u of B such that (B,) is strongly constructive. 


The natural sufficient condition on strong constructivizability of BA’s 
with elementary characteristic (1,0, 1) can be weakened as well. By Propo- 
sition 4.1 (iii), if (8,v) is a constructive BA, ch(B) = (1,0, 1), and the sets 
A(®), Atl(®), At(B) and /(%B) are decidable with respect to v, then (B, v) 
is strongly constructive. 

The next theorem is rather unexpected in this context. 


Theorem 4.16 [26] [f (%,v) is a constructive BA, ch(B) = (1,0,1), and 
the sets v-'(A(®B)), v-!(Atl(B)) and v-1(At(B)) are recursive, then there 


exists a numeration py of B such that (B, pu) is strongly constructive. 
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The proofs of both theorems are based on special algebraic properties of 
BA’s with elementary characteristics (1,1,0) and (1,0,1). BA’s with elemen- 
tary characteristic (1,1,0) admit the following presentation: 


Proposition 4.17 [f B is a BA with ch(%) = (1,1,0), then 


B~ SA; x Bi, 


1ew 
where A; ts atomic, and B; is atomless, 1 € w. 


For BA’s with characteristic (1,0,1), there exists the following isomor- 
phism criterion (Proposition 4.18). 

The sequence A = {ao, a1, ... } of non-zero atomic elements of a BA 2% 
is called principal if it satisfies the following conditions. 


(1) a3Naj #0,0 49 
(2) If a € At(Ql), then a lies below a finite join of elements of A. 
(3) If d € A, then for almost all 7 € w, either dN a; = 0, or a; < d. 


The subset P, C P(N) is then defined in the following way. For J C N, 
let J € Py if and only if there exists an element d € 2% such that a; < d if 
tE€l,anda;nd=Oifi¢ I. 


Proposition 4.18 Let B and D be BA’s with ch(B) = ch(D) = (1,0,1). 
%88 and D are isomorphic if and only if there exist principal sequences A = 
{ao, a1,.-.} of atomic elements of B and C = {co,a,...} of atomic 
elements of D such that [a;]y ~ [ci]y, 1 Ew, and Pa = Pe. 


Theorems 4.15 and 4.16 admit a generalization: 


Theorem 4.19 


(i) Jf B is a BA, ch(B) = (n+1, 1,0), and B is (4n+2)—-constructivizable, 
then B is strongly constructivizable. 


(ii) If B is BA, ch(B) = (n+1,0,1) and B is (4n + 3)-constructivizable, 


then ® is strongly constructivizable. 


At the end of this section, we formulate several open questions: 
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(1) For n > 1, is there a BA B with ch(B) = (n +. 1,1,0), such that B is 
(4n + 1)-constructivizable, but not strongly constructivizable? ! 


(2) For n > 1, is there a BA B with ch(B) = (n +1,0,1), such that B is 
(4n + 2)-constructivizable, but not strongly constructivizable? 


(3) when does there exist a BA B with ch(B) = (ni, n2,n3), such that B 
is (4k + 1) ((4k + 2)-, (4&4 + 3)-) constructivizable, but not (44 + 2)- 
((4k + 3)-, (4k + 4)-) constructivizable? 


5 Constructive Boolean algebras with 
decidability conditions on ultrafilters 


The distinctive feature of the results of this section is that they are closely 
related to the problems of general constructive model theory. 
Let (0,v) be a numerated model of signature oo. Let 


oO = oo U{e; |i € w, 


where c;, 7 € w, are new constants, and let SM, be an enrichment of MN 
of signature a, such that the value of c; in DM is vz. F,(Mt,) denotes a 
Lindenbaum BA of the model N,, i-e., the algebra of all formulae of signature 
a, with only one free variable factorized by the equivalence ~,, where 


grm, vs THM) Fe © v. 


Let y : N > F,(90_) be a numeration of this BA induced by the Godel 
numeration of formulae. 


Proposition 5.1 A numerated model (M,v) is strongly constructive if and 
only if the BA (Fi(N_), y) is strongly constructive. 


This proposition is complemented by the next fact (see [29]). 


Theorem 5.2 For any strongly constructive atomic BA (®,v), there exists a 
strongly constructive model (IN, 1) such that (B,v) is recursively isomorphic 


to (Fi(M,), 7). 


1 Added in proof, after the article had been prepared for publication, problem 1 stated 
in the end of §4 was partially solved by Vlasov and Goncharov (see [40]). 
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These two results demonstrate the significance of constructive BA’s for 
the constructive model theory. 

Ershov [9] has conjectured that any strongly constructive model has a 
proper strongly constructive effective elementary extension. He has shown 
that the existence of such an extension of a numerated model (3t,v) is 
equivalent to the existence of a recursive ultrafilter of the numerated BA 
(F,(.,),7). 

This conjecture has been refuted by Peretyat’kin [29]. His result uses the 
presentation of BA’s via trees. 


A set II C 2< is called a chain if the relation C induces a linear order 
on II,and(yCr&eell) = yell. 


Theorem 5.3 Let D be anr.e. tree. Then the BA €(D) has a constructiviza- 
tion v such that there exists a one-to-one correspondence between the infinite 
recursive chains contained in D and the non-principal recursive ultrafilters 


of (€(D),v). 


There exists a natural correspondence between infinite chains of a tree D 
and non-principal ultrafilters of the BA €(D): 


Let y: D > €(D) be an admissible map which determines the BA €(D), 
and II an infinite chain of D. Then it is easy to show that 


U(II) = {a € E(D) | (47 € D)(a D ¢(7))} 


is a non-principal ultrafilter of €(D). If F is a non-principal ultrafilter of 
€(D), then there exists a chain II of D such that F = U(II). Moreover, there 
is only one chain with this property; it is the unique infinite chain II such 
that y(II) Cc F. So Y is a one-to-one correspondence. In fact, the theorem 
asserts that there exists a constructivization v of €(D) such that the map U 
preserves the decidability of chains of D and the decidability of ultrafilters 
of €(D) with respect to v. 

In particular, the constructive BA (€(D),v) has a non-principal recursive 
ultrafilter if and only if D contains an infinite recursive chain. However, 
there exists a tree which does not contain any infinite recursive chains [29]. 
Therefore, we have: 


Theorem 5.4 (Peretyat’kin [29]) There exists a strongly constructive BA 
(B,v) that does not contain any non-principal recursive ultrafilters. 
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This fact and Theorem 5.2 allow us to obtain the following: 


Theorem 5.5 There exists a strongly constructive model without any proper 
strongly constructive effective elementary extension. 


There are several generalizations of Theorem 5.4. The tree mentioned 
above, that does not contain any infinite recursive chain, generates a BA 
which is isomorphic to the BA of recursive sets ®. In [29], the constructiviza- 
tions of this BA that contain exactly n decidable non-principal ultrafilters 
were determined. Note that R ~ Bux,, and R/F(R) is atomless, i.e., K is 
not superatomic. The decidability of ultrafilters in the class of superatomic 
BA’s was studied by Pinus [31]. 


Theorem 5.6 (Pinus [31]) Let B be a superatomic constructivizable BA, n 
a natural number, and ®,..., ®,-, non-principal ultrafilters of B. Then 
there exists a constructivization v of B such that the sets v-'(®;), i <n, 
are recursive, and no other ultrafilter is recursive with respect to v. 


The following question arises: for which classes of BA’s and which classes 
of constructivizations do the constructions of Theorems 5.4 and 5.6 fail? 
A partial answer is given by 


Theorem 5.7 (Pinus [31]) [f B is a strongly constructive BA, then all non- 
principal ultrafilters of B are recursive with respect to any strong construc- 
tivization of B if and only if the set of all non-principal ultrafilters of B is 
finite, i.e., the factor algebra B/F(B) is finite. 

Goncharov and Nurtazin [20] have examined the constructivity of prime 
and universal models of complete decidable theories, using the technique 
from [29]. They focussed their attention to the question of uniform decid- 


ability of families of ultrafilters. 


The r.e. tree D constructed in [20] satisfies the following conditions. 


(1) All maximal chains of D are computable. 
(2) The family of all maximal chains is not computable. 


(3) The family of all finite maximal chains is not computable. 
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The existence of such a tree, and the relationship between trees and BA’s 
established in Theorem 5.3, allow us to conclude that: 


Theorem 5.8 (Goncharov, Nurtazin [20]) There exists a constructive BA 
(B, pe) such that 


(i) all ultrafilters of B are recursive with respect to p, 
(ii) the family of all ultrafilters of B is not computable with respect to p, 


(iii) the family of all principal ultrafilters of B is not computable with 
respect to pL. 


The following is a stronger version of Theorem 5.2. 


Theorem 5.9 For any constructive BA (B,v), we can effectively construct 
a complete decidable theory T(%,v) in a countable set of unary predicates 
with equality, such that F\(T(%,v), 7) is recursively isomorphic to (B,v). 


It is well known that a complete theory T is totally transcendental if 
and only if the set of all ultrafilters of F\(7) is countable. The BA % from 
Theorem 5.8 has only recursive ultrafilters with respect to v, therefore the 
set of all ultrafilters of B is countable, i.e., B is superatomic. Therefore, the 
corresponding theory T(%,v) is totally transcendental. 

Let 92 be a countable universal model of the theory 7. If I is strongly 
constructive, then the family of types that are compatible with T is com- 
putable, i.e., the family of all ultrafilters of the BA F,(T) is computable. The 
computability of the family of principal ultrafilters of F,(T7’) is equivalent to 
the limit computability of the set of atoms of T. It is shown in [20] that 
the last assertion is equivalent to the strong constructivizability of the prime 
model of 7’. The theories constructed in Theorem 5.9 permit the elimina- 
tion of quantifiers, because their signature only contains unary predicates. 
Therefore, we have: 


Theorem 5.10 (Goncharov, Nurtazin [20]) There exists a decidable, totally 
transcendental theory T such that the prime and universal models of T are 
not constructivizable. 


The subsequent development of the technique, as used in Theorems 5.8 
and 5.10, allows us to prove that the upper bound for the complexity of prime 
models of complete decidable theories is exact. 
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Theorem 5.11 (Drobotun [3]) Let T be a complete decidable theory, and 
let MN be a prime model of T. Then M is A$-constructivizable. 


This is an upper bound for the complexity. Can we improve this estimate, 
for example, in terms of m-reducibility? This naturally arising question has 
a negative answer: 

Let S be a countable family of sets, S C P(w). A numeration p:w 3S 
is called A-computable if {(k, &) | k € u(£)} <m A. A family S is called 
A-computable if there exists at least one A-computable numeration of S. 

Note that if the full diagram of (20,v), where 9 is the prime model 
of T, is m-reducible to A, then the family of principal 1-types of T is A- 
computable. 


Theorem 5.12 (Drobotun [3]) For any A € AS, there exists a constructive 
superatomic BA (%,v) such that the family of all principal ultrafilters of 
(B,v) is not A-computable. 


By analogy with the results mentioned above, we obtain the following: 


Corollary 5.13 (Drobotun [3]) For any set A € AQ, there exists a totally 
transcendental decidable theory T such that Th(M, 1) £m A for any numer- 
ation ut of the prime model MN of T. 


A detailed analysis of the structure of superatomic BA’s allows us to 
establish that the level of complexity Aj in the hyperarithmetical Kleene- 
Mostowski hierarchy is the least upper bound for the complexity of count- 
able saturated models in the class of all decidable totally transcendental 
theories [19]. 


Theorem 5.14 (Goncharov, Drobotun [19]) A saturated model of a decid- 
able totally transcendental theory is Aj-strongly constructivizable. 


This is an upper bound, and we have to establish that we cannot im- 
prove it. 

We have introduced above the notion of a chain in a tree D. Now we 
define inductively an a-chain (or a chain of the type a) of a tree D, for any 
countable ordinal a. 


(i) Any finite maximal chain of tree D has type 0. 
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(ii) If for any ordinal @ < a, the notion of @-chain is defined already, then 
a chain II has the type a if its type is not already defined and if, for 
almost all elements z € II, any maximal chain of D that is different 
from II and contains z, has the type @ < a. 


The one-to-one correspondence U between the set of maximal chains of 
a tree D and the set of ultrafilters of the BA (€(D), vp) has been established 
in Theorem 5.3. This correspondence has some additional properties. 


Proposition 5.15 A chain II of a tree D is an a-chain if and only if U(II) 
is an ultrafilter of the type a. 


Proposition 5.16 I/f the type of any chain of a tree D is at most a, and D 
has only a finite number of a-chains, then €(D) is a superatomic BA of the 
type (a,k), where k is the number of distinct a-chains of D. 


The exactness of the upper estimate mentioned above follows from: 


Proposition 5.17 For any C € Al}, there exists an r.e. tree D such that 
C <7 Il, where II is a chain of maximal type in D. 


Corollary 5.18 For any C € Aj, there exists a constructive superatomic 
BA (%,v) such that C <r v7\(F), where F is an ultrafilter of maximal type 
in B. 


As a conclusion, we have: 


Theorem 5.19 For any set C € Aj, there exists a decidable totally tran- 
scendental theory T' such that C <7 y~'(Th(M,v)) for any numeration v of 
a countable saturated model M of T. 


We conclude this section with a result about the constructivity of the 
Morley rank ar (2] of a Al-decidable totally transcendental theory T. 
The following is a relativization of a theorem from [14]. 


Theorem 5.20 If 8 is a Al 4—constructivizable superatomic BA, then the 
ordinal type of ®& is A-constructive. 


Corollary 5.21 A superatomic BA 8 1s Ajy4-constructivizable if and only 
if B is A-constructivizable. 
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This result shows that, contrary to the general case (see [27]), the hyper- 
arithmetical hierarchy of superatomic BA’s is degenerative. 


It is well known that the BA F,(7) of a totally transcendental theory 7’ 
is superatomic. Moreover, the Morley rank ar of T is equal to 8+ 1, where 
GB is the ordinal type of F,(T’). Therefore, we have: 


Theorem 5.22 /f T is a complete A\4-decidable totally transcendental the- 
ory, then its Morley rank is an A-constructive ordinal. 


This theorem generalizes the result of Sacks about the relative construc- 
tivity of the Morley rank [36]. 


6 Constructivity beyond first order logic 


In this short section, we collect several independent results about the F-- 
constructivizability of BA’s, where F is some fragment of the second order 
language. Although progress in this direction was not systematic, there are 
a few interesting theorems which should be mentioned. All the results stated 
here are due to Pinus [30, 31]. 


Let us consider the extension [(Q) of the first order language by a quan- 
tifier Q meaning “there exist infinitely many elements such that ... ”. This 
formalism, introduced first by Mostowski [24], can be placed between the 
first order language and the weak second order language. It is quite obvious 
that L(Q) is not equivalent to the first order language. For example, the 
L(Q)-theory of the BA B,, [23] is w-categorical while, at the same time, 
the BA %,, is elementary equivalent to any infinite atomic BA because it has 
elementary characteristic (0,w,0). 


The next result about the strong constructivizability of w-atomic BA’s 
is well known. 


Theorem 6.1 (Goncharov [15]) Any w-atomic BA B is strongly construc- 
tivizable if and only if B is constructivizable. 


This theorem has an even stronger version: 


Theorem 6.2 (Pinus [30]) Any constructivizable w-atomic BA is L(Q)- 
constructivizable. 
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The proof is based on the fact that, on the class of all BA’s, any L(Q)- 
formula is equivalent to a suitable first order formula of signature 


a” 5 (U, N,¢, 0, 1, ®, (x), ®,(2x), ©3(z)), 


where ®,(z) means that x is an atomic element containing infinitely many 
atoms, ®)(x) means that z is a join of a finite number of atoms and atomless 
elements, and ®3(2) means that z is a join of a finite number of atoms, i.e., 
an element of the Fréchet ideal. Thus, the quantifier Q can be eliminated, 
and we can deduce the following fact: 


Theorem 6.3 (Pinus (30]) The L(Q)-theory of the class of all BA’s is de- 
cidable. 


The theory of BA’s of signature o* is interpreted in the weak second 
order theory of the class of linearly ordered sets, and this class is decidable, 
as established by Lauchli [23]. Therefore the first theory is also decidable. 


Let us consider yet another extension of first order language. Let Z denote 
the restriction of the second order language of the signature of BA’s such 
that Z admits only unary predicate variables which are interpreted on BA’s 
only as ideals of BA’s. The details can be found in [32]. We will mention two 
facts about Z-constructive BA’s: 


Theorem 6.4 (Ershov [9]) Any constructivizable superatomic BA is I-con- 
structivizable. 


Theorem 6.5 (Ershov [9]) A countable atomless BA is I-constructivizable. 


This concludes our study of the constructivity of BA’s in various exten- 
sions of first order language. 
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Introduction 


Reverse algebra is part of a program called reverse mathematics whose goal 
is to answer the following Main Question: “Which set existence axioms 
are needed to prove the theorems of ordinary mathematics?”. By ordi- 
nary mathematics we mean non-set-theoretic mathematics, i.e., those parts 
of mathematics which do not essentially depend on the abstract theory of 
uncountable ordinal and cardinal numbers. Thus, ordinary mathematics in- 
cludes: geometry, number theory, calculus, differential equations, real and 
complex analysis, countable algebra, countable combinatorics, the topology 
of complete separable metric spaces, and the theory of separable Banach 
spaces. On the other hand, ordinary mathematics does not include abstract 
functional analysis, abstract set theory, general topology or universal alge- 
bra. Therefore, the goal of reverse algebra is to answer the following Main 
Question: “Which set existence axioms are needed in order to prove the theo- 
rems of countable algebra?”. The set existence axioms which we consider are 
formulated in the context of weak subsystems of the second-order arithmetic. 


Almost all countable algebra can be developed within the formal system 
Zz of second-order arithmetic (Hilbert-Bernays {16]). Subsequent investiga- 
tions revealed that the set existence axioms of Z2 are in fact much too strong. 
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It turns out that weak subsystems of Zz, which usually employ much weaker 
set existence axioms, are sufficient for the development of the bulk of count- 
able algebra. In the course of the systematic study of weak subsystems of Zo 
and the investigation of the Main Question, a very interesting phenomenon 
happens very often: if a theorem of countable algebra is proved from the 
weakest possible set existence axioms, it will be possible to “reverse” the 
algebraic theorem by proving that it is equivalent to those axioms over a 
weaker base theory. We refer to this phenomenon as Reverse Algebra. 


1 Subsystems of second order 
arithmetic and their models 


The language of second order arithmetic, denoted L2, is a two-sorted first 
order language with number variables i, 7,m,n,..., and set variables 
X,Y,2Z,.... The number variables are intended to range over the set 
of natural numbers N = w, while the set variables are intended to range over 
subsets of w. Numerical terms are built up as usual from number variables, 
constant symbols 0 and 1, and binary operation symbols - and +. Atomic 
formulas are t; = to, t) < te, and t; € X, where ¢, and ¢2 are numerical 
terms. Formulas are built up from atomic formulas by means of proposi- 
tional connectives, number quantifiers Vn and dn, and set quantifiers VX 
and 4X. 


The language of first order arithmetic, denoted Lj, is the same as Lz with 
the omission of the set variables and set quantifiers and the € symbol. Thus 
L, is just. the familiar language of first order Peano arithmetic, denoted PA. 


If t is any numerical term and ¢ is any formula, we write (Vm < t)y 
(respectively (dm < t)y) as an abbreviation for Vm(m < t — yw) (respec- 
tively Im(m <t A y)). The expressions (Vm < t) and (dm < t) are known 
as bounded numerical quantifiers. A formula is © if all of its quantifiers 
are bounded numerical quantifiers. A formula is 5) (respectively II?) if it 
is of the form Im 0 (respectively Vm 6), where @ is ©§. A formula is arith- 
metical if it does not contain any set quantifier. A formula is I} if it is of 
the form V.X 6, where @ is arithmetical. 


For k = 0,1, ©?-Induction is the scheme 


((0) A Yn (g(n) + e(n + 1))) 4 Yn y(n) 
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where y is ©2. Also ©2-Comprehension is the scheme 
AX Vn (n € X + y(n)) 


where y is D2 and X does not occur in y. Finally, A2-Comprehension is 
the scheme 


Vn (y(n) ++ y(n)) —4 IX Vn (n € X © y(n)) 
where y is E2, y is IT2, and X does not occur in y. A?-Comprehension is 


also called Recursive Comprehension. 


An L-structure is an ordered 7-tuple 
M = (IM, Sars tags eee |e Dees <a Vs 


where |M| is a set which serves as the range of the number variables, and 5‘, 
is a collection of subsets of |M| which serves as the range of the set variables. 
The first order part of M is the £,-structure 


Mls hy Us dae ey )- 


An w-model is an L2-structure whose first order part is standard; that is, 
(w,+,-,0,1,<). Thus, w-models can be identified with collections of 
subsets of w; that is, the range of set variables. If T is any [2-theory, the 
first order part of T is the L,;-theory whose theorems are exactly the those 
£,-formulas which are theorems of T. 


The formal system of second order arithmetic, denoted Zz (or II4, — CAo), 
consists of the ordered semi-ring axioms for (w, +,-,0, 1, <), together with 
the Induction axiom 


(0€X) A Yn((n€ X) + (n+1€ X)) —+Vn(ne€ X) 
and the Comprehension scheme 
AX Vn (n € X 4 ¢(n)) 
where y is any L2-formula in which X does not occur freely. The intended 


model of Z2 is (w, P(w), +,-,0,1, <), where P(w) is the set of all the 
subsets of w. 
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Most of the known subsystems of Zz are of little or no interest from the 
narrow point of view of our investigation of the Main Question. With only 
a little exaggeration, we may say that there are only six systems which are 
relevant to countable algebra. These six systems are the following: 


The system: RCAg. 


The letters RCA stand for Recursive Comprehension Axioms. The system 
RCAo consists of the ordered semi-ring axioms for (w, +,-,0,1,<), to- 
gether with A?-Comprehension and ©°-Induction. Roughly speaking, the 
set existence axioms of RCAo are only strong enough to prove the existence 
of recursive sets of natural numbers. From the viewpoint of countable alge- 
bra, the best way to view RCAg is a kind of formalized recursive algebra. In 
terms of the Main Question, RCAo serves as a weak base theory, i.e., a van- 
tage point from which we can appreciate the non-recursive content of other 
parts of algebra. The minimum w-model of RCAo consists of all recursive 
subsets of w. In general, an w—model of RCAg is any nonempty collection of 
subsets of w which is closed under join and relative recursiveness. 

The first order part of RCAg is the L,-theory ©1—Induction, which is 
just first-order Peano Arithmetic with the induction scheme restricted to 
X,-formulas. Also, it is known that RCAg is a conservative extension of 
Primitive Recursive Arithmetic (denoted PRA) with respect to I2—-sentences; 
that is, for every I[z-sentence 0, RCAgt o if and only if PRA to. 

Within RCAg, we can prove that the class of all total functions is closed 
under composition, ‘primitive recursion and p-operator. So the exponen- 
tial function can be defined in RCAg, and we can encode finite sequences of 
natural numbers by natural numbers. The set of codes for finite sequences 
of 0 and 1, denoted 2<%, is definable inside RCAo. If n is a natural num- 
ber and f : N - {0,1} a total function, by f[n] we mean the finite se- 
quence (f(0), f(1),--.., f(n—1)) © 2<N. For s,t € 25%, we write s C t 
to mean that s is an initial segment of t. A tree is a set T’ C 2<N such that 
VsVi(s Ct A té€T)—> s €T. A path through T is a total function 
f :N— {0,1} such that Vn (f[n] € T). 


The system: WKLo. 


The letters WKL stand for Weak Konig’s Lemma, which is the statement that 
every infinite tree of 2<“ has an infinite path. The system WKLo consists of 
the axioms of RCAg together with Weak Konig’s Lemma. The w-models 
of WKLo are Scott sets. If (|M|, tars <a> On > Lars <q) IS @ nonstandard 
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model of PA, and let SSy(M) consist of those subsets X of w such that 
X = {n €w: M — 6(n,a)} where O(2,y) is an L,-formula and @ € |M|, 
then SSy(M) is a Scott set (see Kaye [18]) and 


(w, SSy(M), + 0 


is an w-model of WKLo. By the Kreisel Basis Theorem (see Shoenfield [20]), 
there exist nonstandard models M of PA such that M is A9. Therefore, there 
exist A w-models of WKLo. There is no minimal w-model of WKLo. The 
minimum w-model of RCAg is not a model of WKLo, but is the intersection 
of all the w-models of WKLo. Hence WKLo is properly stronger than RCAg. 

The first-order part of WKLo is also the L,-theory ©,—Induction. In 
fact, WKLo is a conservative extension of RCAg with respect to II}-sentences 
(Harrington, see Simpson [10]). Hence the logic strength of WKLo is the same 
as RCAg; that is, they have the same proof-theoretic ordinal w”. Therefore, 
WKLo is also conservative over PRA with respect to I1$-sentences. 


ww? Rete Care he 


The system: ACAo. 


The letters ACA stand for Arithmetical Comprehension Axioms. The system 
ACAg consists of those axioms of RCAo together with the scheme of Arith- 
metical Comprehension 4X Vn (n € X 4 y(n)) where ¢ is any arithmetical 
formula in which X does not occur freely. If 


M= CLE 9 8 Petes Oe geen) 


is a model of ACAo, then the first-order part of M is a model of PA. On 
the other hand, if ({M|, +4, 5 -a¢> Ou» lags <q) 8 a model of PA, and let S,, 
consist of those subsets X of |M]| such that 


x = {a € |M| : CME Sirsa tay ag Orie linge Reg) - y(a)}, 


for some arithmetic formula y(y) with parameters from |M| and no free 
variables other than y, then M = (|M|, Sy, +45 a> Ou > las <a) is @ 
model of ACAg. Therefore, the first order part of ACAg is first order Peano 
Arithmetic. The minimum w—model of ACAg consists of just the arithmetical 
subsets of w. In general, an w-model of ACAg is any nonempty collection of 
subsets of w which is closed under Turing reducibility, join, and Turing jump. 

Konig’s Lemma, which is the statement that every infinite, finitely 
branching tree of N<% has an infinite path, is provable in ACAo (Friedman 
[15]). Thus, ACAo contains WKLo. On the other hand, if 


CMs rise ae Oye dae, Se.) 
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is a A$ nonstandard model of PA, then (w, SSy(M),+,-,0,1, <) isa 
model of WKLo but is not a model of ACAp. Therefore ACAg is properly 
stronger than WKLo. 


The system: ATRo. 


The letters ATR stand for Arithmetical Transfinite Recursion, the axiom 
which says that arithmetical comprehension can be iterated along any count- 
able well ordering. The system ATRo consists of the axioms of ACAo together 
with the Arithmetical Transfinite Recursion axiom. Every w-model of ATRg 
includes HYP, the set of all hyperarithmetical subsets of w. Since HYP prop- 
erly includes the minimum w-model of ACAo, it follows that the latter is not 
an w—model of ATRo. Therefore, ATRo is properly stronger than ACAg. 


The system: II} — cao. 


This is the system of [I1}-Comprehension; that is, it consists of the axioms 
of RCA together with the scheme of [I|-Comprehension, which is the com- 
prehension scheme restricted to H}-formulas. II} — CAg is properly stronger 
than ATRo; one way to see this is to note that the complete II} subset of w 
belongs to any G—model of II} —CAo, but there exist 3-models of ATRo which 
do not contain this set. (A @-model is defined to be an w—-model which is a 
bi~elementary submodel of the full model, P(w). Note that any -model is 
automatically a model of ATRo.) 


The system: RCAj. 


The weakest system we are going to consider in this survey is RCAj. The 
language of RCAj is the language of second-order arithmetic Lz augmented 
by a binary function symbol exp denoting exponentiation. The system RCA 
consists of the of the ordered semi-ring axioms for (w, +,-,0,1, <), two 
axioms for exp: exp(m, 0) = 1;exp(m,n+1) = exp(m,n) - m, the scheme of 
Le-Induction and the scheme of Af-Comprehension. The numerical terms 
of this extended language are those of L2 together with ¢?(= exp(ti, t2)). 
Atomic formulas and formulas are built as before. Trivially, RCA is equiva- 
lent to RCA% plus ©?-Induction. 


RCAQ is properly weaker than RCAo. The following is a model of RCA§ 
which is not a model of RCAg (Simpson-Smith[11]): Let 


(IMs ics ws Og le <i) 
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be any nonstandard model of the first-order Peano Arithmetic and a € |M| 
be any nonstandard integer. Define a sequence bp = @, bri = 6°", and let 
|{| be the set of all 6 € |M| such that 6 < b, for some n € w. Clearly |J| is 
an initial segment of M which is closed under +, - and exp. If we let S, be 
the set of all the subsets of |/| of the form XM |/| where X is encoded in M 
by a single element (i.e, ¥ C |M| and M — AnVi(i € X © p; divides n), 
where p; is the i-th prime number), then 


f= (Hissar eis) 


becomes a model of RCA}. Note that the total function defined by primitive 
recursion as f(0) = a; f(n +1) = f(n)/™ is not closed in I (because 
f(a) € 1), Tis not a model of RCAg; that is, U°-Induction fails. 


The first-order part of RCA§ is BE,+EXP (Simpson-Smith [11]). Along 
with RCAg, RCA@ also serves as a weak base theory in reverse mathematics. 


2 Reverse algebra 


We now are going to sketch, by two examples, how some theorems of count- 
able algebra can be developed in weak subsystems of Zz, and how to “reverse” 
them. 

We begin with the numerical pairing function 


ape ED 


If X and Y are subsets of N = {n: n =n}, we define 


XxY = {(mn):mEX AneEY}. 
Thus, Nx NCN. 

In order to define the set Z of integers, we first define an equivalence =, 
on NxN by putting (m,n) =, (p,q) ifand only ifm+q =n+p. We then put 
Z = {(m,n) : (m,n) is minimal in its =,-class}. We define +, —,-,... on 
Z so that 

(m,n) + (p,q) af (m + pn + q)s 
—(m,n) Zz (n,m), 


(m,n) - (p,q) =z (mp+nq,mq+np),  etc.. 
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One then can prove in RCA§ that the system (Z,+,—,-, 0,1, <) has the 
usual properties of an ordered integral domain, the Euclidean property, etc.. 
In order to define the set Q of rational numbers, we let Zi= {aE Z:a> 0}, 
and define an equivalence relation =g on Z x Z* by putting (a,d) =g (c,d) 
if and only if a-,d = b+, c. We then put 


Q = {(a,b)€Zx Z’ : (a,b) is minimal in its =g~class }. 
We define +, —,-,... on Q so that 
(a,b) + (c,d) =g (ad + bc, bd), 


—(a, 6) =o (—a,), 
(a,b)- (c,d) =g (ac,bd), ete. 


One can prove in RCA@ that the system (Q, +, —,-, 0,1, <) has the usual 
properties of an ordered field, etc.. 


A countable field F consists of a subset |F'] C N, together with binary 
operations +, and -,, and a unary operation —,,, and distinguished elements 
0, and 1,,, such that the system (|F'|, +7, —-,-pr,0,, 1,,) obeys the usual 
field axioms, e.g., Vz Vy(z-y = y- aw) and Ve(x #0 > Jy(a@-y = 1)), etc.. 
Countable rings and countable vector spaces can be defined in similar way. 
We now are ready to have our first example. 


Theorem 2.1 (Friedman) Y{-Jnduction (therefore RCAg) is equivalent to 
the algebraic theorem: Every finitely generated vector space over a countable 
field has a basis, the equivalence being provable in RCA}. 


Proof. We work in RCA}. 


Firstly we assume ¥?-Induction. Let V be a finitely generated vector 
space over a countable field F’, and bo a (code of) finite generating set of V. 
The set of all (codes of) finite generating sets of V is ©?-definable using bg 
as a parameter: 6 is a (code of) a finite generating set of V if and only if 


length(b) 


(Vi < length(bo)) (3c) ((b0); = XS (e);(0);). 


So, by ©?-least element principle, which is equivalent to ©9-Induction over 
RCA (Simpson-Smith [11]), let n be the least possible size that a generating 


Chapter 21 Reverse Algebra 1363 


set might have. It is easy to see that any generating set of size n is a 
basis of V. 

Conversely, we are going to prove Bounded ©?-Comprehension: given 
any /°-formula y(z) and a natural number n, the set {k <n: y(k)} exists, 
which is equivalent to ©?-Induction over RCAG (see [12]). Let O(x) be the 
yo-formula (x < n) A v(x). By Lemma 2.4 of [12], there exists a set of 
natural numbers X and a one-to-one function f : X — N such that 


Vk (O(k) 4 35 © X (k = f(3)). 


Let Vo be the set of formal sums pes Gxi, a € Q, where Q is the set of all 
rational numbers. Clearly Vo is a finite dimensional vector space over Q and 
the set {aj : 7 < 2n} isa basis of it. For each k € X, put x, = 2,4) thts gis 
and let V be the subspace of Vo generated by X’ = {r,:k € X}. V exists 


by A°-Comprehension, since v = 3>2"5' qa € V if and only if 


(Vi <n) ((@, #9 > f(de541/%,) =3)- 


Moreover, X' is a basis of V. We now can form the quotient space Vo/V, 
the elements of Vo/V are the least coset representatives, here “least” refers 
to the ordering of N. Vo/V is a finitely generated vector space over Q, and 
by (2), it has a basis X”. Clearly X = X’UX" is a basis of Vo. Now it is not 
hard to see that for any natural number k, 0(k) if and only if at least one of 
the unique expressions of z,, and z,,,, in terms of the basis X involves 2’ 
such that k = f(j), which can be formalized by a II?-formula. So, the set 


{k <n: ¢(k)} exists by A?-Comprehension. o 


An immediate corollary of Theorem 2.1 is that RCA§ is not strong 
enough to prove the algebraic theorem: Every finitely generated vector space 
over a countable field has a basis. Note that RCAo is not strong enough to 
prove the following algebraic theorem: every countable vector space has a ba- 
sis. The later is equivalent to ACAo, the equivalence being provable in RCA} 
(see [1, 12]). 

Now let R be a countable commutative ring. An ideal of R is a subset 


Ic Rsuch that 0, € J and 1, ¢ J, and 
VaVb(ael A bET+a+pbE 1), and 


VrVa(reR A a€l—r-pael). 
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A maximal ideal of R is an ideal J such that 
Vr(reR Ar¢Ila4s(s€ RA r-ps—plp€l). 
The following is our second example. 


Theorem 2.2 (Friedman-Simpson-Smith) ACAo is equivalent to the alge- 
braic theorem: Every countable commutative ring has a maximal ideal, the 
equivalence being provable in RCAo. 


Proof. We work in RCAg. 

First we assume ACAg. Let R be a commutative ring. For any X C R, 
say X is good if X does not generate R as an R-module; that is, 1 is not 
of the form $0", s;a; where s; € R, a; € X. Let {r, : n € N} be an 
enumeration of the elements of R. Define f : N > {0,1} by f(n) = 0 if 
{ri:i <n f(t) = 0} U {ri} is good, f(n) = 1 otherwise. Existence of f 
follows by Arithmetical Comprehension. Let M = {r,, : f(m) = 0}, then J 
is a maximal ideal of R. 


Conversely, we want to show that the range of every one-to-one f : NN 
exists, which is equivalent to ACAo (see [1]). Given f : N > N, let Ro = 
Ql{x, : n € N}] be the polynomial ring with countably many indeterminates, 
and Fo the field of fractions of Ro. Let y(b) be the ©? formula asserting that 
b=r/s, r € Ro and s is of the form IF (m1) wee Tim) with gE Q,q #0. 
By Lemma 2.4 of [10], there exists a countable commutative ring R and a 
one-to-one function h : R — Ko such that Vb(y(b) + da(h(a) = b)). By 
the assumption, let M be a maximal ideal of R. It is not hard to verify 
that Vn (dam (f(m) = n) + h7!(z,) € M). By A?-Comprehension, the set 
X ={n:h7'(r,) € M)} exists. Clearly X is the range of f. Oo 


The following is a list of results of reverse algebra. 


Theorem 2.3 (Friedman-Simpson-Smith [1]) The following algebraic theo- 
rems are provable in RCAg: 


(1) Every countable abelian group has a divisible closure. 
(2) Every countable field has an algebraic closure. 


(3) Every countable ordered field has a unique real closure. 
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(4) For each countable field F, and f(x) € Fiz], there exists a splitting 


field for f(x) over F. 


(5) (Primitive Element Theorem) Every finite separable extension of a 


countable field is a simple extension. 


Theorem 2.4 Within RCA%, one can prove that the following algebraic the- 
orems are equivalent to /9-Induction, therefore equivalent to RCAo: 


(1) 


(9) 


(Friedman; see Hatzikiriakou [3]) Every finitely generated vector space 
over a countable field has a basis. 


(Hatzikiriakou [3]) Every torsion-free, finitely generated abelian group 
is free. 


(Hatzikiriakou [3]) The Fundamental Structure Theorem for Finitely 
Generated Abelian Groups. 


(Simpson-Smith [12]) For each countable field F and every f(z) € 
Fle], f(x) has only finitely many roots in F’. 


(Simpson-Smith [12]) For each countable field F and every f(x) € 
F(z], f(x) has an irreducible factor. 


(Simpson-Smith [12]) For each countable field F', F [x] is a unique fac- 
torization domain. 


(Rao-Simpson [9]) For each countable field F’, F [a] is a principal ideal 
domain. 


(Rao-Simpson [9]) Every countable Euclidean domain is a unique fac- 
torization domain. 


(Rao-Simpson [9]) Every countable Euclidean domain is a principal 
tdeal domain. 


(10) Gauss’s Theorem (Rao-Simpson [9]) Jf R is a countable unique factor- 


(11) 


ization domain, so is the polynomial ring R{z}. 


(Friedman-Simpson-Smith [1], Rao [8]) The Fundamental Theorem of 
Galois Theory. 


1366 S. G. Simpson and J. Rao 


Theorem 2.5 Within RCAg, one can prove that WKLo is equivalent to each 
of the following algebraic theorems. 


(1) (Friedman-Simpson-Smith [1]) Every countable field has a unique alge- 
braic closure. 


(2) Artin-Schreier Theorem (Friedman-Simpson-Smith [1]) Every countable 
formally real field is orderable. 


(3) (Friedman-Simpson-Smith [1]) Every countable commutative ring has 
a prime ideal. 


(4) Levi’s Theorem (Hatzikiriakou-Simpson [7]) A countable abelian group 
is orderable if and only if it is torsion-free. 


(5) The Extension Theorem for Valuations (Hatzikiriakou-Simpson [6]) 
Given a monomorphism of countable fields h: F + K and a valu- 
ation ring V of F, there exists a valuation ring U of K such that 


h7(U) = V. 


Theorem 2.6 Within RCAo, one can prove that ACAg is equivalent to each 
of the following algebraic theorems. 


(1) (Friedman-Simpson-Smith [1]) Every countable vector space over Q (or 
over any countable field) has a basis. 


(2) (Friedman-Simpson-Smith [1]) Every countable commutative ring has 
a maximal ideal. 


(3) (Hatzikiriakou [4]) Every countable commutative ring has a minimal 
prime ideal. 


(4) (Friedman-Simpson-Smith [1]) Every countable abelian group has a 
unique divisible closure. 


(5) (Friedman-Simpson-Smith [1]) Every countable divisible abelian group 
is injective. 


(6) (Friedman-Simpson-Smith [1]) Every countable abelian group has a sub- 
group consisting of all the torsion elements. 


Chapter 21 Reverse Algebra 1367 


(7) (Friedman-Simpson-Smith [1]) Every countable field has a transcen- 
dence base. 


(8) (Friedman-Simpson-Smith [1]; see Simpson [11]) Every countable field 
is isomorphic to a subfield of a countable algebraically closed field. 


(9) (Friedman-Simpson-Smith [1]; see Simpson [11]) Every countable or- 
dered field is isomorphic to a subfield of a countable real closed field. 


Theorem 2.7 (Friedman-Simpson-Smith [1]) Within RCAp, one can prove 
that ATRo is equivalent to Ulm’s Theorem: any two countable reduced abelian 
p-groups which have the same Ulm invariants are isomorphic. 


Theorem 2.8 (Friedman-Simpson-Smith [1]) Within RCAo, one can prove 
that I11-Comprehension is equivalent to the algebraic theorem: every count- 
able abelian group is a direct sum of a divisible group and a reduced group. 


Over some weak base theories, such as RCAg, we also can prove that some 
combinatorial principles are equivalent to some algebraic theorems. The 
following is a list of results of this kind. 


Theorem 2.9 (Simpson [10], Hatzikiriakou [2]) Within RCAg, one can prove 
that the following theorems are equivalent. 


(1) Hilbert Basis Theorem For each countable field F and each n €N, the 
polynomial ring F[r1, +++, tp] is Hilbertian. 


(2) For each countable field F and each n €N, the ring of formal power 
series F'[[x,, --+ , 2p]] is Hilbertian. 


(3) The ordinal number w is well ordered. 


Theorem 2.10 (Simpson [10]) Within RCAo, one can prove that the follow- 
ing theorems are equivalent. 


(1) Robson Basis Theorem For each countable field F and each n €N, the 
non-commutative ring F (x1, +--+, fn) is Robsonian. 


(2) The ordinal number w*” is well ordered. 
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3 Relationship with Recursive Algebra 


We now turn to a discussion of how reverse algebra is related to recursive 
algebra. For general background on recursive algebra, the reader may con- 
sult Rabin [10], Frohlich-Shepherdson [15], Metakides-Nerode [19], and other 
references which are given in this volume. 

First of all, our goals in reverse algebra are quite different from the goals 
of recursive algebra. As explained in previous sections, our investigations 
are guided by a very definite purpose, that is, to find out what set existence 
axioms are needed to prove the theorems of countable algebra. Recursive 
algebraists are concerned with the truth or falsity of certain recursive analogs 
of well known algebraic theorems. We, on the other hand, are concentrating 
on provability or non-provability of the theorems themselves, in the presence 
of certain set existence axioms. Clearly the goals of the recursive algebraists 
are quite different from ours. Nevertheless, some of the details of our work 
are parallel to recursive algebra. 


The similarities and differences between reverse algebra and recursive 
algebra may be illustrated by an example. Consider the well-known Artin- 
Schreier theorem, which says that every formally real field is orderable. Er- 
shov [12] constructs a recursive formally real field which is not recursively 
orderable. He views this construction as providing a “recursive counterex- 
ample”, which shows that the Artin-Schreier theorem is “recursively false”. 
What this really means, is that a certain statement about recursive algebraic 
structures, although analogous to the Artin-Schreier theorem, is false. Our 
treatment of the Artin-Schreier theorem is quite different. We show (‘The- 
orem 2.5(2)) that the Artin-Schreier theorem for countable fields is prov- 
ably equivalent to WKLo over RCAg. An immediate corollary is that the set 
existence axioms of WKLg suffice to prove the Artin-Schreier theorem for 
countable fields, while those of RCAg alone do not suffice. 


Having said this, we cheerfully acknowledge that Ershov’s idea is a key 
ingredient in our proof that the Artin-Schreier theorem for countable fields 
implies WKLo. Ershov encodes a disjoint, recursively inseparable pair of 
recursively enumerable sets into a recursive formally real field in such way 
that any ordering of the field would separate the pair. We observe that a 
relativized form of Ershov’s construction can be carried out provably in RCAo. 
This observation is an essential part of our proof. Thus we owe a considerable 
debt to recursive algebra. 
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We may attempt to make a payment on our debt, by pointing out that 
some of our results can be partially reformulated in terms of degrees of un- 
solvability. The point is that a recursive algebraist, having discovered that a 
certain ordinary algebraic theorem is “recursively false”, may go on to won- 
der about the degree of unsolvability of the object whose existence is “known 
classically”. Information of this type follows readily from our results. 

Generally, let 6(U,V) be an arithmetical formula, and suppose that the 
[1}-sentence o = VU AV 0(U, V) is known from our investigations to be prov- 
ably equivalent to WKLo over RCApg. It follows immediately that o is false in 
the minimum w-—model of RCAp. This means that that there exists a recur- 
sive set U such that 0(U,V) is false for all recursive sets V. In other words, 
we have a “recursive counterexample” to o. But more can be said. Let d 
be any degree of unsolvability such that d >> 0 (see Simpson [22] for a brief 
summary of known results about such degrees). Then we can say that for 
all recursive U, there exists V such that 0(U,V), and V is recursive in d. In 
other words, given that the “problem” U is recursive, we have tight upper 
bounds on the extent to which the “solution” V is nonrecursive. These upper 
bounds have been investigated thoroughly by recursion theorists. Thus, it 
follows from a result of Jockusch and Soare [17] that we can find a V which 
is low, that is, the halting problem relative to V as an oracle is recursive 
relative to the ordinary halting problem as an oracle. 

For an example illustrating the above general discussion, let o be the 
II,-sentence which is the statement of the Artin-Schreier theorem. Theorem 
2.5(2) not only implies the existence of a “recursive counterexample”, but 
also implies that when a formally real field is recursive, it has an ordering 
whose degree of unsolvability is low. This additional information cannot be 
obtained by the methods of recursive algebra alone. 

The other half of the Theorem 2.5 (2), which says that the Artin-Schreier 
theorem is provable in WKLo, has no counterpart in recursive algebra. At the 
same time, there are certain other aspects of recursive algebra which are not 
reflected in our investigation. For example, Metakides-Nerode [19] show that 
any II? subclass of 2” is recursively homeomorphic to the space of orderings 
of some recursive field. This refinement of Ershov’s construction [13] has no 
counterpart in our work. 

In general, every algebraic theorem provable in RCAg is true in the min- 
imum w-model of RCAg, and is therefore “recursively true”. Any algebraic 
theorem whose proof needs set existence axioms stronger than RCAg, such as 
WKLo, ACAo, ATRo or II! — CAo, will be false in the minimum w—model of 
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RCAg, and this provides a recursive counterexample. Thus subsystems of the 
second-order arithmetic provide a finer classification of well known algebraic 
theorems. From the standpoint of recursive algebra, such a theorem 7 may 
be classified as either “recursively true” or “recursively false”, meaning that 
the recursive analog of 7 is true or false, that is, that 7 is true or false in the 
minimum w—model of RCAg. From the standpoint of subsystems of Ze, 7 can 
be more finely classified according to which set existence axioms are needed 
to prove it. In particular, if + is “recursively false”, hence not provable in 
RCAo, we may still ask whether it is provable in some stronger systems such 
as WKLo, ACAg, ATRo or II} — CAo. 

Even for those theorems which are provable in RCAo (and therefore “re- 
cursively true”), we may still ask whether they are provable in RCA or not. 
For example, RCAj is strong enough to prove that the polynomial ring F[z] 
is a Euclidean domain for every countable field (Rao-Simpson [9]), but is not 
strong enough to prove that F[z] is a unique factorization domain for every 
countable field. To prove the latter, ©?-Induction is needed, therefore RCAg 
is needed (Theorem 2.4 (6)). 

We hope that these remarks have helped to clarify the the relationship 


between recursive algebra on the one hand, and reverse algebra on the other 
hand. 
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